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PREFACE 

The study of mathematics is being stressed as never before. 

; Our technical age demands it. The war emergency has in- 

creased the demand. Army and navy authorities are especially 

insistent upon mathematics. They urge every student who has 
the slightest aptitude for the subject to study as much mathe- 

matics as is consistent with his ability. Mathematics is basic 
to all the technical jobs which are so important today and will 
be in the future. And at the foundation of mathematics are 
arithmetic and algebra. 

The present emergency does not demand a change in our 
philosophy of the teaching of mathematics, especially in the 

early years of the high school, although it does require change in 

the emphasis of certain topics and the inclusion of material 
applicable to the needs of our armed forces. The best possible 

training in algebra for later courses, whether it be further mathe- 
matics, or science, or specialized courses in aeronautics, elec- 

tricity, radio, internal-combustion engineering, is algebra taught 

with due regard to its fundamental ideas and meanings and 
adequate consideration for the mastery of skills. 

The authors of First-Year Algebra believe that instruction in 

algebra should make it meaningful to the student and should 
also enable him to acquire a high degree of mastery of its tech- 
niques. Accordingly, this text has been designed to develop 
both understanding of principles and mastery of skills. These, 
the authors believe, should be pursued not as separate objectives 
but as the two parts of one whole. 

Although an understanding of algebra originates and can to a 
degree be developed by explanation and illustrative examples, 

it is deepened and fixed by application and practice. And 
although expertness in manipulation and problem solving 
comes from abundant practice, understanding of meaning helps 

greatly in the development of these skills. Meaning helps in 

use and use helps in meaning; those who understand principles 
are best in practice, and those who have experience best under- 

stand principles. Complete teaching of any subject requires 
lii 



iv PREFACE 

both a presentation of principles and practice in their applica- 

tion. In the judgment of the authors one of the strong features 

of this text is that to an unusual degree it combines full explana- 

tions and developments for meaning and abundant drill for 

application and manipulation. 

Some of the special features of this book are as follows: 
A new approach. Algebra is introduced as an extension of 

arithmetic. The transition from specific relationships in arith- 
metic to their generalization and thence to their statement in 
algebraic symbols is a natural development and easy when well 
handled. This method of procedure gives meaning at once to 
the letters of algebra. It does away with the false conception 
that these letters are abbreviations of words, as is often the 
case when algebra is introduced by means of formulas. Pupils 
realize that they are working with numerical relationships and 

not juggling with letters. It has been the experience of the 
authors and other teachers who have used the text in pre- 
publication form that this building of algebra on the student’s 
previous experience with arithmetic removes much of the ab- 
stractness from it; that getting a correct first conception of 
algebra and its symbolism leads to a far firmer grasp of the 
subject as a whole. (See Note 1, page 457.) 

Full development of concepts and principles. New topics are 

developed inductively by means of carefully graded questions 
and illustrations. The effort is directed toward helping the 

student to develop insight rather than to respond by blindly 
following a rule which has no adequate meaning forhim. There 

is no substitute for these learning exercises if the principles of 
algebra are to be understood. Without this careful develop- 
ment of meanings, the study of algebra all too easily resolves 
itself into a series of mechanical manipulations. (See Note 2, 
page 458.) 
An abundance of drill. As has been stated above, the devel- 

opment of a thorough mastery of algebraic techniques necessi- 
tates an abundance of drill material. For all of the important 
skills, the authors have provided even more drill and problem 
exercises than many teachers may wish to use. It will be 
possible to vary the amount of practice according to the needs 
of each particular class. 
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Adaptations to different ability levels. All sets of exercises are 
arranged according to difficulty. The most difficult exercises. 
are separated from the others. Careful choice of exercises 
makes it possible to adapt the book to groups of varying ability. 
The chapter reviews enable the teacher to make a diagnosis of 
the status of the individual student. 

Careful teaching of problem solving by a new method of analysis. 
It is something new for pupils to ask for added work in solving 

verbal problems. But that is what has happened in classes 
taught by the method presented here. The confusion, the 
abstractness in problem solving, is reduced to a minimum by 

the simple expedient of asking the pupils to assume an answer 
to a problem and check to see if it is correct before attempting 
it algebraically. The algebra in problem solving then becomes 
an extension of the arithmetic with which the pupils are familiar. 

Tn trying to check a problem with the assumed answer, pupils. 
become aware of the relationships involved in the problem and 

can then carry through with comparative ease the same pro- 

cesses with an unknown instead of the assumed answer. (See 
Note 9, page 460.) 

Simple, direct style. A lucid, flowing, readable style is a great. 

advantage even in a mathematical text, and the authors have 

therefore attempted to gear the presentation to the mental 

maturity level of the student of first-year algebra. They have 

tried to be concise, but not so concise as to hinder comprehen- 

sion. Note the numerous special introductions and summaries 

serving to orient the pupil in his progress through the course. 

Pupils are shown the why as well as the what in algebra. 
Modern appearance and content. The pictures and many of 

the exercises are designed to show the use of algebra in the 
modern world of aviation and industry. 

Notes to the Teacher. In order to help the teacher to under- 

stand the purpose of the authors, several pages of Notes to the 

Teacher are given at the end of the book. 
The authors are deeply indebted to the teachers of algebra 

who have read, used, and criticized the manuscript. Many of 

their suggestions have been incorporated herein. R 8 

J. R. C. 
‘ KR: KR. 8. 
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INTRODUCTORY 

Algebra and Its Place in the 
Modern World 

“The human mind has never invented a labor-saving machine 
equal to algebra.” The Nation 

Algebra grows out of arithmetic, but it goes far beyond arith- 

metic. Because of the new kinds of numbers it uses and the 

new methods it employs, algebra can do many things that 

arithmetic cannot do. Before starting on a study of the 
processes and methods of this great branch of mathematics, 
a few general facts relating to it will be of help to you. 

In algebra much use ts made of symbols. In arithmetic you 

used the figures 1, 2, 3, 4, and so on, to represent numbers. In 

algebra, in addition to these figures, letters also are employed 

as symbols for the numbers that are used. These letters are 
symbols for numbers just as the figures of arithmetic are. Also, 
in algebra we have other symbols that indicate the relation- 

ships of numbers and the operations to be performed, just as 
in arithmetic the signs of operation (+, —, xX, +) tell you 

when to add, subtract, multiply, and divide. The whole 
subject of algebra is essentially a symbolism, or set of symbols, 

that make up a language to express mathematical ideas. 
How important symbols may be is shown by the way we 

use the little marks we call letters and words when we read 

and write. These marks are language symbols, and they not 
only help us to become acquainted with what others have 

learned but also help us in our own thinking. So in algebra 
we have a set of symbols that form a second language, under- 
stood by the peoples of all nations, in which numerical facts 

and ideas are conveyed to us in a brief manner and in easily 
understood form. It is in this language that the quantitative 

».4| 
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relationships of the things in the world about us are explained 

and discussed. It is important for you to understand that 

in taking up algebra you are beginning the study of a language 

and that you must learn to read this language if you are to 

comprehend the ideas that are expressed in it. 
With algebra it is possible to work with variable numbers. In 

arithmetic each figure stands for a particular number. The 

number never varies but has a particular value, no more and 

no less. In algebra a letter may stand for any number, no 
matter what value it may have. This enables us to make 

general statements about numbers that will be true for all 

numbers. Algebra has often been called generalized arithmetic, 

an arithmetic that gives the answers to problems, no matter 

what the values of the numbers in the problems may be. 
The importance of this ability to work with variable numbers 

is beyond the power of words to express, for we live in a varying 

world where things depend on one another. The temperature 

of a summer day may depend on whether the day is clear or 

cloudy or on the direction of the wind. The force with which 

a heavy body hits the ground depends on the distance it falls. 

The speed with which an airplane will rise depends on many 

factors. Everything about us is relative, one thing depending 
on another. 

When we wish to deal with this shifting, varying world in 
terms of numbers, we must have algebra. Arithmetic with 

its particular numbers might solve the problems of a changeless, 
static world or of some particular moment of a moving one, 

but only algebra with its general numbers can deal with a 
world of dependence and constant change. Again and again 

as your course proceeds, you will meet problems in which the 
numbers are variables, the value of one depending on the value 
of another. Note how helpless we should be before such prob- 
lems if we brought to their solution only arithmetic and the 
particular numbers with which it works. 

In the equation and in the rules for its solution, algebra has 
developed a wonderful system of reasoning. Algebra has been 
defined as “the science of the equation,” and it has been 
described as “a way of thinking.” In algebra all the known 
facts relating to a problem are arranged in order and set in 
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the form of an equation. Then step 
by step, following the known laws of 
equation handling, the equation is 

solved. By this system of algebraic 
reasoning, conclusions far beyond the 
power of the unaided human mind can 
be reached. 

It was by the use of the equation 
that Sir Isaac Newton discovered the 
law of gravitation and Einstein de- 
veloped his theory of relativity. It 
is by the use of the equation that 
engineers calculate the stresses in 
great bridges and in airplane wings, 
operations far too complex to be car- 
ried out in any other way. Of the 
equation Sir Oliver Lodge has said, 
“An equation is the most serious and 

important thing in mathematics.” 
The very heart of algebra and of all 
higher mathematics lies in the equa- 
tion and its use. 

In the first three chapters of this 

book the basic ideas and fundamental 
processes of algebra are developed, 

and these chapters will give you a 
conception of what algebra is and how 

itcanbeused. After completing each 

of these, turn back and read again 

these general introductory statements 
about algebra. It is important that 

Don Guy 

The great wind-driven electric 
plant that stands on a mountain 
top near Castleton, Vermont. The 
amount of electricity it generates 
depends on the velocity of the 
wind. Any general statement 
about its output must be made in 
terms of the variable numbers of 
algebra. 

you understand in a wide general sense the particular things you 
are doing, 2nd what has been here said will have more and 
more meaning for you as you progress in your course. 

Why do we study algebra? Why has this ancient Oriental 
subject been given so prominent a place in our schools? Only be- 

cause of its great usefulness to us. It is stating a simple truth 

to say that without algebra modern life would not be possible. 
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Without algebra we could not determine how strong we must 
make the frameworks of great buildings and long bridges. We 
should not be able to construct high dams and design generators 
that turn the energy of falling water into electric power. With- 
out it we should know little of aviation, telescopes, microscopes, 

radios, or insurance; of electrons that swirl in their tiny orbits 

about the nucleus of an atom or of the distances to the stars. 

Algebra has made possible the development of all our fast- 

moving and complicated machines. It is the universal tool 

of scientists. Like the air that sustains our lives, the benefits 

that have come from its use surround and envelop us and are 

freely shared by us all. 

A Colonel by Christmas! 

SALEM, Ore. — All this talk about 
slow promotion in the army makes 
Thurston E. Snydor laugh. 

Drafted as a buck private in the 
29th Engineers August 11, he was 
commissioned as a second lieutenant 
October 27. Snydor is a specialist in 
mathematics. 
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CHAPTER I 

GENERAL ARITHMETIC 

Algebra is a generalized arithmetic. This chapter will make 
clear what is meant by that statement by starting you to think 

more generally about number relationships with which you 
are familiar and showing you how to express these general rela- 

tionships by means of letters which are thought of as numbers. 

We shall make our study by using the numbers of algebra 

in actual computations of various kinds, learning the algebraic 

methods of operation as we have need for them. Before we 

begin our work with these numbers, let us make sure that we 
have a clear understanding of the nature of symbolism and 
what the letter symbols of algebra really mean. 

Nature of Written Symbols’! 

What do you see written on the black square at the right? 

You say, “cat.” But you do not see the ani- 
mal. You see a word that makes you think of 

the animal. If you had not learned to read MQEZ4 i 
written language symbols, you would have to 

say, “I seesome marks.”’ The marks then would 

have no meaning at all; they are senseless symbols until you 
have learned what they mean. 

You have undoubtedly seen something written in symbols 
that mean nothing to you — a Chinese laundry check, a Hebrew 
Bible, an inscription from an Egyptian tomb, or a Koran 

written in Arabic. But those same symbols have meaning 

to anyone who has learned to understand them. So it is with 

1T0 THE TEACHER. See Note 1 on page 457. 
1 



2 FIRST-YEAR ALGEBRA 

all written symbols. They are merely marks invented to 

convey ideas. They have no meaning at all of themselves. 

The meaning of any symbolism has to be learned through study 

and practice before we can understand and use tt. Whether it 

be the symbolism of language, mathematics, or signal codes,. 

this is true of it. 

Here are some algebraic symbols taken from a book on 

aeronautics. L 

Coefficient of lift, C, = z8V 

Lift, L = Cr§SV2 

fons D 
Coefficient of drag, Cp = 283 

Drag, D = Cp§ SV? 

These symbols look strange, do they not? You probably cannot 
read them. But this symbolism is not confusing to one who 

knows its meaning. On the contrary, by use of the algebraic 
symbolism these important 

facts about aeronautics are 

expressed much more briefly 

and clearly than by other 

means. And the symbolism 
has the same meaning for all 
good aviators, regardless of 
the language they speak — 

provided they know their 
algebra as they should. 

atte ee 
aes a4 4 

wre LTA 

f eat iia Aleks 

This is a portion of the Rosetta 
Stone, which gave the world the 

zafan a key to the symbols of the ancient 
ates eae if ” Egyptian language. The inscrip- - tit oe Sen Ais ae wun porte ihe tion is a decree written in two forms 

TH TATE Tee ntaeeng ane scat abarene me | a Ee ppee and in Greek. Until 
Datel siieters se mateelts he v the Rosetta Stone was found in 

(su) . . . apa Sita hl wa SUH A 1799 and studied, Egyptian hiero- 
vhs, & i j tant leaa tae an Uae glyphics had no meaning for schol- Tah mw) RUM tra eb UE at 

pele Cement eae oman ars of the modern world. 
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A Letter for “Any Number” + 

The letters of algebra, such as a or b or x or y, are a new 
symbolism to you. As you work with them, hold in mind that 

they are not abbreviations, but symbols for numbers. They 

are to be operated with just as the numbers of arithmetic are. 

(1) How muchis6 x 0? 8 x 0? 15 x 0? (As you read, try 
to answer all questions before looking at the answers that 

follow them. For this Ex. (1) the answer in each case is 0.) 

(2) Give other examples of the truth illustrated in Ex. (1). 

(3) Can you in a single sentence state the general truth you 
have illustrated? (Any number times zero is zero.) 

Look at the two following statements: 

Any number times zero 1s zero. 

ax0=0 

The second statement is the same as the first, but is written 
in mathematical symbols. Say the first statement to yourself 
and at the same time look at the second. When a mathe- 
matician reads the second statement, he thinks the first state- 

ment. When he sees a letter a or b or c—any letter of the 

alphabet —in a statement like this one, he does not think of 
it as a letter; he thinks of the letter as meaning ‘‘any number.” 
The statement above could just as well be written, n x 0 = 0. 

In algebra, letters represent numbers. 

One benefit of this symbolism of algebra is that by means of 
it you can state general truths about arithmetic very briefly. 

(4) What does the a mean in a X 0 = 0? (Any number.) 

Could the number be 3? Couldit be 5? 1042? (Yes.) Name 
some other numbers that a can be. 

(5) Read b x 0 = Oasasentence in English. (Any number 

times zero is zero.) 

When you see a letter in algebra, do not think of it as a letter; 

think of it as a number. 

+To THE TEACHER. See Note 2 on page 458. The exercises of the text 

indicated by a number in parentheses are intended for class discussion. 
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Now that you have had this explanation of the meaning of 
a letter in algebra, try to answer the following questions before 

looking at the answers that are given in parentheses. 

(6) What does the statement, 1 X a = a, mean? Do you 
believe the statement is true? Give several examples to illus- 

trate the statement. 
(It means: One times any number is that number. For 

example, 1 x 3 = 3,1 x 9 =9,1 X 54 = 54.) 

Did you make the mistake of thinking at first that the state- 
ment, 1 X a = a, means “One times any number is any num- 

ber’? That, of course, is not true. 1 x8 is not 10. The 

fact that we use a both times indicates that whatever number 

we think of for the first a must be the number for the second a. 

(7) What does this statement mean: a+6=b6+a? Do 
you believe it is true? Give several illustrative examples. 
(It means that if you have two numbers and add the first 
number to the second you will get the same sum as if you had 

added the second number to the first. For example, 5 + 4 

=4+5or 62+ 75 = 75 + 62.) 

(8) What does a mean in Ex. (7)? (Any number.) What 
does b mean? (Any number.) 

(9) In Ex. (7), if you choose one of the a’s as 4, what number 
does the other a represent? (4; whatever number we choose 

for one a must be the number for the other a.) 

(10) Doesa +b+c=c+b+a? (Yes. 54+44+2= 

2+4-+ 5.) 

Note that you make use of the principle we have been discuss- 
ing in Exs. (7) to (10) when you check addition. You first add 
a column wp to get the sum and then you add it down to check 
thesum. Thatis,a + b+ c+ dmustequald+c+b+4a. 

(11) Doesa —b =b—a? (No; 6 from 10 is not the same 
as 10 from 6.) 

The statement a+b=b+da is a fundamental law of 
algebra. It is called the commutative law of addition. Explain 
what it means. 
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Letters that represent numbers are called literal numbers to 
distinguish them from the arithmetic numbers (a-rith-met’ic) 
which you use in arithmetic (a-rith’me-tic). The word “lit- 
eral”’ comes from the Latin litera meaning letter. 

Numbers that are to be added are called addends. 

Exercises 

In these exercises give a numerical example of each statement: 

l.a+b=bia Ba Xb =o tt 

2dax0=0 G. @ xX bX ¢ =6 KGa 

opt Ben ae i, 8 +O =r 

4 a+bt+c=ct+a+b 8 a—-a=0 

9! Ifa +b=c,thene -—b=a 

10. Ifa +b =c,thene Xb=a 

11. Ifa —b=c,thence+b=a 

12. The sum of a and b is the same as the sum of b and a. 

13. The product of a and b is the same as the product of 
b and a. 

14. If the sum of a and b is divided by 2, the result is the 

same as the sum of one half of a and one half of b. 

15. If I add a and b and then multiply the sum by 2, the 

result is the same as if I multiply a and b separately by 2 and 

then add. 

16. Inthestatement a — b = c, acan beany number. Can 

bbeany number? (Ifais5,canbbe8?) Isc any number? 

The statements in Exs. 14-15 may be made very simply by 

means of algebraic symbolism which you will learn later. Just 

as a matter of interest, they are: Ex. 14, at =4a+40); 
Ex. 15,2(a+b) =2a+2b 

1 The line above Ex. 9 and in other lists of exercises separates the easier 
from the more difficult exercises. 
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Algebraic Symbols in Multiplication { 

Multiplication is a fundamental operation in algebra as it is 

in arithmetic, but in algebra a different symbolism may be em- 

ployed, as the following study will make clear. 

(1) Can you think of a law in multiplication similar to a + 6 

=b6+a? If you can, give a numerical example to illustrate 

ito ex dee 4° °5.) 

(2) Is this true of any two numbers, or is it true only of the 

numbers you have given? (It is true of any two numbers.) 

(3) State the law in words. (One number times a second 
number gives the same product as the second times the first. 
In both addition and multiplication the order of the numbers 

makes no difference.) 

(4) How wouid you state the law, using a and 6 to represent 

any two numbers? (a X b = b X a.) 

In algebra the times sign (X) is usually omitted between an 
arithmetic number and a literal number or between two literal 

numbers. Thus 8 X a is written 3a and a X 0 is written ab. 
The above law is written ab = ba. 

There are two other ways of indicating multiplication. The 

raised dot between two numbers means multiplication. Thus 

3-2means 3 X 2. And (8)(2) also means 8 X 2. 

(5) Give several examples of the law ab = ba. 

(6) What does the a represent in the above statement? (Any 

number.) What does the brepresent? (Any number.) Could 
a be 7 and b be 8? (Yes.) 

The statement ab = ba is another fundamental law of algebra. 
It is called the commutative law of multiplication. 

(7) What is the value of ab when a = 5 and b = 8? (15.) 
when a = 6 and b = 4? (24.) 

(8) What is the value of ba when a = 5 and b = 8? (15.) 
when a = 6 and b = 4? (24.) 

{To THE TEACHER. See Note 2 on page 458. 
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(9) What is the value of mn when m = 4 and n = 5? (20.) 
What is the value of nm? (20.) 

(10) What does 26 mean? (2 X b or 2 times any number 

for which 6 stands.) What is the value of 2b when 0 is 6? (12.) 

(11) What is the value of 2c + 5,ifc = 4? (2 x4+5 =13.) 

(12) Multiply as indicated: 3-5; 6-7; (9)(8); (7)(5). 

The 5 in the expression 5 a is called the numerical coefficient 
of a. The 3 in 3a and the 7 in 7b are numerical coefficients. 

Exercises 

1. In the expression 4a + 56 + 7c, what is the numerical 
coefficient of a? of 6b? of c? 

What ts the value of the following when a = 5 and b = 2? 

2.a+5b 19. 5ab 362 20-3 

38. ata 20. a+3 87. 2a+ 3b 

4 4,a+at+a 21.a+5 88. 2a +15 

= be — 5 22. a+7 39. 2a+55 
6. a-—a 23. a+ 9 40. 2a+17 

7 bb 24. a —4 41. 2a+7b 
= -g2.00b 25.a—8 42. 3a-—1 

9. 2a 26. a—1 43. 3a —b 

10. 34 27. b-—1 44. 3a—2b 

1055.0 28. b + 22 45. 3a —2 

rae. 644 29. b + 124 46. 2a+364+5 

3. 7b 30. 2a +5 a7. 2a4+3b—5 
14.725 31. 2a+7 48. a +0 

~15.a—b—6 32. 24 +1 49. b x 0 
16. 2ab 33. Za+a 50. ab x 0 

17. 3ab 34. 2a+ 3a 61. 2a+3b+0 

18. 4 ab 35. 2a+5a 62. 4a+45 
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Perform the indicated operations: 

53. 9-5 59. (4)(4) 65. (8) (1.25) 

54. 8-7 60. (4)(4) 66. (.5)(.5)(.5) 

55. 33 + 33 61. (4)(4)() 67. (.1)(.1) 

B62. 2+ 2 62. (2)(8)(4) 68. (.1)(.003) 

67. 3-3-3-3 63. (4)(0)(5) 69. (2.35) (2.35) 

58. 92.64 64. (9)(8) (33) 70. (982) (.01) 

Find the value of the following when a = 4, b = 3, and c = j: 

71. a+ 5) 74.a+60+¢ 77. 8a+5b—2c 

128 OO 75. 2a+3b 78. abc 

78. a+a 76. 34a —2b 79. 5ac 

Find the value when a = 5, b = .23, andc = 1.5: 

80. a+b 82. ab 84. 2b4+3 

81. a—b 83. abe 85. 3 —2b 

Meaning of Multiplication{ 

You know that 7 x 9 = 68. You have probably used that 
multiplication fact many times since you first learned to 

multiply numbers. Do you know what 7 x9 
means? It means that if you add 9 seven times, the 342 

sum is 63. Multiplication is merely a simpler way 342 

of getting the sum of any number of equal addends. 342 

(1) What is a simple way to find the sum of the 
numbers at the right? (Multiply 342 by 5.) 

(2) Add the following columns by means of multiplication: 

7 8 9 13 242 a 
vi 8 9 13 242 a 

vf 8 9 13 242 a 

7 8 Sita loa 
(The first sum is 4 < 7, or 28; the second is 4 x 8, or 32; 

the last is 4 X a, which is written 4 a.) 
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(3) What does the statement a +a+a+a=4a mean? 
(Any number added 4 times is the same as 4 times that number.) 

4) 7+7+7 is 3X7; 94+9+9 is 3x9; and 
259 + 259 + 259 is3 X 259. Is this true because of the par- 
ticular numbers chosen or is it true of any number? (True of 
any number.) 

(5) Give numerical examples of the following statements: 
at+a=2a;at+at+a=83a;at+at+at+at+at+ast+a 

= \ a. 

(6) Write the following more simply: 6 +6+6;c+e+e 
+e+e. (356, 5c.) 

(7) Give a numerical example illustrating the fact that 

5a+3a=8a. (5 X 842 = 342 4+ 342 + 342 4+ 342 + 342 

and 3 X 342 = 342 + 342 + 342. Both sums together are 

8 X 342.) 

(8) Give a numerical example of the fact that 5a —3a =2a. 
(5 xX 697 = 697 + 697 + 697 + 697 + 697. If now we cross off 
—j.e., subtract — three of these addends, we have two left.) 

(9) Complete the following statements: 

71@+5@¢@= 144 7b6+2b-—-3b=_2 

9n—-3n = n 8p —494+990 =_ 

s3a+a= _! 8at+s8ata= 2 

1ba—a= 22 6n—-4n4+n= 2 

Note that a and 1 a mean the same thing; the 1 is usually omitted. 

(The answer to the first statement above is 12a; to the 

second, 6; and to the last, 3 7.) 

In the expression 7b + 2b — 3b, the 7b, 2b, and 3 bare 

terms. Terms are separated by plus and minus signs. Adding 

and subtracting terms is called combining terms. 

(10) Combine terms in the following: 

2a+3a 5b—2b 7b—4b 
5a+74 6a+a 8c—5c+3c 

(The answer to the first is 5a; to the second, 12a; to the 

last, 6 c.) 
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Exercises 

Combine terms in the following: 

1.a+a 12. 

26b6+b0+6 © Tey 

8 5a+7a 14. 

4.9a—4a 15. 

5. 62a — 454 16. 

6. lla+2a-—12a 1%: 

7 da+a 18. 

8. Tx —2 os 

9 10n—4n—n 20. 

10. 8b —2b 21: 

11. 9a+5a 22. 

8m—2m 

3) Ap — op 

3a+a+6a 

b+6 

4b+2b—3b6 

4x+62%—2 

9n—38n+6n 

6b—b-—3b 

4d+d+d 

4c+2c—8ce 

8y—s8y 

23. In the expression 7a +106+ 8c, how many terms 
arethere? Whatarethey? What are the numerical coefficients? 

Combine terms: 

24. 4a+44 30. 

25. 4a+4a 31. 

26. ta+ta+ta 32. 

27. Ja+%a 33. 

28. sa+44a 34. 

29. 4a++4 35. 

=m +m 

$x +3xe+u-22 

642+ 3.22 

6x%+45 2 

8.6 m — 2.8 m 

10.36 r — 6.27 

36. 18a+3.5a+4 6.74 + 8.235 a — 7.284 

37. 3.56 + 2.25 b + 6.73 b — 5.46 

38. ga t+ie2t+d¢rtiaete 

39. c+ 0.1¢ 40. x + 0.03 2 41. 54s — 2.755 

42. If a and b are numbers, is ab a number? What is the 
result of combining terms in the following? 

(a) Tab + 3 ab (b) 9ab — 6ab (c) 5abe + 9 abe 
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Adding Literal Numbers 

Terms such as 5b and 3, or 4a and a, or 3n and 2%, or 

6 ab and 9 ab are called like terms; the two terms of each pair 

are alike in their literal parts. Terms that are unlike in their 

literal parts, such as 3a and 5 b, are called unlike terms. We 

cannot combine unlike terms as we do like terms. Addition 

and subtraction of unlike terms can only be indicated. 

(1) You know how to combine terms in the expression 

9a —38a+2a. Would you know how to write the expression 

6a+9-—2a+6 more briefly? Try it. Then check your 
answer by reading further. 

(2) Isn +2 the same asx +2n? If you are not sure, let 

n = 5 and find the value of bothn + 2andn+2n. Do you 
get the same result for both? 

(3) The expression 5 b + 3 means 3 more than5 6b; 564+.30b 

means 3b more than 56. Let b = 2. Do you get the same 

result for 5b +3 and 5b+30?. 

(4) The expression 56 + 36 may be written more simply 
as 8b, but 5b + 3 cannot be written more simply unless you 
know the value of b. 

(5) Simplify 4a+2-—a+3. The answer is 3a+5. 
Be sure you know how this answer was found. 

(6) Now you should be able to write 6a + 9-—2a+6 in 

a briefer way. 

When you are given an algebraic expression and asked to 
combine terms, you can combine only those terms that are alike 

in their literal parts — that is, like terms. Arithmetic numbers 

may be considered as like terms. 

Like terms are combined by adding or subtracting the 

numerical coefficients, as the signs indicate. 

Exercises 

Simplify by combining like terms whenever possible: 

1.n+2n 3. 83a+2a+5a 

2n+2 4.38a+2+5a 
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5. 8+2a+4+5 15. 9m+5n—-4m 

6. 7b —2b4+ 36 16. 8%+2y+52r+72 

7 76+38-2 17. 8c+2d+5c 

8 71+3b--26 18. 8c+2c+5d 

9n+3n4+n4+8 19. b+4c+b)-8 

10. n+3+4+7+838 20. 5m+m—6+2n 

1i.°n + 38+14:38 0 21.a+4a-88 

12. 2¢44+3b—-a+7b 22. %2b+3b+2¢ 

13. 8a+7a-—4a 23. 24+ 252+ 05y 

14.5b—64+22 24. c+ .05¢ 

25. n+ 1207 30. 4.5a@+1.7b 

26. n + 12 31. 724+ 5404+ 9a 

27. 3n —1.02 + 5.48 32. 882 — 432 

28. sat+t+a+Z2a 33. b-+.75a—b+1.254 

29. 264+ 2.56 —0.10b 34. 9ab + 3b6c4+ Ted 

Using Algebraic Symbolism 

1. What is the perimeter of (distance around) each of the 
figures below? 

¥ 2at+b 

<a 
2a+b 

za 

a b at+d 

2. If it is a miles from Boston to Springfield and b miles 
from Springfield to New York, how far is it from Boston through 
Springfield to New York? 

3. Profit equals the selling price minus the cost minus the 
expense of doing business. If a man sells a dollars’ worth of 
goods which cost 6 dollars and the cost of doing business is ¢ 
dollars, what is the profit? 

1TO THE TEACHER. See Note 3 on page 458. 
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4. How many minutes are there in a hours? 

5. A certain window is twice as high as it is wide. If it 
is a feet wide, how high is it? If itis b feet high, how wide is it? 

6. A pilot flew a miles on Monday, twice as far on Tuesday, 

and 250 more miles on Wednesday than on the other two days 
combined. How far did he fly in all? 

7. The length of a rectangle is 2 a + 3 inches and the width 
is a — 3inches. What is the perimeter? 

8. The area of a rectangle is found by multiplying the 
number of units in the length by the number of units in the 

width. Ifthe length is/ inches and the width is w inches, what 
is the area? 

9. In the stock market reports in the newspaper a rise in 
the price of a stock is indicated by a plus sign and a loss is 

indicated by a minus sign. If the gains and losses in a certain 

stock over a six-day period were + 4p, —4p, +p, +37, 
— 2p, and — 2p, was the total result a gain or a loss? How 

much? 

10. If you were told that the perimeter of the last figure 

in Ex. 1 is 21 inches, could you find what the value of a is? 

What is it? 

Algebraic Symbolism in Subtraction{ 

To learn to think of letters as representing numbers, expe- 
rience with them in various number relationships is required. 
The exercises that follow in checking subtractions and divisions 

will give you further practice with literal numbers. 

(1) How do you check the example at the 

right? (Add 7 and 8 to see if the sum is 15.) cash 

(2) Does this method work because the num- 8 

bers are 15 and 8 or will it work for any two num- 7 

bers? (For any two numbers.) 

(3) What is the general rule for checking subtraction? (Add 

the remainder to the subtrahend to see if the sum is equal to the 

minuend.) 
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(4) Inthe example at the right, what doesarepresent? (Any 

number.) What does b represent? (Any number equal to 

or less than a. Later you will learn how it can 
represent any number in an example like this.) | Subtract 

What does c¢ represent? (The remainder. It 
represents only one number, the result of the 

subtraction.) Another way to write this example 

isd —b=c. 

(5) In Ex. (4) what do you know about c + b? (¢c + 6 = a.) 
Give several numerical examples to illustrate this fact. (See 

the subtraction example in Ex. (1).) 

(6) Complete: Ifa — b =c,thenc +b =_?2_ (¢+ }) =a.) 

aloe 

Algebraic Symbolism in Division{ 

Division is expressed in several ways. Early in arithmetic 
you learned that 8)24 means 24 divided by 8. You can write 

the same thing as 24 + 8. In algebra, the most common way 

to indicate division is by the fraction sign, or horizontal line. 

24 means 24 + 8; m™ means m + n. 
8 n 

(1) Write each of the following, using the fraction sign: 

16 +4 56 + 18 2+5 a+b 

(2) Read each of the following, translating the fraction sign 
as “divided by”’: 

20 103 4 x 
5 26° 5 y 

(3) Find the value of each of the following when a = 5 and 
i) =e 

a b a+b a—b 5 
b a 4 3 a+b 

(4) How do you check the example at the right? 
(Multiply 3 by 6 to see if the product is 18.) 

(5) Does this method work because the numbers ou 
are 18 and 6 or will it work for any two numbers? (For any two 
numbers. ) 

w 
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(6) What is the general rule for checking division that ‘comes 
out even”? (Multiply the quotient by the divisor to see if the 
product is equal to the dividend.) 

(7) If a and 6 are any two numbers and I do the example at 
the right and the quotient is c, how would I check the 
example? (I would multiply c by b to see if I get a.) Cc 

(8) 2 = 8. What is the check? (8 x 8 = 24.) eg 

(9) If s = c, how much is bc? (a.) 

Exercises 

Write the following, using the fraction sign to indicate division: 

1. 42 +19 5. 12 +6 9. 2m+3n 

2. 19 + 42 6. 6 + 12 10. 83n+2n 

3. 7+3 7. a+b 11. p+5 

4.3 +7 8 b+a 12.5 =p 

State what the following mean, translating the fraction sign as 

“divided by’’: 

13. 15. me 17% a 

14. : 16. at 18. — - ; 

Find the value of each of the following when a = 7 and b = 8: 

19. ; 25. “= 31. a4? 

20. 2 26, 1—9 32 eae 

a1, 22 a7, Bat 3? 33. 2 

22. 3 28. ae 34. one 

23. °2 29. 1S 35. Ba oh 

2, 30, 249 36. ¢—° 
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Write the following as simply as you can, using algebraic 

symbols: 

37. Two times a 45. Fiveless than two times a 

38. Five times c 46. Seven more than three 

times } 
39. a times } 

40. The sum of a and 0 
AL. The diff fii & 48. a divided by 6 

. The difference betw — 
a and b (a being larger 49. a divided by the sum of 

than b) a and b 

50. Twice the product of x 

47. The product of a and b 

42. Five more than a 
and y 

43. Six less than 6 51. Five times the product of 
44. a less than b c and d 

Find the value of the following when a = 24, b = 34, and 
f= 3: 

52. 5ab + 2¢ 57. 2 60. £42 

52 edo — 2 ac a a 

54. 5abe + be + ac 58, & +4 61, 141 

55. ab + ac + 2 be ab a 6 

a ab abe 

.63. Is 2a + 34a more or less than 2a + 3? (Try numbers 
greater than 1 and less than 1 as well as 1 itself.) 

A Letter for “Some Number” } 

In our study thus far, the letters have for the most part 
meant ‘any number.” Sometimes a letter represents “some 
number’? or “some numbers.” For example, n+ 4 = 10 
means “‘four added to some number is ten.’”’ It is obvious that 
you cannot add 4 to any number and get 10. The problem 
is to find the number for which n stands in such statements. 

In the next chapter you will learn definite methods of finding 
this unknown number. First you need to understand what 



GENERAL ARITHMETIC 17 

such statements mean, so that you can be sure that you are 

finding the right number. All the numbers in the following 
statements are easy to discover by trial, if you see no other 
way to find them. 

(1) Read this statement, using “some number” for the 

letter: n +5 =8. (5 added to some number gives 8.) 

(2) Is4thenumber? (No, because 4 + 5 is not equal to 8.) 

(3) Is 3 the right number? (Yes, because 3 + 5 is 8.) 

(4) Read this statement, using “some number” for the 
letter: n — 2 = 3. (2 subtracted from some number is 3.) 

(5) Is the number 8? (No, because 8 — 2 is not 3.) 

(6) Isit 5? (Yes, because 5 — 2 = 3.) 

The algebraic statements you have been working with are 

called equations. An equation is a mathematical statement 
that one number expression equals another. In an equation 

everything to the left of the equal sign is called the left side 
or the left member; everything to the right of the equal sign is 
called the right side or the right member. The letter that 
stands for “some number” in these equations is called the 

unknown number or simply the unknown. 

(7) Read this equation: 2n+3=7. (2 times some 
number plus 3 is 7.) 

(8) Isthe unknown number 3? (No; 2 x 3+ 3is9, not 7.) 

(9) Isit 2? (Yes, because 2 X 2+3 = 7.) 

Finding whether an answer is correct is called checking the 
answer. You have done this by substituting the number you 
guessed for the unknown in the given equation to see if the left 
member was then equal to the right. 

(10) Read the following equations, then find what the 
unknown number is. Be sure you are correct by checking as 

you have done in the previous equations. 

27 =8 on = 21 2n+1 

ee a= tie Set ert n Fa A 2X 
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Exercises ! 

State in words what each of the equations in E'xs. 1-16 means. 

Find the value of the unknown by trial, and check your answers. 

Use the form shown below. 

8. 

17. 

EXAMPLE. 8n+5=11 

Three times a number plus 5 equals 11 

Then 

CHeck. 32-4 5= 11 

In the statement 2a + 3a = 5a, does a mean 

i 

Arty: Sawicki Saki 
9. 

10. 

Lf: 

12. 

13. 

14. 

15. 

16. 

number” or “some number’’? 

2a@+1=5 

2q—1=5 

364+2=11 

3b).—2 = 

a = 

Divert 
a 
= otf Yee] 5 1 

5+3c=11 

“ee any 

18. In the statement 2a +3 = 5, does a mean “any num- 
i per’ or ‘some number’’? 

Using a to represent one number and a and b to represent two 

numbers, write the following (Exs. 19-82) in algebraic symbols: 

19. 

- 20. 

21. 

22. 

23. 

24. 

25. 

Five more than a number is equal to twelve. 

Five times a number is equal to thirty. 

Two less than a number equals twenty-four. 

Five less than three times a number equals sixteen. 

Three more than twice a number equals fifteen. 

A number increased by ten is equal to eighteen. 

A number decreased by five is four. 

1T0 THE TEACHER. See Note 4 on page 458. 
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26. Four times a number decreased by seven is twenty-five. 

27. Five times a number increased by three is twenty-seven. 

28. The sum of two numbers is ten. 

29. The difference between two numbers is two. 

30. The product of two numbers is thirty-six. 

31. One number divided by another is four. 

32. One number increased by twice another is forty-two. 

33. How do the equations written in Exs. 28-32 differ from 

those in Exs. 19-27? Do the letters in these five equations 

represent “any number” or “some number’’? 

34. In the equation a + 6 = 10, there are two unknowns. 

a represents any number. After you have chosen a value for a, 
can b then be any number? 

35. I have n two-cent stamps, twice as many three-cent 

stamps, and 7 five-cent stamps. State the number of three-cent 

stamps I have, using the letter n in your answer. What is the 
value of the  two-cent stamps? What is the value of all the 

three-cent stamps? State that the value of all the stamps 

together is $1.23. 

Expressing One Quantity in Terms of Another 

If one number is represented by » (or some other letter), 

and we know that a second number is 5 times the first, then 

the second number can be expressed as 5n. If the second 

number is 5 more or 6 less than the first, we can represent 

it by »+ 5 or nm — 6. In such cases the second number is 

expressed in terms of n. 
In solving problems and equations, it is often of advantage 

to express one quantity in terms of another because then it is 

necessary to find the value of only one of the unknowns. 

(1) If b represents the number of planes built in one month, 

what will represent 12 times that many? (12 0.) 

(2) A girl is 4 years older than her brother. If the boy is z 
years old, how old is the girl in terms of x? (x + 4 years.) 
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Exercises 

1. If ~ represents a certain amount of money, what will 

represent twiceas much? What will represent 3 times as much? 

2. If one side of a square is a inches, what is the perimeter 

in terms of a? 

3. Represent one number by n. Express, in terms of 2, 

another number which is 7 less than 3 times the first number. 

4. If a certain amount of money is represented by n, what 
will represent an amount $2000 more than 4 times as much? 

5. Let n represent the second number mentioned in each 

exercise below and then express the first number in terms of n. 

(a) One number is five more than another. 

(b) One number is five times another. 

(c) One number is five less than another. 

(d) One number is three more than twice another. 

(e) One number is three less than twice another. 

(f) One number is four less than three times another. 

6. The length of a rectangle is seven times its width. If 
the width is w, what is the length in terms of w? What is the 
perimeter in terms of w? 

7. The length of a rectangle is seven inches more than its 
width. Ifthe width is w inches, what is the length in terms of w? 
What is the perimeter in terms of w? 

8. The width of a rectangle is one third its length. If the 
length is J inches, what is the width in terms of 1? What is the 
perimeter in terms of |? 

9. The width of a rectangle is four inches less than the 
length. If the length is / feet, what is the width in terms of 1? 

10. A boy is seven years younger than his sister. If his 
sister is b years old, how old is the boy in terms of 6? How old 
will each be in «x years, in terms of b and x? 

it. A mother is twice as old as her daughter. If the daughter 
is 20 years old, how old is the mother? How old was each 
x years ago in terms of x? 
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12. A watch costs seven dollars more than three times as 

much as a chain costs. If the chain costs n dollars, how much 

does the watch cost in terms of n? Make an equation stating 

that the cost of both together is forty-seven dollars. 

13. An airplane travels thirty miles an hour less than twice 
as fast as another. Which of these rates would you represent 
by x? What is the other rate in terms of n? 

14. If one edge of a cube is n inches, what is the total length 
of all the edges in terms of n? If the total length is forty-eight 
inches, what is the value of n? 

15. Florence has an allowance of $1.00 a week and saves one 

fourth of it. How many dollars will she save in n weeks? 

16. Frank buys a pint of milk each day at school. Counting 

five days to the week, how many pints will he buy in a weeks 
and 6 days? Howmany quarts? How many gallons? 

17. If on Monday your grade in algebra is m, on Tuesday n, 
on Wednesday p, on Thursday q, and on Friday r, what is your 

average for the five-day period? 

A Study in Generalized Arithmetic 

You know how to find the cost of 8 pencils at 5 cents each. 

Do you know how to find the cost of a pencils at b cents each? 
This is a general problem, while the first one is a specific problem. 

The following will help you understand general problems. 

(1) How would you find the total cost of any number of 

pencils of the same kind if you are told the cost of one pencil? 

(Multiply the cost of one pencil by the number of pencils.) 

(2) Since there are any number of pencils and the cost of one 

pencil can be any number of cents, Ex. 1 may be stated alge- 
braically in this way: What is the cost of a pencils at b cents 
each? What is the answer? (ab cents.) 

Note that this answer, ab, has exactly the same meaning as 

the answer to Ex. (1), but that it is stated much more briefly 

when we use algebraic symbols. 



22 FIRST-YEAR ALGEBRA 

(3) Restate the following question, using letters as in Ex. (2); 

How far will a man go if he travels a given number of hours at 

a given number of miles per hour? (How far will a man go in 

a hours at b miles per hour?) What is the answer? (ab miles.) 

(4) If a oranges cost 6 cents, how much will one orange cost? 

Becareful here. First ask yourself: If 3 oranges cost 18 cents, 

how much will one orange cost? The answer is 6 cents, ob- 

tained by dividing the 18 by 8. The answer to Ex. (4) is 

therefore 2, indicating the division of the b by the a. 

In working general problems, it is wise to substitute simple 

numbers for the letters, see what you would do to the numbers 

to get the answer, and then express the process by means of 

the letters. 

(5) How many days are there in a weeks and b days? 

Here again ask yourself a question like: How many days are 

there in 5 weeks and 8 days? What is the answer? (38 days.) 

How did you get it? (Multiplied the 5 by 7 and added 3.) Now 

go back to the original question, multiply the a by 7 and add 
the b. (Answer: 7a + b.) 

(6) A man gave a total of a dollars to his two children. If 
one received 6 dollars, how much did the other receive? 

While arithmetic can be used to solve particular problems 
where numbers have definite values, with algebra we can solve 

general problems no matter what the values of the numbers 
may be. You have just had a few illustrations. In doing the 
following exercises you will have some easy practice in the use 
of the literal numbers of algebra in this general way. 

Exercises 

Before you write the answers to the following general problems, 
be sure to substitute specific numbers for the letters in order to 
discover the correct process to use. 

1. What is the cost of 8 pencils at ¢ cents each? 

2. A boy buys m marbles and loses n marbles. H 
has he left? 72 he 
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3. The difference between two numbers is 3. The larger 
one isa. What is the smaller number? 

4. The difference between two numbers is d. The smaller 

one is ¢. What is the larger one? 

5. Ifa plane flies for a hours at 6 miles an hour, how many 
miles will it go? 

6. Two friends have x dollars between them. If one of 
them has y dollars, how much has the other? 

7. Frank has five times as much money as James has. If 

James has 7 dollars, how much has Frank? How much do 
they have together? 

8. The number of inches in the length of a rectangle is eight 
times the number of inches in the width. If the width is 
w inches, how long is the length? What is the perimeter? 

9. How many months are there in a years and 6 months? 

Chapter Summary 

In this chapter you have learned that letters in algebra should 
not be thought of as letters but as numbers. Sometimes a letter 

means any number; at other times it means some number or some 

numbers. You have not only learned what the letters mean 

but you have had experience in using them. You have used 
them in expressing general arithmetic truths like a x 0 = 0; 

a+b=b-+a; if a—b=c, then c+ 6b=a; and so on. 

You have used them in expressing one quantity in terms of 
another. And you have seen them used as unknowns in equa- 

tions and have learned how to check the equations after finding, 

by trial, the value of the unknowns. 

Besides these things you have learned how multiplication and 

division are expressed in algebra. You have found the value 

of expressions by substituting given numbers. You have com- 

bined like terms and solved some general arithmetic problems. 
The following technical words have been explained: 

Literal number Unlike terms Left member of 

Arithmetic number Combining terms equation 

Terms Numerical coefficient Right member of 

Like terms Equation equation 
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Chapter Review! . 

1. Give one numerical example of each of the following 

general statements: 

ax0=0, a+b=b+4a, ab =ba, if a—b=ec then 

AS eu e+b=a,if 5 

2. In the equation 4a — a = 3a, does a represent any 

number or some number? 

= ¢ then be = a. 

3. In the equation 4a —a=9, does a represent any 

number or some number? 

4. In the expression 4 + a, the a is a _?_ number and the 

4is an _?_ number. 

The expression ab means a _’_ b. 

What is the value of 5 x when = is 7? 

What is the value of 3a — 5 when a = 6? 

What does 38-5 mean? What does (3)(5) mean? 

. In the expression 4 a, the 4 is called the _? oP AP a ?_ of a. 

10. When 2a + 3a is written as 5a, the process of getting 
this result is called _? _?_. 

11. How many terms has the expression 4 a + 2 5? 

12. In the expression 2a + 3b + 26+ 5a, the like terms 
are =. 

13. Unlike terms cannot be _?_. 

14. The expression : means a _? =O. 

15. To find the vatue of % + uy when a = 2, 6b = 8, and 

c = 6, I would first _’ 2 and 3 and then _?_ the result by _?_. 

2b 
3 

17. 2n+ 7 = 5iscalledan_*_. The left side is =) an 
the right side is _?_. 

1TO THE TEACHER. See Note 5 on page 459. 

16. Do $b and <~ have the same values for all values of 5? 
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18. Like terms are combined by adding or subtracting the 
? ? 

19. How many inches are there in f feet? 

20. What is a simpler way of writing 3 x a? 

21. What is a simpler way of writing b +b +6+4 0? 

22. If a apples cost b cents, how much will 1 apple cost? 

23. What is the value of the unknown in each of the following 
equations? Check your answer. 

(a) n+2=5 (c) 5 =6 (e:) 2n+5=7 

(() n-38=7 (d)5n=30 £(f)8n—-1=6 

24. Frank has a two-cent stamps and Martha has four less 

than twice as many. How many has Martha in terms of a? 

25. Using n to represent a number, write the following as 
equations: 

(a) A number divided by 38 is 6. 

(b) Four more than a number is 10. 
(c) Five less than a number is 2. 
(d) Three times a number is 12. 

(e) Five less than two times a number is 7. 

26. Simplify by combining terms: 8a +6b—2a+26+4+6. 

27. Find the value of the following when a = 5, b = 3, and 

¢=1: 
(a) 8a+5 (b) 6b —38 (c) 5 + be 

28. A salesman has to travel m miles to meet a customer. 

How long will it take him if he averages r miles an hour? 

29. A wholesale house sold a quantity of shoes at $2.40 a 

pair although they were originally priced at $4.00 a pair. At 

this reduction how much would a retailer save in buying n pairs? 

30. Mr. Jones had b dozen eggs to sell. After he had sold 

n dozen, what fractional part of the b dozen had he sold? What 

fractional part did he have left? 
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Boeing; N. W. Ayer & Son, Ine. 

She studies figures from wind tunnel tests on Flying Fortresses. She is an 
“aerodynamicist,’’ an expert on what makes planes fly. It takes 100,000 
hours of mathematics to design a heavy bomber, and mathematics is con- 
stantly employed in improving airplanes and in flying them. 
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CuHapter II 

WHAT WE CAN DO WITH ALGEBRA! 

“Mathematicians, using the same tools — pencil and paper — 
used by high-school students in solving algebra and geometry 
problems, are busy helping engineers to discover new oil fields, to 
make telephones carry more conversations and ‘talk better,’ and to 
manufacture more efficient machinery of many kinds. There are 
many situations where the mathematician working hand in hand 
with the engineer can design a better machine, or plan how to 
build it quicker and cheaper, than can the engineer working alone.” 

: Newspaper Statement 

Wonderful things can be done with algebra, but not by the 

beginner. We cannot show you how to design an airplane, 
make a radio, or improve a piece of complicated machinery 

with the aid of mathematics. Years of experience are required 
for such work; you would need to know more algebra than you 
now do to understand even some beginning steps. We can, 

however, show you how to do some things by algebra that would 
be difficult or impossible for you to do using arithmetic alone. 

In this chapter are samples of some ways in which algebra 

is used that will give you an idea of its problem-solving power. 

The four topics we have chosen for consideration are: (1) the 
direct use of formulas, by which answers are found by sub- 
stituting values for the letters in the formula and then carry- 
ing through the indicated arithmetical processes; (2) solution of 
equations to find the values of unknown numbers; (3) the in- 

direct use of formulas, where it is necessary to solve an equation 

after numbers have been substituted for the letters in the 

formula; (4) the solution of verbal problems. 

To THE TEACHER. See Note 6 on page 459. 
27 
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Derivation and Meaning of a Formula 

The Encyclopaedia Britannica says, “‘ In health under normal 

conditions the temperature of man varies between 36° and 38° C.” 

From reading the encyclopedia, would you 
know and understand what this temperature 
is? The letter C is, ofcourse, an abbreviation 

for “centigrade.”’ But most persons in this 

country are not familar with the centigrade 
thermometer for measuring temperature. They 
do not know how hot or cold 36° C. really is. 

They ordinarily use the Fahrenheit thermome- 
ter (abbreviation, F.). The centigrade ther- 
mometer is used in science and in a number 
of foreign countries. The ordinary American 

needs to change these centigrade readings to 
Fahrenheit in order to understand them. 

Algebra gives us a formula by which the 

change can be quickly made. But before using 
the formula, you should be familiar with the 

two scales for measuring temperature. Study 
of the scales explains the formula. Use the 

picture at the right to help you to complete 
the following statements: 

(ly 32>-E.. corresponds to _".. ° C. 

(2) 100° C. corresponds to _?_ ° F. 

(3) The letter A in the picture indicates the 
freezing point of water. This is _?_ degrees 
on the centigrade thermometer and _?_ degrees 
on the Fahrenheit thermometer. 

(4) B indicates the boiling point of water. 
This is _?_ degrees on the centigrade ther- 
mometer and _?_ degrees on the Fahrenheit 
thermometer. 

\ 

bt -— Fh) 

(5) On the centigrade thermometer there are _?_ scale units 
between the freezing point and the boiling point. 

(6) On the Fahrenheit thermometer there are _?_ scale units 
between the freezing point and the boiling point. 
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(7) 68° F., the correct schoolroom temperature, is _?_ C. 
Note that degrees below zero are indicated by a minus sign. 

‘Thus — 10° means 10° below zero. 

(8) — 10° C. and — 20° C. correspond to _?_ F. and _?_ F, 

We see that on the Fahrenheit scale there are 180 degrees, or 

scale units, between the freezing point and the boiling point 

of water. On the centigrade scale there are only 100 degrees 

between these points. Therefore the number of Fahrenheit 

degrees is +§$ or 2 of the number of centigrade degrees. Put- 
ting it the other way round, there are 3 as many centigrade 

degrees for a given change in temperature as there are Fahren- 
heit degrees. 

From these facts of relationship between centigrade and 

Fahrenheit the formula for changing from one to the other is 
derived. The formula is the brief algebraic way of expressing 

these facts. The formula for changing from the centigrade to 

the Fahrenheit scale is — 

Do not confuse the two uses of the letters Fand C. In such 
statements as 68° F. and 20° C., the F and the C are abbrevia- 

tions for the words “Fahrenheit” and “centigrade”; but in 

the formula, F and C are numbers. F is a number of degrees 
Fahrenheit and C is a number of degrees centigrade. 

A formula is a statement in algebraic symbols expressing the 
relationship between two or more quantities. 

Sometimes the formula is defined as an algebraic rule for 

computation. 

Using the Formula 

The problem which the encyclopedia gave us is to change 

36° C. and 38° C. to the Fahrenheit scale. Let us now see how 

the formula can be used for making the change by substituting 

numerical values for the letters in it. The formula is — 

F=2C+32 
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(1) Change 36° C. to the Fahrenheit scale. 

SOLUTION. F=2C + 32 
F = 2(36) + 32 
F = 64.8 + 32° = 96.8 

36) Cais 90.0. 1. 

Note the form of the solution. First the formula is written. 
Then the given number is substituted for the letter. Finally 

the computation is carried out. Good form is an aid to effi- 

ciency and accuracy. 

(2) Change 88° C. tothe Fahrenheit scale. (This is left to you.) 

If we wish to reverse the process and change a Fahrenheit 
reading to the centigrade scale, we can use another formula. 

The formula for changing from Fahrenheit to centigrade is — 
5 | C = 5(F — 32) 

Notice the use of the parenthesis. This is an algebraic 
symbol. It means that 32 is to be subtracted from F first. 

Do what is in the parenthesis first. 

(8) A good temperature for a schoolroom is 68° F. In a 
French schoolroom this temperature would be given in centi- 
grade. What would it be? 

SOLUTION. C = 3(F — 32) 

C = 3(68 — 32) 

C = 2(86) = 20 

682 Be = 20 C. 

(4) The melting point of iron is 2795° F. What is this in 
centigrade? 

At this stage of your study of algebra it is necessary for us 
to use the two formulas for changing temperature readings, 
one for changing from Fahrenheit to centigrade and the other 
for reversing the process. A little later you will be able to 
derive either one of these formulas from the other. They are 
based upon the same facts; the relationships of the numbers are 
the same for both formulas. The problem is much the same 
as if I found out that you had twice as much money as I have. 
If I knew that, I should not have to be told that I have half as 
much as you have. 



WHAT WE CAN DO WITH ALGEBRA 31 

Exercises 

1. Change the following centigrade readings to Fahrenheit. 
When the answer is fractional, give it to the nearest tenth of a 

degree. Be careful of your form of solution. 

(a) 30° C. (d) 125° C. (g) 1250° C. 

(b) 35° C. (e) 62°C. (h) 892° C. 

(c) 100° C. CAH PIS C. (7) 458° C. 

2. Change the following Fahrenheit readings to centigrade. 
Give fractional answers to the nearest tenth (Remember: 
In computing, do what is in the parenthesis first.) 

(a) 41° F. (d) 86° F. (g) 1981° F. 

(6) 50° F. (e) 100° F. (h) 9082° F. 

(ey 59°F. (f) 212° F: (7) 148.5° F. 

3. On a Fahrenheit thermometer such as physicians and 
nurses use in this country, normal body temperature is marked 
at 98.6°. What is this in centigrade? 

4. A science book gives the melting point of aluminum as 

660° C. What would this be in Fahrenheit? 

5. Ina certain textbook the melting point of copper is given 

as 1981° F. In an encyclopedia it is given as 1085° C. Are 

these the same temperature? 

6. On a certain day the temperature dropped from 15° F. 

to — 10° F. How many degrees did it drop? 

7. How many degrees would the temperature have to rise 
from — 13° F. to — 3° F.? from — 3° F. to 8° F.? 

8. How much of a drop is it from — 3° F. to — 11° F.? 

9. If the temperature drops 10° from 8° F., what will the 

reading then be? 

10. If the temperature drops 8° from — 3° C., what will the 

reading then be? 

11. What will the reading be if the temperature rises 10° 

from — 12° C.? from — 2° C.? 
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Order of Operations 

When a series of operations is indicated in an algebraic expres- 

sion, the order in which the operations are performed may be 

important. The following will make this fact clear and will 

indicate the order in which the operations are to be carried out. 

If you were to find the value of a + 2 6 when ais 3 and bis 5, 

you would substitute the numbers and get 3+ 2X5. You 
would see from the given expression a + 26 that you should 
multiply first and get 3 + 10, or 18. Suppose, however, you 

were given the example 3 + 2 x 5 without the original algebraic 

expression. Which operation, the addition or the multiplica- 

tion, should you do first? You might add first and get 5 x 5, 
or 25. This would be wrong. In order to avoid confusion in 

evaluating (finding the value of) such expressions, mathemati- 

cians have agreed to the following rule: 

In a series of operations, the multiplications and divi- 

sions should be performed first in the order in which they 
come and then the additions and subtractions. 

Evaluate the following: 

(dy 3x2+44 (4)5+6x383 (7) 94+3x2+4+4 

(2)3+2x4 (5)8+2x7 (8) 10 -4+2+4+1 

(3)9x2-8 (6) 12-3x4 (9) 124+6+3-5 

As you have seen, a parenthesis may be used to indicate that 

the operations within it should be performed before the other 
operations are carried out. (See page 30.) Parentheses are 
often necessary as an aid in giving the order of operations. 

Suppose, for example, you wish to write in symbols, “ Mul- 
tiply the sum of 8 and 5 by 2.” You could not write 8 + 5 x 2, 
because according to the rule for “order of operations” you 
multiply first, and this would mean 8 + 10. You could not 
write 2 x 8+ 5, for that would mean 16+.5. The use of a 
parenthesis takes care of the difficulty. The expression 
2(8 + 5), in which you add the 8 and 5 first, means 2 times 
the sum of 8 and 5. What is the value of this expression? 

In evaluating expressions involving parentheses, per- 
form first the operations indicated within the parentheses. 
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Study the following examples: 

20 — (8+ 3) = 20 —11 =9 

5(8 + 4) = 5(12) = 60 

(2+ 3)4 —1) = (5)(8) = 15 

2+ 3(4 —1) =24+3() =2+9=11 

Note that in the last example, the multiplication is done 
before the addition. 

Exercises 

Evaluate the following expressions: 

Se Sit A 
28 + ASG 
wo 2 A 
4.10-5x2 
67 4+3%5 
5 —4 = 2 
7. 8+2+4 
Siete 8 D1 8 
9. 2(8 + 3) 

10. 5(9 — 6) 
114A +.(8'—5) 
i552 +3) 

13. 

14. 

15. 

16. 

17. 

18. 

19. 

20. 

21. 

22. 

23. 

24. 

10 — (6 — 2) 

(5 + 2)(8 + 1) 

(9 + 3)(6 + 4) 

9 + 3(6 + 4) 

(9 — 3)(6 + 4) 
100 — 3(6 + 4) 

5(10 — 3) 

64 — (10 + 12) 

5 +(9 — 2) 

T(6 Ae 5) 

213 + 4)(7 — 5) 

DAVY ANO TY ee) ee fey aa 

25. Find the value of each of the following expressions, 

using the values given for the letters in each exercise. 

(a) ab +c); a=5,b=2,c=4 

() at+Ob+c;a=3,b=1,¢=2 

(c) a—(b+c); a=10,b =3,c =5 

(d) (a+ b)(e —d); a=10,b =2,c =5,d=1 

26. If you wish to subtract the quantity b — c from a, how 

would you express this fact? 
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27. The area of a rectangle is found by multiplying the length 

by the width. If the length of a rectangle is a + b feet and 

the width is c feet, how could you express the area? 

28. Express the area of a rectangle whose length is a + b 

and whose width is a — b. 

29. An automobile was driven at the rate of r + 5 miles 

an hour for 3 hours. Express the distance traveled. 

30. How would you write, using an equation, that n + 6 is 

3 times the quantity n — 1? 

Solving Equations { 

In the preceding chapter you learned that the letter in an 

equation means ‘‘some number”’ which is called the unknown. 

You found the value of the unknown number by trial and then 

checked your result. You will now learn some definite algebraic 
methods of finding the value of the unknown in an equation. 
(Always try to answer the questions before looking at the answers 

that follow them.)! 

(1) I am thinking of a number. If I add 2 to it, the result 
is 6. Whatis the number? (The answer is 4.) 

How did you get the number? (I subtracted 2 from the 6.) 

By using an equation, the problem in Ex. (1) can be stated 
briefly thus: If m + 2 = 6, whatisn? The answer is obtained 
as above by subtracting 2 from 6. 

(2) Ifm +5 = 11, what is n? (6.) How did you get the 6? 
‘(By subtracting 5 from 11.) 

(3) Iam thinking of a number. If I subtract 2 from it, the 
result is 6. What is the number? (8.) 
How did you get the number? (I added 2 to the result.) 
Using an equation, Ex. (3) can be stated briefly: Ifn — 2 = 6, 

tree es n? The answer is obtained as in Ex. (4) by adding 
to 6. 

‘To THE TEACHER. See Note 7 on page 459. 
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(4) If nm —5 = 11, what is n? (16.) How did you get the 
16? (By adding 5 to 11.) 

(5) I am thinking of a number. If I multiply it by 2, the 
result is 6. What is the number? (38.) 

How did you get the number? (I divided the result by 2.) 
Again using an equation, Ex. (5) can be stated briefly: If 

2n = 6, what is n? The answer is obtained as in Ex. (5), by 
dividing the 6 by 2. 

(6) If 5x = 10, what is n? (2.) How did you get the 2? 
(By dividing the 10 by 5.) 

(7) I am thinking of a number. If I divide it by 2, the 
result is 6. What is the number? (12.) 

How did you get the number? (I multiplied the result by 2.) 

In equation form Ex. (7) can be stated briefly: If : = 6, 

whatisn? The answer is obtained as in Ex. (7), by multiplying 

the 6 by 2. 

(8) If 3 = 7, what is n? (21.) How did you get the 21? 

(By multiplying the 7 by 3.) 

If you examine carefully the exercises which you have just 
done, you will note the following important points: When in 

Ex. (1) I said that I had added 2 to a number, you then sub- 
tracted 2 from the result to “get back” to the number. When 

in Ex. (8) I subtracted 2 from a number, you added 2 to the 
result to “get back”? to the number. When I multiplied a 
certain number by 2, you divided the result by 2 to “get back” 

to the number. When I divided a number by 2, you multiplied 

the result by 2 to ‘“‘get back”’ to the number. 

(9) Find the unknown number in each of the following equa- 

tions. Check your answers. 

= 12 

12 

n+3=12 uo 
3 

n—3=12 3n 
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For each equation you wish to solve you should ask yourself, 

“What has been done to the unknown?” When you have 

answered this question, do the opposite thing to “get back” to 

the unknown. For example, in the equation n + 3 = 12, 3 

has been added to n; so you must subtract 3 from 12 to “get 

back” to n. 
Study the following table, which shows for each of the four 

processes what is the opposite or inverse process. 

OPPOSITE OR 
PROCESS INVERSE PROCESS 

Addition Subtraction 
Subtraction Addition 
Multiplication Division 
Division Multiplication 

(10) Find the value of the unknown in each of the following 
equations. Check your answers. 

n+15 = 31 13 n = 117 

eS \f — = rime n — 42 = 67 

To find the value of the unknown in such simple equa- 

tions as you have been studying, first determine what has 

been done to the unknown to get the result. Then carry 

out the inverse process on the result to find the value of 

the unknown. 

(11) Discuss several equations selected at random from the 
list of exercises on page 38. Tell what has been done to the 
unknown in each case and what you will do to find the value 
of the unknown. 

Finding the value of the unknown in an equation is called 
solving the equation. To solve an equation is to find that value 
of the number which, when substituted for the unknown in the 
equation, will make the left side equal to the right side. This 
value of the unknown is called the root of the equation. The 
root is said to satisfy the equation. 
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"From Loggon's Ozonia Tl | University 

Oxford University, England, where Robert Recorde, the inventor of the 

equality sign, taught four hundred years ago. 

Invention of Equality Sign 

Almost from the very beginning of your study of arithmetic 
you have used the equality sign (=). You have not known 

mathematics without it, and as you begin work with equa- 
tions we assume that you are familiar with it. 

But there was not always an equality sign for mathematicians 

to use. The symbols and the operations of mathematics have 

gradually been discovered or invented during a long period of 
time. Although the first known record of the use of the 

equation goes back more than three thousand years, to around 

1700 B.c., there was no equality sign to work with during most 

of that time. The sign is a recent invention compared with the 

life of algebra and the equation. 

Formerly, instead of the equality sign the word “equals” 

was written in the equation. The sign was invented by Robert 

Recorde of Wales, who lived from 1510 to 1558 and taught 

mathematics in Oxford University. He explained his reason 

for introducing the sign thus: 

“And to avoide the tediouse repetition of these woordes: 

is equalle to: I will sette as I doe often in woorke vse, a 

paire of paralleles, or Gemowe |twin] lines of one lengthe, 

thus: , bicause noe .2. thynges can be moare equalle.” 
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Exercises 

Solve the following equations. Check your answers. Use the 

form of the sample. 

SAMPLE. iia 12 
i, = & 

CHECK. 5+7=12 

12 = 12 

2.n+4 = 20 20. 2n = 12 4 : 

pe Pe ae ee ae F 

ul 5) 22. Bn = 25 mane 
74 he 39. n—3=5 

23. “ =2 
i} Gieem) 2) 40. In = 14 

boa 2. 2 = 2 41.n+2=8 

a = 5 42. n+6=6 

cere AS 43.0 6a 

OMe aa 26. p—5=8 44. p-—-8 =0 

10.6+4=12 Oh eS 9 45. + — 10 =O 

11. 3p = 12 28. +d = 46. a+5=18 

12. 5” = 30 29. n+3=9 47. F = 6 

13. 89 = 24 30. n —8 = 9 : 

$4 es 31. 3n =9 48. = = 10 

: 32, bs ¢ als, Gee SS ae 49. 7 = 20 

16. $4 =5 33. 4a = 16 
50. H =5 

17. 6% =.6 34.a—4=16 aS 

EN, 3.a+4=16 51.42 =6 
52. What value of n satisfies the equation n + 6 = 13? 

53. What is the root of the equation 2 n = 36? 

54. What value of n makes the left side of the equation 
m — 5 = 17 equal to the right side? 
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Solve the following equations and check your answers: 

55. n+ 2.4 = 9.6 61. n — 32 = 54 

56. d — 3.5 = 9.2 

57. p+ 3.7 = 6.2 
62. p+ 24 = 64 

a _ 
68. k — 4.7 = 3.5 Py 
59. n—-F=4 

Solve the following equations for n: 

65. n-—a=b 67. an = b 

66. nta=b 68. 7 = b 

Solving Another Kind of Equation; 

Can you solve the equation 2” + 5 = 17 without trying 
several numbers? If you can, tell how you did it. If you 

cannot do it, the following discussion will show you how it is 
done. 

(1) If 5 is added to twice a number and the result is 11, what 

is twice the number? (6.) How did you get the 6? (I sub- 

tracted 5 from the 11.) 

(2) If, then, twice the number is 6, what is the number? (3.) 

Exs. (1) and (2) may be stated briefly: “If 2+ 5 = 11, 

what is the value of 2?” and “If 2” = 6, what is n?”’ You 

found the value of 7 in two steps instead of in one step, as you 

have done with preceding equations. 

(3) In the equation 27 +5 = 11, how would you know 

that you should subtract 5 to find the value of 2n? (I see that 

5 has been added to 2 n.) 

This equation should be solved in two steps as follows: 

Da 11 
PT, =e 

io 

CHECK. 2xX34+5=11 
6 + 5 = 11 and 11 = i 
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(4) You should be able to solve the equation 2n — 5 = 11 

without help. Solve it and check your answer. 

SOLUTION. 2n—5=11 
rao 
it, = 

CHECK. 2X8 5 = 11 
16 — 56 = 11 and 11 = il 

(5) Solve and check the following equations: 

(a) 5n+ 3 = 23 (d) 20 —"5 = 7 

(by bn —3 = 7 (ce) 3n—1=8 

(cy 20 + t= 7 (f)8n+1=18 

Exercises 

Solve and check the following equations: 

1.5n+38 = 383 19. 5n+6=41 

20 eo 17 20. 18” —7 = 29 

8. 2n+3=6 21.n+4=12 

4. 2n+5=17 oo) 7 — 41-512 

& 38n—4=17 23. 47 =312 

6. 2a4+3 =15 940. sale 

7. 64+1=837 . 
5 Sey 25. 9n = 931 

4 hee 26. n+ 32 = 96 

10. 83a+5 = 32 etal 
11. 9a —1 = 80 28. 3 = 8 

12. 4a — 17 = 53 29. 4a —7=18 

18. 36 —5 = 12 80. 56+2=17 

14. 6%+17 = 37 $31..9¢ —=4= 14 

15. Ja -—8 = 73 32. 3n +10 = 28 

16. 8n + 22 = 70 83..2" +7 = 12 

17. 6n — 386 = 0 384. 3a—5 = 16 

18. 5a — 40 = 0 385. 6a —1 = 20 



36. 

37. 

38. 

41. 

42. 

43. 

5 n — 24 = 6 equal to the right side? 
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8b6+5=9 

x+3=7 

x—-2=8 

39. Time 2 gen 

40. 2n+3n = 45 

What is the root of the equation 2a — 5 = 13? 

What value of satisfies the equation 3 n + 8 = 23? 

What value of ~ makes the left side of the equation 

Solve and check the following equations: 

44, 

45. 

46. 

47. 

48. 

49. 

50. 

51. 

52. 

53. 

54. 

55. 

56. 

57. 

58. 

59. 

3n = 2 (Ans.n = #) 

4An=83 

an. =5 

i 

60. 

61. 

62. 

63. 

64. 

65. 

66. 

67. 

68. 

69. 

70. 

ai 

72. 

73. 

74. 

75. 

76. 

3 I wo 

-|- a i) Sas oN 

ll 

leo leo 
I 

boH 

—) or) Q I 4 iw) 

3.2 y = 80 

38n+5=T7 

ha — 3 = 18 

2n+1.8 = 2.5 

3n+ 2 = 7.2 

3n —1.2 = 7.2 

ee 10 

a —_ = 14 
0.62 aay 

.64 b = .8448 

2.57 — 2.0 = 48 

.06 t + 43.5 = 87.66 

£ = 12 +3.4 = 9.7 

rae a7: 557 *° 8.6 
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Combining Terms in Equations 

The first step in solving equations that have like terms on 

either side is to combine the like terms. Review page 11 if 

necessary. 

EXAMPLE. 5a t+6—224+3 =27 

Combining terms, 32-9 =2/ 
3'¢ = 18 

oe ee ee 
CHECK. 30 +6 —124+ 3 =27 

ine call 

Exercises 

Solve and check the following equations: 

to 2 — 21 8 5n—8+2n=18 

2. 7Tn —38n = 20 9 8x%+6-227=14 

$294.0 4 6925 10. n+2n4+3+4n = 24 

4.b6+3b=12 11.64+2n—-—-4=%8 

5. 5a +a—a=85 12, 4n+3—-2n=7 

6. 9a —3a4+2a=16 13. n4+2n+3+4n = 24 

7 12n+n—11n=5 14. 36+5+4b—-—2 = 38 

16. 2%+7+3¢ —2 = 385 

16. 18y +12 —lly4+4 = 23 

elo 8 = 4 19 

18. 5n+10+3 —2n = 26 

19. 64 —544+15+5 = 35 

20. 5n+15 —3n = 23 

a1. ¢n+3n—n =2.5 

22. 1.5% — .22%+122 = 25 

23. 13” —-.4n+ .03n = 3.72 

24. c+5+ 05¢ =1138 
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Indirect Use of the Formula 

Do you remember the three “cases” of per cent problems? 
They are — 

Case I. Finding a per cent of a number; for example, 
what is 68% of 4382? 

Case IJ. Finding what per cent one number is of 
another; for example, 18 is what per cent of 47? 

Case III. Finding a number when a per cent of it is 

known; for example, 482 is 68% of what number? 

Can you do these three examples now? Do Cases IJ and III 

confuse you? With the use of algebra the three cases of per 

cents are easy. You need not even consider what case the 

example is. In all three cases, you will substitute numbers in 
the same formula. 

EXAMPLE, Case J. Find 6% of 234. 

Here the number 234 is called the base; 6% is the rate; and 

the answer to be found is the percentage. As you know, the 

rule is: To find the percentage, multiply the base by the rate 

(expressed as a decimal). Stating this rule as a formula, we 

have 
p= ibr (Per cent formula) 

In the formula, p is the percentage, b the base, and r the rate 

expressed as a decimal. There are three numbers in this for- 

mula, p,b, andr. Before attempting the solution of a problem 

by the use of the formula you should ask, “Do I know p? Do 

I know 6? DoI know 7?” 

To solve the example above, we now substitute in the formula 
the given values of band r. 6b = 234, r = .06. 

SOLUTION. p =Obr 234 
p = (284)(.06) 06 
p = 14.04 14.04 
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EXAMPLE, Case II. 30 is what per cent of 48? 

We use the same formula, p = br. The percentage, 7, is 30; 

the base, b, is 48; and the rate, r, is unknown. 

SOLUTION. p =or 

Substituting the numbers, 30 = 487 

If it helps you, write thisas 48r = 30 

You now have an easy equation to solve according 
to the definite rules which you have learned. 

Note that the solution gives the rate as a decimal, which 

must be changed to per cent. 

ANSWER. 30 is 623% of 48. 

CHECK. 624% of 48 is 30. 

EXAMPLE, Case III. 32 is 15% of what number? 

Again we use the same formula, p = br. In 

this example we have p = 32, r = .15, and Dis 
unknown. 

SOLUTION. Deon 

Substituting the numbers, 82 = 6(.15) 

Write this as JES Is) So SY 

: Sa 
Solve the equation, b = — = 2134 

4 Tee 
_ ANSWER. 32 is 15 % of 2134 
CHECK. 15% of 2134 is 32 

Case I problems of percentage are easy by arithmetic. Cases 
II and III are likely to be confusing because these problems 
make use of the meaning of percentage indirectly. The use 
of the algebraic formula and methods of solving equations 
makes it possible to treat all three cases as one. 
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Exercises 

1. Using the formula p = br, find r when p and b are as 
follows. ‘(Give your answer as a per cent to the nearest tenth 
of a per cent.) 

(a) p = 18,b = 72 (d) p = 38, b = 64 
(b) p = 32,b = 160 (e) p = 64, b = 38 
(c) p = 15, b = 45 (J )ips=.61, bo =-84 

2. Using the formula p = 6r, find 6 when » and r are as 
follows: 

= 205 (d) , =.04 

At, 9 =, 005: 

OF Os Wy REN We 

Find 4% of 262. 

24 is what per cent of 262? 

38.4 is what per cent of 32? 

What is 4 of 1% of $62.50? 

7. If the discount on an article is $8.32 and the rate of 

discount is 8% of the marked price, what is the marked price? 

8. During a sale a merchant sold 188 shirts or 75% of his 
stock. How many shirts did he have in stock before the sale? 

9. An electrical appliance store advertised a vacuum cleaner 

for $2.13 down. They stated that this was 2.5% of the price. 

What was the price? 

10. In an algebra test, John had 24 out of 30 examples 

correct. What per cent of the 30 examples did he have correct? 

11. Our school lost five of its twelve games in basketball 

last season. What per cent of its games did it win? 

12. At a sale a hat which was originally marked to sell at 

$8 was sold for 10% less than the marked price. What was 
the amount of the discount? What was the selling price? 

13. The amount of a bill is $246.75. A discount of 5% is 

given for cash. What is the net amount (the amount after 

subtracting the discount)? 
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14. A pair of shoes originally marked for sale at $4 was sold 

for $2.20. What was the rate of discount? 

15. My class has raised $325 and has reached 65% of its 

quota. How much more does it need to raise? 

16. A man bought an article for $6.16 and wished to sell it 

for an amount that would give him a profit of 23 % on the selling 

price. For what price should he sell it? 

17. Our city carried on an intensive safety campaign during 

one year. As a result the number of accidents was reduced 

from 480 to 264. What was the per cent of decrease? 

18. Last year butter sold for 35 cents a pound. This year 
it is 52 cents a pound. What is the per cent of increase? 

19. The chart below appeared in a newspaper early in 1948. 

It shows per cents of increase in food prices since the middle of 
August, 1939. Explain. 

On the basis of this chart, what did a dozen eggs cost in 1943 if 

a dozen cost 35 cents in 1939? If a pound of beef sold for 

52 cents (on the average) in 1948, what was the price in 1939? 

ey A (ON AUGUST 15 
uO: 1939 

CHICKEN |DAIRY PROD.| SUGAR |BEEFG VEAL 
SOURCE: U. S. DEPT. OF LABOR 
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Multiplying an Indicated Sum by a Number t 

The sum of 2,3, and5is10. The expression 2 + 3 + 5isan 

indicated sum. In algebra we often work with indicated sums. 

The expression x + y is an indicated sum; a+ 7+ c¢ is an 
indicated sum. 

(1) Suppose you need to find the value of 5 times the sum of 

3 and 4. Can you multiply 5 by 3 and add 4 or must you 

multiply both the 3 and the 4 by 5and then add? (The latter.) 

(2) Does 6(4 + 5) equal (6)(4) + 5 or does it equal (6) (4) + 
(6)(5)? (The latter.) 

(8) Using a, b, and c to represent any three numbers, write 

the general principle that is involved in Exs. (1) and (2). (The 
principle is a(b + c) = ab + ac.) 

The statement a(b +c) = ab + ac is called the distributive 

law of algebra. 

(4) State the distributive law in words. (The result of multi- 
plying the sum of b and c by ais the same as the result of multi- 
plying a by b, then a by c, and then adding these two products.) 

(5) Illustrate the distributive law by the use of several sets 

of numbers. (For example, if ais 2, bis 3, and c is 4, 2(3 + 4) 

= 2(7) = 14. Also 2(3) + 244) =6+ 8 = 14.) 

(6) This law is true no matter how many terms there are in 

the parenthesis. For example, a(b+c+d+e) =ab+ ac 

+ ad-+ae. Check this by several numerical examples. 

(7) Does a(b — c) = ab — ac? (Yes. For example 3(5 — 2) 

= 3(5) — 3(2). Until you have studied negative numbers you 

must consider 6 greater than c.) 

(8) Does 2(n + 3) = 2n + 3 or does it equal 2” + 6? (It 
equals 2n + 6. Check by means of any number for n.) 

(9) 87 + 5) =_2. (8r + 15.) 

(10) r(s +t+u) =_2. (rs + rt + ru.) 

(11) 5m +646)=_2.. (6n+30+ 50.) 

(12) 6(n — 3) = 2. (6n — 18.) 
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Multiply as indicated: 

. 2(a + b) 

ne a Ue bey ae Coe 

FIRST-YEAR ALGEBRA 

Another way to state the distributive law is this: 

To multiply an indicated sum (or difference) by a 

number, multiply every term of the indicated sum (or 

difference) by the number. 

(18) Multiply as indicated: 

(a) 2(n + 6) 
(b) 38(n — a) 

(The answers are (a) 2n + 12, 
(b) 8n — 3a, 

3(a — b) 

a(b + d) 

2(n + 8) 
5(n — 7) 

3(r — s) 

. 3(r + 5) 

Exercises | 

. 5(v — 1) 

. 4 + 7) 

. 11442) 

. 5(7 — a) 

- Tn + 5) 
. 4(@@ — 6) 

. a(b — 8) 

(c) ar+s+) 

(d) m(r + 6) 
(c) ar + as + al, 

(d) mr + 6m.) 

15. 

16. 

ile 

18. 

19. 

20. 

Multiply as indicated and combine like terms: 

4+ 5(6 + 2) 

8 + 3@ 12) 

ab + a(b + c) 

4+ 3(n+6)4+7n 

Solve and check the following equations: 

21. 

22. 

23. 

24. 

2(n+5)+3n 

4(n — 6) —2n 

6(a + 2) —5 

6n + 5(2 — n) 

25. 

26. 

27. 

28. 

29. 2(n + 2) =9 33. 

(SUGGESTION. 2n+4 = 9) 34, 

30. 8(n + 5) = 24 35. 

$1. 4 + 38) = 17 36. 

82. 2(n — 3) =8 37. 

3(a +b +c) 

5(a + b —c) 

9(a —b+ 0c) 

4(a+6+¢) 

a(b +r — 8) 

T(ab + cd) 

9(n — 7) = 12 

A(n + 2) = 15 

2(n + 6) =17 

3(n — 5) = 20 

6(m + 2) — 12 = 18 

1TO THE TEACHER. See Note 8 on page 459. 
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Multiplying an Indicated Product by a Number + 

As you know, the product of 2, 8, and 4is 24. The expression 

2x3 xX 4 is an indicated product. These expressions are 
indicated products: ab; 4m; 2 xy. 

Each of the numbers in an indicated product is a factor of 

the product. Thus the 2, 3, and 4 are factors of the expression 
2x3 x4. The factors of 4m are 4 and m. 

The rule for multiplying an indicated product by a number 

is in direct contrast to the rule for multiplying an indicated 

sum by a number. You multiply only a single factor of the 

product and not all the factors by the number. 

(1) How much is 4(8 x 2)? (24.) Did you multiply by the 
4 once, twice, or three times? (Just once.) 

(2) Does 4(8 X 2) equal (4)(8) x (4)(2)? (No. You should 
multiply by 4 only once.) 

(3) Note the following examples: 

feist ean cD SG (d) e2do8 hee 1Ge5c.5 
Ores 3. 6oe3 (23 Xa=64 
hae St 4.= Gees (f) 2xX38b=6b 

Check the truth of the first four examples. Note that the 

fifth and sixth examples follow the same principle as the first 
four examples. The rule is stated below. 

To multiply an indicated product by a number, multiply 

only one (any one) of the factors by that number. 

(4) Show by performing the multiplications that 2(3 « 5 x 7) 
=6x5x7or3 X10 X7or3 X5 x14. How were these 
expressions obtained? (By multiplying each of the factors 3, 

5, and 7 in turn by 2.) 

(5) Study the following examples: 

(a) 2(5)(7) = 10(7) (d) 344n+ 5) =12n+4 15 

(b) 2(5 6) = 106 (e) 844n —5) = 12 —15 

(c) bX3c¢ =8be (f) a(2b6+7) =2ab+7a 
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Exercises 

b(rs) 

b(7 t) 

9(7 cd) 

4(n + 5) 

3(r — s) 

a(t + uw) 

3(4” + 3) 

15. 

16. 

17. 

18. 

19. 

20. 

Multiply as indicated and combine like terms: 

24. 9b+ 8(8a +25) 

25. 8+4(n — 2) 

26. 24 + 3(7n — 8) 

27. 8a(b +c) —3ab+2ac 

28. 7738a+2b6—5c) —106 

50 

Multiply as indicated: 

i eM) 8. 

2. 6(3 bd) 9. 

3. 2(4a) 10. 

apo (2'¢0) 1k: 

5. a(bc) 12. 

Cae or 13. 

TOG Tt 14. 

21. 23a+2b) —4a 

22. 8(44a+5) +6 

23. 8 + 5(2b + 7) 

Solve and check the following equations: 

6(n + 2) —12 = 18 29. 

30. 

31. 

32. 

33. 

Write down your house number. 

3(2" +1) = 27 
2(3n +5) = 27 
Vis By See 
(3% —1) =14 
A(n + 7) = 50 

34. 

A Magician’s Trick? 

2(3 a + b) 

a(2e+3d) 

a7 + 2y) 
6(8 a — 7) 

5(4 b — 3) 

3(8 a — 2b) 

. 87 + 5) = 20 

. n+ 4) +10 = 48 

48222) Se 
. Bn +3) —3n = 28 

Multiply it by 2. Add 10. 
Multiply the result by 50. Add the number of days in a year. 
Add your age. Subtract 865. 

Look at the final answer. The two figures on the right 
should be your age and the rest of it your house number. 
this a magician’s trick? 

Is 
Let algebra show you that it is not. 

Let your house number be represented by a and your age by 0. 
Then the first paragraph above can be stated as — 

50(2.a + 10) + 865 + b — 865 
and this simplified is 100 a + 0. 
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In other words, the whole thing simmers down to 100 times 
your house number plus your age. The rest is put in to dis- 
tract your attention from the essential simplicity of the compu- 

tation. Multiplying your house number by 100 moves it over 

two places so that when your age is added it stands out by 
itself as the last two figures. 

This trick will not work if you are over 99 years old. Why? 

Practice in Algebraic Expression 

1. If n represents one number, what represents a number 
that is — 

(a) 5 times as much? 

(6) 5 more than n? 

(c) 6 less than n? 

(d) 7 more than twice as much? 

(e) 4 less than three times as much? 

(f) the sum of (d) and (e)? 

2. Ifthe difference between two numbers is 12 and the smaller 
number is n, what is the larger? 

3. If the difference between two numbers is 12 and the 
larger number is 7, what is the smaller? 

4. If one part of 36 is n, what is the other part? 

5. If the length of a rectangle is 8 in. and the width is 5 in., 
what is the perimeter? 

6. If the length of a rectangle is 3 in. more than the width 
and the width is w, what is the length? What is the perimeter? 

7. How far will a plane travel if it goes 300 miles an hour for 

5 hours? n miles an hour for 5 hours? 27 miles an hour for 

6 hours? 

8. What is the total value of 17 2-cent stamps? of n 3-cent 
stamps? of 5 » 3-cent stamps? of a — 3 2-cent stamps? 

9. State by means of an equation that — 

(a) the sum of n, 2n + 5, and n — 2 is 72. 

(b) the difference between 4 n and x is 36. 



52 FIRST-YEAR ALGEBRA 

Analysis and Solution of Verbal Problems jf 

When you have a problem that is stated in words to solve, 

the first important thing to do is to make sure that you know 

in every detail the facts and relationships that are given. Let 

us take a sample verbal problem.’ 

PROBLEM. Of three numbers, the first number is 5 more 

than 3 times the third and the second is 2 less than the third. 

The sum of the first and second numbers is 59. What are the 

three numbers? 

Careful reading shows at once that this would be a difficult 
problem by means of arithmetic. While ordinarily careful 

reading may help you understand the problem, even then it 

may still seem complicated. You need to “take the problem 

apart’’ — to analyze it — in order to be sure of the relationships 

among the numbers. 

One of the best ways to become entirely familiar with a 
problem is to take some number at random as a possible solution 

and then check to see if you guessed right. For the purpose 
of understanding the problem, it is not essential that you guess 

right. In checking the guess you become so familiar with the 

relationships in the problem that the method of procedure in 

solving it by algebra becomes clear. This first step is impor- 

tant. If, after taking a number at random as a possible answer, 

you do not know how to check it, there is little likelihood that 

you can solve the problem by any method. 

(1) Read the sample problem again. What do you think 
the numbers are? Makeaguess. Hereare five sets of answers 
given by one class. 

First number 

Second number. .. 

Third number.... 

(2) The problem gives several relationships among the 
numbers. Read the first relationship stated in the problem. 
(The first number is 5 more than 3 times the third.) 

‘TO THE TEACHER. See Note 9 on page 460. 
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(8) Check the first set of answers above by this relationship. 
Does it check? (No. 5 more than 3 times 12 is 41, not 3.) 
Check the other answers in the same way. Do you think the 

members of this class gave much attention to the relationships 
stated in the problem? They evidently did not know the details. 

(4) Do you now know which one of the numbers you should 
guess first? Which one? (The third number.) Why? (Be- 
cause the others depend upon it for their values.) 

(5) Now try again to give your answer to the problem. This 
time write down the third number first; then, using the first 

given relationship, write down the first number. Look for 

the second relationship stated in the problem. What is it? 

(The second is 2 less than the third.) Now write down the 
second number. 

(6) Below are five sets of answers given by the same class 

on their second trial. Go through these answers and check 

them against the first relationship and then check them against 

the second relationship. Which answers check against both 
relationships? (The second, fourth, and fifth.) 

First number 

Second number... 

Third numher.... 

(7) One more relationship is stated in the problem. What 
isit? (The sum of the first and the second numbers is 59.) Do 
any of the above answers check against this condition? (No.) 

The purpose of the discussion of this problem so far has been 

to help you become thoroughly familiar with the details of the 

problem — to find “what it is all about.’ The algebraic solu- 
tion follows exactly what you have already done, as you will see. 

(8) You know that the answer is “some number.” How 
do you express “some number” in algebra? (By a letter, say n.) 

You found that it was wise to guess the third number first; so 

let the third number be represented by n. 

(9) How did you get the first number after you had guessed 

the third number? (By multiplying the third number by 3 and 
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adding 5.) What will the first number be when the third 

number is n? (8 ” + 5.) 

(10) What will the second number be? (n — 2.) 

(11) What is the final check? (Add the first and the second 

numbers to see if their sum is 59.) 

(12) How can you say algebraically that the sum of the first 

and the second numbers should be 59? 

(8n+5+n —2 = 59.) 

(13) Solve this equation to find n, which is the third number. 
Then compute the other two numbers. Check to see if you 

are correct, just as you checked your guesses. 

Your written solution should look like this: 

First number 8n+5 
Second number n—2 
Third number n 

8n+5+n-2= 

4n+3 = 59 

The third number is 14. The first is 3 x 14+ 5, or 47. 

The second is 12. CHECK. The sum of 47 and 12 is 59. 

Another Analysis and Solution { 

PROBLEM. At Christmas time I bought several 2-cent stamps 

and several 3-cent stamps, for which I paid a total of $1.60. 
There were fifteen more 3-cent stamps than 2-cent stamps. 
How many were there of each? 

(1) What does the problem ask for? 
- To familiarize yourself with the problem and the relationships 

it involves, you should make a guess at the answer and check 
to see if you are right. Remember that guessing the right 
answer is not important. 

(2) Will you guess both the number of 2-cent stamps and the 
number of 3-cent stamps? (No. I shall guess only the number 
of one kind; then I shall know the number of the other kind.) 

You should now be able to make a guess and check to see if 
you are right. If you cannot, continue with the discussion. 
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(3) Suppose you guess that there were 20 2-cent stamps. 
Then how many 3-cent stamps would there be? (35.) 

(4) Now find out what you had to pay for these stamps. 
What did you pay for the 2-cent stamps? (2 x 20, or $.40.) 

What did you pay for the 3-cent stamps? (3 x 35, or $1.05.) 
Do these values check with the problem? (No. They do not 
add to $1.60.) 

If you do not now see clearly the relationships involved, 
make another guess and check its correctness. ‘The following 
is the method of solving the problem with the aid of algebra. 

(5) The algebraic solution follows exactly the same steps 
used before. If the number of 2-cent stamps is n, what is the 

number of 3-cent stamps? (n + 15.) 

(6) What is the value of the 2-cent stamps? (2 x n, or 
2n cents.) What is the value of the 3-cent stamps? 
(8(m + 15).) 

(7) How can you say algebraically that the sum of these two 
values is $1.60? (2n + 3(n + 15) = 160.) Since the unit on 
the left side of the equation is cents, the unit on the right side 

must be cents, not dollars.) 

(8) Solve this equation and check your answer. 

Your written solution should look like this: 

Number of 2-cent stamps n 
Number of 3-cent stamps n-+15 
Total value of 2-cent stamps | 2 ” 
Total value of 3-cent stamps | 3(n + 15) 

2n+ 3(n + 15) = 160 
2n+3n+ 45 = 160 

5n +45 = 160 

5m = 115 

as 

The number of 2-cent stamps is 23. The number of 3-cent 

stamps is 38. CHECK. The value of the 2-cent stamps is $.46 

and the value of the 3-cent stamps is $1.14. The sum of these 

two values is $1.60. 
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Exercises | 

In solving the following problems, you should follow the »netnod 

discussed in the preceding pages. 

1. The larger of two numbers is 5 more than 3 times the 

smaller number. Their sum is 102. Find the numbers. 

2. The larger of two numbers is 4 times the smaller. Their 

difference is 25. What are the two numbers? 

3. The difference between two numbers is 42. Their sum 

is 108. What are the two numbers? 

4. A man and his son earned $86 between them. If the 

father earned $5 more than twice what the son earned, how 

much did each receive? 

5. In triangle ABC, AB is twice as long as AC and BC is 
1 inch more than AC. If the perimeter is 53 inches, how long 
is each side? (Draw a figure to help in the solution.) 

6. Separate 75 into two parts so that one part will be 13 
more than the other. 

7. In a certain rectangle the length is 3 ft. more than the 
width. Its perimeter is 71 ft. What are the dimensions? 

8. In triangle ABC, angle B is twice angle A and angle C 
is 8 times angle A. How many degrees are there in each angle? 

(Remember that the sum of the angles of a triangle is 180°.) 

9. Of three numbers, the first is 3 times the second and the 
third is 5 more than the second. The sum of the first and third 
is 254. Find the three numbers. 

; 10. A debt of $72 was paid with 5-dollar bills and 2-dollar 
bills, there being twice as many of the latter as of the former. 
Find the number of bills of each kind. 

11: ‘Two men start from the same place at the same time, 
one going north and the other south. One goes twice as fast as 
the other. The faster one travels for 7 hours and the slower for 
8hours. They are then 396 milesapart. Find the rate at which 
each man traveled. 
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In the shop of a high school these boys learn about electric motors. Will 
mathematics be of help to them when they continue in this field of work out 
of school? 

Algebra a Help in Thinking 

You are now in a position to understand that algebra is an 
instrument that magnifies the powers of the human mind. By 

the use of its methods and symbols we can analyze a problem 

and set down one at a time the numerical relationships the 

quantities bear to each other. Then we can combine our state- 
ments of relationships in an equation, solve the equation, and 

thus find the number values we seek. We cannot think through 

the entire process at once in a complicated problem, but by 

the use of the symbols and rules of algebra we can take the 

solution one step at a time and thus find the answers to problems 

far too complex for the unaided mind. 

“How Algebra Helps Us in Thinking” would be a second 

way of stating our chapter theme. 

To emphasize the importance that this instrument of reason- 
ing may have for you, we ask you to carry out this exercise. 
Take pencil and paper and list all the occupations and profes- 
sions from which you will be barred it you do not study algebra. 

Your list will include nearly all the professions for which college 
57 
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preparation is required and higher technical work in practically 

all fields, including the military field. 'Then make a second list 

of occupations for which algebra is not necessary but in which 

it is used in the advanced work. This list will include such 

activities as shopwork, electric work, building, business, insur- 

ance, agriculture, and a host of other common employments. 

Is it evident from your lists that algebra is necessary for 

entrance into many lines of work and that a knowledge of it 

helps in rising to the higher positions in other occupations 

where it is not absolutely required? Evidently those who know 

algebra are able to do things that others cannot do. 

Chapter Summary 

This chapter has given you a glimpse of the possibilities of 
algebra in use. You have seen how rules for computation can 
be stated briefly and concisely by means of formulas. You made 

a beginning in solving equations by the use of inverse processes, 

and in so doing gained some idea of the value of the equation 
as a tool for unscrambling complex relationships and finding 

the value of unknowns. Using the three cases of percentage 

as an example, we showed you how a formula can be used as 

an equation to solve for any one of several quantities in it when 

the values of the others are given, and you were shown how 

algebra is used in the analysis and solution of verbal problems 
that are difficult or impossible by arithmetic. 

You also learned about the order of operations, the meaning 
and use of parentheses, and the rules for multiplying an indi- 

cated sum and an indicated product by a number. 

You should now know the meanings of the following technical 
words and phrases: 

Formula Solving an equation 
Parenthesis Satisfying an equation 
Inverse processes Root of an equation 
Distributive law Percentage 
Indicated sum Base in percentage 
Indicated product Rate in percentage 
Factor Verbal problems 
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Chapter Review 

1. The inverses of addition, subtraction, multiplication, and 
division are, respectively, __?_,_?_,_? , and _2_. 

2. By merely looking at the equation n + 4 = 9, I see that 
the process to use to find n is _?_. 

3. The process to use in solving the equation 27” = 10 
isee? 

The process to use in solving n — 3 = Tis_?_. 4, 

5. The process to use in solving 5 aes 1G eek 

6. In solving the equation 2n + 5 = 9, what do you do 

first? 

7. In solving the equation 2 —5 = 9, what do you do 

first? 

8. In finding the value of 8 —(4 + 2), what do you do first? 
second? 

9. In finding the value of 4 + 3(9 — 4), what do you do 

first? second? third? 

10. In aseries of operations involving additions, subtractions, 

multiplications, and divisions, the _?_ and the _?_ should be 

performed first in the order in which they come and then the 

= and the _*_. 

11. Is 3 a root of the equation 2(4 + 3) = 15? Give a 

reason for your answer. 

12. Does 5 satisfy the equation 3 n — 7 = 8? Giveareason 
for your answer. 

13. What number makes the left side equal to the right side 

in the equation 7n + 5 —3n = 21? 

14. When is an equation said to be satisfied? 

15. What does it mean to solve an equation? 

16. In the equation 2 + 7 = 16, how many values may n 

have? 

17.3+2+5 and 2a+36+¢c are indicated fae 

8 x 2x5 and 6abc are indicated _?_. 
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18. In the expression 2a +8b+c, 2a,36, andc are _?_. 

In 6 abe, 6, a, b, and c are _?_. 

19. The expression 3(a — b) means 3 _?_ (a — B). 

20. To multiply an indicated sum by a number, I multiply 

_?_ term by that number. Give an example. 

21. To multiply an indicated product by a number, I mul- 
tiply _?_ factor by that number. Give an example. 

22. To multiply 7 abe by 2, I would multiply the _*_ by 2. 

? 23. To multiply 2 + 5 by 3, I would multiply 

24. In the formula p = br, pis the __?_, bis the _’_, andr 

is the _?_. 

25. In the formula p = br, to find r when p = 300 and 

b = 1350, I would _?_ 300 for _?_ and 1350 for _?_ and solve 

the resulting equationfor_’_. Iftheresult is .222, I know that 
the rate is _? %. 

26. Using the formula F = 2C + 82, find F when C = 1300°. 

. 27. Using the formula C = 3(F — 82), find C when F is 158°. 

28. 18 is what per cent of 25? Give your answer to the 
nearest tenth of a per cent. 

29. If 324 is 8% of a number, what is the number? 

30. Find the value of the following: 

(a) 2x38+4 (e) 5(6 — 8) 
(ob) 4-28 (f),15.— 28 4.3) 
(c) 6+18 +8 (g) (5 — 2)(8 +1) 
(d) 20 — (9 — 4) (hk) 9 —8)-—6 

31. Find the value of — 

(a) 2(a + b) when a = 8 and b = 2, 

(6) (@ + b)(e +d) when a = 2,b =3,c =4, andd =5, 
(c) a —(6 + c) when a = 10, b = 5, ande =3. 
(d) a+ bc +d) whena = 1,b =2,c =8, andd = 4. 
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32. Multiply as indicated and combine like terms when 
possible: 

33. 

(a) 87 + 8) 
(0) 3(rs) 
(c) 6(n — 8) 

(d) 6(3 n) 
(e) 422” + 7) 

(f) a(b + ¢) 
(g) a(be) 
(h) 85a —2b) —6a 
(@@) 6(4n) + 72 n + 8) 
9) 9+ 48n+1) 

Solve the following equations and check your answers: 

(a) n+5=15 

(6) 5% — 15 

(c) a ib 

(4) n—5 =15 

(e-) 5n=7 

(f) Tn =5 

(g)-3% + 5b = 17 

(hk) 8n —5 = 16 

. 1 
(2) sb ee! 

(Gj) 5n+8-—8n=17 

(k) 8m+ 2) -—6=9 

(1) c+ .05c¢ = 6.30 

34. Henry has 3 times as many dimes as quarters. How 
many of each kind has he if the value of both together is $11? 

35. How would you write, using an equation, that 3 7 is 5 
more than twice the quantity n — 1? 

ELEVATOR — 



Western Union Telegraph Ce 

When there is a break (or a fault) in a telegraph or telephone line, a man 
is not sent out to walk along the line to find where the breakis. The distance 
of the break from a testing station is quickly determined with the aid of an 
instrument called a ‘“‘Wheatstone bridge.’’ The instrument measures the 
resistance to the flow of electricity in the broken wire, and by substituting 
the value found in a formula the distance to the break is determined. 

Moy hoes Ry 

AO) 
two measurements of resistance with the ‘‘bridge,’’ O represents the resist- 
ance of the wire per mile, and D represents the distance in miles to the break 
in the wire. This is the kind of thing that can be done with formulas. 

62 

One formula might be written D = , where Ry and Ry represent 
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CuHaAptTer III 

MAKING AND USING FORMULAS 

The word “formula”’ is from the Latin forma, “form.” 

Formulas are general forms into which we fit special number 
values when we wish to make computations. The formulas 

you have used so far are simple and the formulas you will learn 
in this chapter will be simple; but many of the formulas used 

by accountants, statisticians, engineers, and scientists are much 

more complex. Some of them are arrived at only after years 

of experimentation. ‘They are equations that express number 

relationships that have been tested and found true. 

These formulas are to those who need to use them what the 
saw and the hammer are to the carpenter. They are constantly 

used as tools in making calculations for practical work. The 

strength of the framework of an ocean liner is calculated. The 
amount of material that must be removed for a subway or a 

tunnel or the amount of material needed for a road or a dam 

is calculated. The stresses and the strains in a bridge for given 
loads is calculated. The horsepower of an engine or the amount 
of electricity a power line can carry is calculated. The costs 

of all important undertakings are calculated. In all these 

and other calculations formulas are used. 

Finding a Formula by Experiment} 

A figure formed by any number of straight lines as its sides 
is called a polygon. A polygon of three sides is a triangle; of 

four sides, a quadrilateral; of five sides, a pentagon; of six sides, 

a hexagon; of eight sides, an octagon; and of ten sides, a decagon. 

What is the sum of the angles of any polygon? 
63 
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auens 
Quadrilateral Pentagon Hexagon 

We shall now find a formula for the sum of the angles of a 

polygon of n sides by experiment. 

What doesnmean? (Any number.) 

(1) Draw a quadrilateral ABCD 
and a diagonal AC. How many 4 
triangles are formed? (Two.) C 

What is the sum of the angles of 
one triangle? (180°.) What is B 
the sum of the angles of the E 

quadrilateral? (2 x 180°, or 360°.) 

(2) Draw a pentagon and all A D 

possible diagonals from one ver- 
tex. How many triangles are 

formed? (Three.) What is the 

sum of the angles of the pentagon? 
(8 X 180°, or 540°.) C 

(3) Do what you have done in Exs. (1) and (2), with polygons 

of 6, 7, 8, 9, and 10 sides and fill in the blanks in the following 
table. (Copy the table. Do not write in the book.) 

No. of sides.... | 3 4 | 5 6 718-9 /i0 
No. of triangles. | 1 2 3 4 

Sum of angles. . ./180°/2 X180°/3 X180°l4 X180° 

=860° | =640° | =720° 

(4) What do you note about the number of triangles as com- 
pared to the number of sides? (There are two less triangles 
than sides.) 
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(5) If there were 20 sides, how many triangles would be 
formed by drawing all possible diagonals from one vertex? (18.) 
What is the sum of the angles of a polygon of 20 sides? (18 x 
180°, or 3240°.) 

(6) If a polygon has m sides, how many triangles will be 
formed? (n — 2.) What is the sum of the angles of a polygon 

of n sides? The answer is (n — 2) X 180, or 180(n — 2). 

Since n refers to any number of sides, we now have a formula 

for the number of degrees (D) in the sum of the angles of any 
polygon. 

D = 180(n — 2) 

(7) Using this formula, find the sum of the angles of a polygon 
of 12 sides. (1800°.) 

This method of deriving a formula is illustrative in a modest 

way of the methods by which scientists arrive at their formulas. 
By studying a large number of special cases, they arrive at a 
formula which is general. 

Exercises 

1. State in words the procedure in using the formula D = 

180(m — 2) when 7 is 6. 

2. What is the sum of the angles of a polygon of 15 sides? 

20 sides? 24 sides? 

3. In a regular polygon all the angles are equal. How many 

degrees are there in one angle of a regular pentagon? regular 

hexagon? regular octagon? regular decagon? 

4. Write a formula for finding the number of degrees (D) 
in one angle of a regular polygon of n sides. 

5. How many sides has a polygon if the sum of its angles is 

5040? (Use the formula D = 180(n — 2), substitute 5040 for 

D, and solve the resulting equation for 7.) 

6. How many sides has a polygon if the sum of its angles is 

3060°? 
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Perimeters of Polygons 
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The perimeter of a polygon is the sum of its sides. 

An equilateral triangle is one with its three sides equal. 

An isosceles triangle is one which has two sides equal. In the 

figure, AB is called the base. 

A scalene triangle is a triangle no two sides of which are equal. 

A regular polygon is one all of whose angles and sides are equal. 

In a rectangle the opposite sides are parallel and equal and the 
angles are right angles. 

A square is a rectangle all of whose sides are equal. 

Exercises 

1. What is the perimeter of a scalene triangle whose sides 
are 15 in., 10 in., and 8 in.? 

2. What is the perimeter of a square each of whose sides 
Se (alist 

3. Find the perimeter of scalene triangles whose sides are 
as follows: 

(a) 6 in., 3 in., 4 in. (c), 5.24.ft., 6.57 it., 3.75 fe 
(6) 3246 ft., 1262 ft., 2576 ft. (d) 64 in., 24 in., 5d in. 
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4. What is the perimeter of a regular hexagon one of whose 
sides is 34 in.? 

5. Match the following formulas for perimeters and the 
figures with which they are associated. Use the figures on the 
opposite page to help you. 

Equilateral triangle 
Isosceles triangle 

Scalene triangle 

Quadrilateral 

Rectangle 
Square 

Pentagon 

Regular hexagon 

ik 
2. 
3. 
4. 
5. 
6. 
cf 
8. 

6. Find the perimeter of equilateral triangles whose sides 

are as follows: 

(a) 9 in. (b) 7TH ft. (c) 4.8 ft. (d) 38x in. 

7. Find the perimeters of isosceles triangles whose equal 
sides and bases are respectively as follows: 

(a) 8 in., 5 in. (c) 32 yd., 54 yd. 

(b) 24 ft., 3 ft. (d) 7.2 ft., 3.5 ft. 

8. Which of these formulas is correct for finding the perim- 

eter of an equilateral triangle: p=a+a-+a or p=8a? 

Explain. 

9. Which of these formulas is correct for finding the perim- 

eter of arectangle: p =21+2wor p=2(/+w)? Explain. 

10. What is the perimeter in feet of a rectangle whose — 

(a) length is 8 ft. and width is 3 ft.? 

(b) length is 4 yd. and width is 1 yd.? 

(c) length is a yd., and width is b yd.? 

(d) length is p yd. and width is q ft.? 

(e) length is c in. and width is d in.? 
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Indirect Use of Perimeter Formulas 

Study the following examples: 

EXAMPLE 1. How long is the base of an isosceles triangle 

if one of the equal sides is 6 in. and the perimeter is 17 in.? 

SOLUTION. p =2a+0,p =17,a =6 

Substituting the numbers, 17 = 2(6) +} 
17 = 12+ bord4+12=17 

a) 

The base is 5 inches. 

EXAMPLE 2. How long is each of the equal sides of an 

isosceles triangle if the perimeter is 45 in. and the base is 11 in.? 

SOLUTION. p=2a+bd, p= 45,b=11 

45 =2a+1llor2a+411 = 45 
AG = BY! 
Casi, 

Each of the equal sides is 17 inches. 

Exercises 

1. The perimeter of a scalene triangle is 37 in.; one of the 

sides is 17 in. and another is 12 in. How long is the third side? 

2. The perimeter of a triangle is 244 in.; one side is 5? in. 

and a second side is 8+ in. How long is the third side? 

3. The perimeter of an equilateral triangle is 49 in. How 
long is one side? 

4. What is the width of a rectangle if its perimeter is 48 ft. 
and its length is 14 ft.? 

5. What is the length of a rectangle if its perimeter is 104 in. 
and its width is 22 in.? 

6. Using the formula p = a + b + ¢, find b when 9, a, and 
c are as follows: 

(a) p = 12in., a = 4in., c = 5 in. 
(6) p = 60 in., a = 20 in., c = 25 in. 
(c) p = 20 in., a = 94 in., c = 8h in. 
(d) p = 18} ft., a = 54 ft.,c = 74 ft. 
(¢) p = 86.2 cm., a = 12.8 cm., c = 18.7 em. 



MAKING AND USING FORMULAS 69 

7. Using the formula p = 2a + 3, find a when p and b are 
as follows: 

(ay gv = 10cm.) bt= 2.cm. 

15 em., b = 4 cm. 

53 in., 6 = 14 in. 
(d) p = 18+ ft., b = 84 ft. 
(e) p = 62.3 cm., b = 20.9 cm. 
(fF) 9 = 14.2 cm., b = 8.1 em. 

(b) p 
(c) » 

8. Using the formula p = 2a + 0, find 6 when 7 and a are 
as follows: 

(a) p = 18 in. a.="5 in. 

(b) -»-=.54 in,, a= 20 3n, 

(c) p = 92 ft., a = 44 ft. 

Formula for Area of Rectangle 

The area of a surface is the number of square units it contains. 

(1) The rectangle at the 

right is 5 in. long and 4 in. 

wide. How many square 

inches does it contain? 

Can you answer this ques- 
tion without counting the 

squares? 

(2) What did you do to 
the 5 and the 4 in Ex. (1) 

to find the number of 

square inches? Suppose 

ban. 

the dimensions were 9 in. and 7 in., would you use the same 

process to find the area? 

(3) What is the area of a rectangle whose length is / ft. and 

whose width is w ft.? 

The number of units in the area of a rectangle equal the 

number of units in the length times the number of units in the 

width. The length and the width must be expressed in the 

same units. 
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If 2 represents the length and w the width of a rectangle, 

the area is given by the formula, 

A=lw (Area of rectangle) 

(4) Does the J stand for the word “‘length”’ or for a number 

of units in the length? 

Exercises 

1. What is the area of a rectangle whose length and width 

are as follows: 

(ajeo in. 2 ins! (¢) 234 it., 16.2 TE: 

(Oa ee Bais (d) 44 ft., 24 ft.? 

2. A sidewalk is to be 80 ft. long and 3 ft. 6 in. wide. How 
much will it cost to lay it at 30 cents per square foot? 

3. If the area of a rectangle is 96 sq. in. and the length is 
16 in., how wide is it? 

4. Using the formula A = lw, find w when A and 7 are as 

follows: 

(a) A = 24-sq. ft., t = 6 ft. 

(b) A = 8 sa. in., l = 3 in. 

(¢) #A =e 5 sd..in., |= 6 in. 

(d) A = 10% sq. in., 7 = 54 in. 

(¢) “Av= $.2'sq. cm., |= 4isem: 

Cf) Av= 24.3 sq. cm. 4 = 5.02 em; 

(g) A = 30.25 sq. ft., ¢-= 5.5.it. 

Formula for Area of Square 

As you know, a square is a rectangle all 

of whose sides are equal. 

(1) Using the formula for the area of a 

rectangle, find the area of a square whose 

side is 78 in. 78 in. 

(2) What is the area of a square whose 
side is s units? 78 in. 
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Your answer to Ex. (1) should have been 78 x 78, or 6084 
sq.in. Your answer to Ex. (2) should have been s X s square 
units. In each case you multiplied a number by itself. 

In 78 X 78, the 78 is one of two equal factors. Ins Xs, the 

s is also one of two equal factors. The first expression can be 

written as 78°, the second as s*. They are read “78 square’”’ 
and “‘s square.” The little 2 is called an 

exponent. ‘The exponent 2 in s? means that 
s? is the product of two equal factors, s 

and s. * 

Multiplying a number by itself — that 

is, using it as a factor twice — is called 
squaring the number. 8 

(8) What do the following mean: 52, 3%, a®, 12? 

Using this new symbolism, we can write a formula for the 
area (A) of a square whose side iss. It is 

A =;3? (Area of square) 

Exercises 

1. Square the following numbers: 1, 2, 3, 4, 5, n. 

2. Find the value of the following: 67, 32, 92, 257. 

3. Using the formula A = s®, find A whens = 6; 43; 7.3. 

4. Find the value of s? when sis 4; 7; 11; and 24. 

5. What is the area of a square whose side is 18 ft.? 

6. How many square inches are there in a square foot? How 

many square feet are there in a square yard? The formula 

A = 8° helps you to get the answers. 

7. Find the area of squares whose sides are as follows: 

(a) 82 ft. (apadA it: (e) 34 yd 

(b) 124 ft. (d) 3.64 ft. (f) 2% yd. 
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Meaning of Exponents 

Many formulas contain exponents, and to operate with these 
formulas we need a clear understanding of what exponents are. 

As you have seen, the exponent 2 placed to the right and above 

another number means that that number is to be used twice 
as a factor. Similarly, the exponent 3 means that a number 

is to be used three times asa factor. Thus, 6?means6 x 6 X 6 

and a? means a Xa Xa. a? is read “a cube.” Taking a 
number 8 times as a factor is called cubing the number. 

In general, the exponent n (n being a whole number) means 

that a number is to be used 7 times as a factor. 

a? (the square of a) is also read “the second power of a” or 

“a to the second power.” a (the cube of a) is the third power 
ofa. a” is the nth power of a. 

An exponent is a number placed to the right and above 
another number called the base to indicate how many times 

the base is to be used as a factor. Note that a! and a mean 
the same thing. The exponent 1 is usually omitted. 

(1) Write 5 x 5 X 5 ina simpler way. 

(2) Write each of the following, using exponents: 2 x 2, 
SOP Go OLX, OVX. 0 0, 1S RESUS. 

(3) Find the value of a* when a = 2; 4; 5; and 7. 

(4) Find the value of b‘ when b = 38. 

Exercises 

1. Write b xb x6 xb in a simpler way. Write 6+ 6 
+ 6 + bina simpler way. 

2. If a = 5 and b = 8, what is the value of a? + 82? of 
a+ 62? of a? + b? 

3. Find the value of the following expressions, using a = 3 
BUCO Ae) eo Oe ere 

4. What is the value of p? when p = 1? when p = 02 

5. What is the value of each of the following? 37; 33; 
25 X 87; (2 x 3)?; 32 + 88; 88x 2: 8x Be errs 
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6. To find the value of ab? when a is 2 and 6 is 3, would you 
multiply 2 by 3 and square the result or would you square 3 
and multiply the result by 2? 

7. To find the value of (ab)? when ais 2 and b is 8, would you 

multiply 2 by 3 and square the result or would you square 3 
and multiply the result by 2? 

8. The expression ab? means a Xb Xb. Tell what the 
following expressions mean: a’b; a2b?; 2ab; 2.a2b; 2 ab?. 

9. Find the value of each of the expressions in Ex. 8 when 
i =i7anmd 6 = 3. 

10. What are the exponents in the expression 5 a? + 8 a?? 

What are the numerical coefficients? What are the terms? 

11. If n? = 25, what is the value of n? 

12. Find the value of the letter in each of the following 
equations: a? = 4; p? = 16; 0? = 49. 

13. Find the value of the following when a = 5 and b = 2: 

(a) @ (f) 2@ (k) 36 (p) (ab)? 
(b) 6b (g) (2a)? () (56)? (q) a 
(c) a? + BD? (h) 8a (m) ab? (r) a? =.63 

(d) 2 — B (7) a)? (n) ab (s) (a — 6)8 
(e) (a + b)? (7) 2B (0) ab? (¢) @+2a 

14. The number 100 = 102; 1000 = 10?. 

15. The formula s = 1672? tells the distance in feet that 

an object will fall in any number of seconds, t. In the formula, 

s equals the distance in feet and ¢ the time in seconds. Find 

how far an object will fall in 3 seconds; in 10 seconds. 
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16. If a body is thrown downward with a speed of 30 feet 

a second, the formula s = 16 # + 80¢ gives the number of 

feet it will fall in t seconds. How far will it fall in 6 seconds? 

17. If a = 7 and b = 8, what is the value of the following? 

(a) a —2ab+b? 
(c) 2a +3b(2a — 3b) 

(b) (2a+3b)(2a — 3b) (d) ae 

18. Find the value of the following expression when ¢ = 6: 

Tt —38¢+2)+(¢-—3)+5 

19. In a right triangle the relation between the lengths of 

the sides is given by the formula c? = a? + b?. How much is 

eifa =3andb =4? How muchisc? 

20. The number 346,000 is often written as 3.46 x 10°. 

Written this way, 5400 = 5.4 x 10?. 

Roots and Their Meaning 

If you know that the area of a square is 25 sq. ft., can you use 
the formula A = s? to find the length of its side? In this case 
we need to find the number whose square is 25. The number 

whose square is 25 is called the square root of 25. Finding the 

square root of a number is the inverse of squaring a number. 

Thus, since the square of 5 is 25, the square root of 25is5. The 

square root of 36 is 6 because 6? = 36. 

Also, since the cube of 2 is 8 (2? = 8), the cube root of 8 is 2. 
Likewise x? is the second power of x and z is the square root of x?; 

x® is the fifth power of x and x is the fifth root of x5. Finding 
any root is the inverse of raising a number to any power. Do 

not confuse this use of the word “root” with its use as a num- 
ber which satisfies an equation. 

The square root of a number is one of its two equal factors. 

The cube root of a number is one of its three equal factors. In 

general, the nth root of a number is one of its n equal factors. 

(1) What is the square root of 9? of 64? of 144? 

(2) What is the cube root of 8? of 27? of 64? 
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We use the symbol V to indicate a root. It is called a 
radical sign (Latin radix, “‘root’’). Thus V4 means the square 
root of 4; V8 means the cube root of 8; and ~81 means the 
fourth root of 81. The little number in the radical sign is 
the index of the root. The index 2 is omitted for square root. 

(3) What is the value of V25? of V49? of 7/82 

In the equation x? = 36, the x has been squared. To solve 

for x, we use the inverse process and take the square root of 36. 
Since x? = 36, then x = V 36, or 6. 

(4) Solve: (a) x? = 100 (b) 7 125 

Exercises 

1. Since 5? = 25, we say that 25 is the _?_ of 5 and 5 is the 
Ol Ds. 

2. In the formula A = s?, A is the _?_ of s, therefore s is 

the _’_ of A. 

3. What is the square root of 4, 16, 64, and 169? 

4. What is the value of: V81, V22, Va, Vad, V2? 

5. Solve the following equations: 

(a) =A. .(b) 42 =AS (c) = 64 (d) 2? = 25 

6. If the area of a square is 64 sq. in., what is the length of 

aside? (Use theformulaA = s?, substitute 64 for A, and solve.) 

7. What is the value of V1, V1, V1, V1, V0? 

8. What is the value of: 27, 1/125, Va’, Vn? 

9. Solve: (a) n* = (b) n* = 27 (c) nb = 

In the following expressions, combine like terms: 

10. 7? +222-—527 15. 8n(n — 5) +47? 

11.927 4+22-32 16. 6Va + 2Va 

12. 2a) + 3 ab? — a 17. 7Vb —5Vb 

13. e24+¢4+2+1 18. 7Vy —5Vx +2Vy 

14. aa +2)+@ 19. 6Vab + 3Vac 
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Area of Parallelogram 

A parallelogram is a quadrilateral whose opposite sides are 

parallel. Its opposite sides are also equal. 

(1) Find the area of these two parallelograms by counting 

the squares. What is the difficulty in this method? 

Ea 
Dae S2b ne 

(2) Draw a parallelogram ABCD with the base AB = 8 in, 
and height DE = 5 in. Cut off the triangle AED and place 

it in the position BFC. What 
kind of figure do you have now? 

What are the length and the 

width of the new figure? What 

is its area? What, therefore, is 

the area of the parallelogram? 

D 

ww ewes 

(3) fAB=10in.andDE= 4 B 
6 in., what is the area of the rectangle CDEF? What is the 
area of the parallelogram? State a rule for finding the area 

of a parallelogram when the lengths of the base and the height 
are known. (The height is often called the altitude.) 

tybenenennnnaalg 

_(4) If AB = b in. and DE = h in., what is the area of the 
parallelogram ABCD? 

The formula for the area of a parallelogram is 

A\=' bh (Area of parallelogram) 

What do the A, b, and h stand for? 

(5) Using the formula A = bh, find the areas of the parallelo- 

grams drawn on squared paper above. How do these answers 
compare with those you found in Ex. (1)? The formula helps 
you to find the number of squares without counting them. 
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Exercises 

1. The base of a parallelogram is 9 ft. and its altitude is 
4ft. What is its area? 

2. Using the formula A = bh, find A when b and h are as 
follows: 

(a) 10 in. and 4 in. (e) 27 yd. and 12 yd. 

(b) 182 ft. and 94 ft. (f) 4.8 in. and 2.3 in. 
(c) 8 in. and 8 in. (g) 9.2 in. and 5.7 in. 
(d) 32 ft. and 18 ft. (h) 3.24 in. and 1.35 in. 

3. The area of a parallelogram is 144 sq. in. and the base is 

16 in. How long is the altitude? 

4. The base and the altitude of a parallelogram are equal. 

The area is 64 sq. ft. How long are the base and the altitude? 
(Let the base be n, make an equation, and solve it.) 

Area of Triangle 

It would be difficult to find the area of a triangle by counting 
the squares in it, just as it was difficult in the case of a parallelo- 

gram. The following exercises will show you how to find the 

area of a triangle when its base and its height are known. 

(1) Cut from cardboard a tri- 
angle ABC, with base AB = 8 in. 

and height DC = 5in. Cut out 
another triangle exactly like it 

and place it in the position BCE. 
What kind of figure is ABEC? 

What is its area? 

(2) How does the base of the triangle ABC compare with 

the base of the parallelogram? How do the heights compare? 

How does the area of the triangle ABC compare with that 

of the parallelogram ABEC? What, then, is the area of tri- 

angle ABC? 

(3) If the base of a triangle is 10 ft. and the height is 6 ft., 

what is its area? 

P| D B 
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(4) If the base of a triangle is b feet and its height is h feet, 

what is its area? 

You see that the area of a triangle is one half the area of a 
parallelogram which has the same base and altitude. The 
formula for finding the area of a triangle with base b and 

altitude h is therefore — 

bh : =jbh or A= = (Area of triangle) 

(5) By using several pairs of numbers for b and h, illustrate 

the fact that + bh has the same value as a 

Dividing an Indicated Product by a Number 

Before you use the formula A = me you should learn the 

rule for dividing an indicated product by a number. (See 
page 49 for a similar rule.) 

(1) Using 6 = 6 and h = 4, show that e = 5h) = b(5)- 

(2) Do the same thing, using b = 10 andh = 6. 

(8) To evaluate ae which of the following would be 
correct? 

(a) Multiply 8 by 6 and divide by 2. 

(b) Divide 8 by 2, then 6 by 2, then multiply. 

(c) Divide 8 by 2, then multiply by 6. 

(d) Divide 6 by 2, then multiply by 8. 

Which of these procedures are correct? Which one is wrong? 
Which of the correct ones is easiest? 

(4) Which of the ways suggested below would you use in 

evaluating bX TER ENS i 

(a) Divide each factor by 7 and then multiply. 

(b) Divide 14 by 7 and then multiply. 

To divide an indicated product by a number, divide only 
one of the factors (any one of them) by that number. 
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Thus, in using the formula A = =, you may (1) multiply 

b by h and divide by 2, (2) divide b by 2 and multiply by h, 
or (8) divide h by 2 and multiply by b. Do not divide both b and 
h by 2. If you do this, you will divide by 4. 

(5) Note also the following uses of this rule: 

(a) 6p +2=-_2_ The answer is 8p. (We have divided 
the one factor 6 by 2.) 

(}) 6p +p = _?_ Answer, 6. (We have divided the one 
factor p by p.) 

; 
(c) te =! Answer,4n. (n? +n =n, sincen Xn = n?.) 

(d) a = —_ Answer, b. (We have divided one factor, a, 

by a and another factor, c, by c.) 

Exercises 

1. Evaluate the following in the simplest way: 

@ S&§X8 @ 2 @) 2x? 
@) 2X8 » tx! (p) SXTEXS 

. 2 () 2 (f) DBS (i) fae 

2. What is the area of a triangle whose base is 8 ft. and 

whose altitude is 5 ft.? 

3. Using the formula A = oe find A when } and h are as 

follows: 

(a) 4in., 3 in. (fa) 17,2 4t.; 6 ft, 

(b) 3in., 8 in. (e) 7.8 in., 8.4 in. 

fc). (5 ins. 5. in. Ch) 2. 1by,t oot. 

4. The area of a triangle is 24 sq. in. and the base is 8 in. 

What is the height? (Use the formula A = a substitute the 

numbers, and solve for h.) 
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5. The area of a triangle is 35 sq. ft. and the height is 7 ft. 
How long is the base? 

6. Using the formula A = a find h when A and 6 are 
respectively as follows: 

(eco mda. an. (eye 4oisqcits, 2riG: 

(b)36.sq. 1n.,.15 1n; (d) 8.2. sq. it., 4.1 ft. 

7. Divide as indicated: 

@)6a+6 W# (m) fy) §@ 
(5) 30. 8 . 3a 3 ab 6 ab 

(c) 10a +5 OS ”) 3 8) 5 : 
(d) 15" +8 (3) fa (0) ae (t) Se 

(e) 6a+a n 6 ab 6 ab 

(f) 10a +a () n (P) Sa) (u) 3a 
2 2 (9) ba+e (1) a (9) om (v) i 

8. What is the area of a triangle whose base is 34 in. and 
whose height is 24 in.? (SUGGESTION. Use A = } dh; that is, 
A=%Xi2 X 3.) 

9. What is the area of triangles whose bases and altitudes 
are as follows? 

(a) 5 in., 22 in. (c) 5¢ ft., 84 ft. 
(b) 34 ft., 44 ft. (d) 32 ft., 23 ft. 

°10. The base and the height of a triangle are equal. Its area 
is 832 sq. in. What are its base and its height? 

11. If the area of a triangle is 2 sq. ft. and the height is 8 in., 
what is the base? 

12. The base of a triangle is twice as long as its altitude (h). 
Express the area in terms of h. 

13. The base (6) of a triangle is 3 units longer than the 
altitude. Express the area in terms of b. 
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Dividing an Indicated Sum by a Number 

You must distinguish between the method of dividing an 
indicated product by a number and the method of dividing an 
indicated sum by a number. 

(1) Does a equal 5 + 6 or does it equal obo Check 

your answer by using several pairs of values for a and b. 

(2) Does ise equal - — b or does it equal £_ by Check 

with a = 8 and b = 6; witha = 14 and bd = 10. 

The results of Exs. (1) and (2) suggest the fact that — 

To divide an indicated sum (or difference) by a number, 

divide every term by that number. 

See a similar rule on page 48. 

(3) Study the following examples and their answers: 

(a) (2a+26)+2=a+b (d) ce cpg 

(b) (8r+15) +38 =7r+5 ig 

ae Alea 

Exercises 

Divide as indicated: 

1. Ba+3b) +3 g, PT tS 
Bae 3 bio 8 
3. 9ab + 3 9. af 

4. (ab + ad) +a 

2n+6 10R oeee 
5. sores 5 

5n — 35 41, 42 +28 
6. 7. aS 74 

q, 3r = 3s pa et 
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13, 22 16; UH Gy org PO elo Bere 
ae a 3 

14. ab — 34 17, 206 + 5 ac 20. a + ar —as 

a a a 

15. 3 ab 18. 85 — 5a o1. Tab +14 ac 

a 5 ac 

Time-Rate-Distance Formula 

There are always three quantities involved in any problem 

concerning motion; namely, the time (number of hours, min- 

utes), the rate (number of miles per hour, feet per second), and 

the distance (number of miles, feet). The distance an object 

can go depends upon the rate at which it travels and the time 
it is traveling. You are familiar with this relationship. 

Can you write a formula for the distance (d) in terms of rate 
(r) and the time (t) without reading further? 

(1) A girl drives her car for 2 hours at an average rate of 
35 miles an hour. How far doesshe go? What process did you 
use to get the distance? 

(2) How far does a plane fly if it travels at the rate of r miles 
an hour for ¢ hours? 

If an object moves at an unchanging, or uniform, rate (r), the 
formula for the distance (d) it travels in a given time (tf) is — 

d=rt (Time-rate-distance) 

You must be careful of your units. For example, if d is in 

miles and ¢ is in hours, r will be in miles per hour. If d is in 

feet and ¢ in seconds, r will be in feet per second. If ¢ is in 

minutes and y¢ is in miles per minute, in what units will d be? 

Exercises 

1. If a man walks for 4 hours at a rate of 3 miles an hour, 
how far can he go? 

2. Using the formula d = 35 t, copy and complete the table. 
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3. How far does an airplane go in 10.3 hours at the rate of 
250 miles an hour? 

4. How far will a train be from its starting point if it travels 
at the average rate of 43 miles an hour for h hours? 

5. What is dif r = 45 feet per second and ¢ = 1 minute? 

6. If an object moves at the rate of n feet per second for 
n seconds, how far will it go? 

7. If a man walks 10 miles in 4 hours, what is his rate? 

8. If a man walks a miles in b hours, what is his rate? 

9. If a train goes 180 miles at a rate of 45 miles an hour, 
how long was it on the way? 

10. An automobile travels for n + 5 hours at a rate of s miles 

an hour. How far, in terms of s and 7, will it go? 

11. Express in terms of a and r the distance covered by an 
automobile in a hours if its rate is — 

(a) r miles an hour (c) (r + 8) miles an hour 

(b) 4r miles an hour (d) (2r — 5) miles an hour 

A Falling Object 

When an object falls from a height, its rate of falling increases 

all the time the object is falling. Because the rate does change, 

the formula d = rt cannot be used for a falling object. 
The distance in feet that an object will fall in any number of 

seconds is stated by the formula s = 16? (if we disregard its 
being held back by the air). You used this formula on page 73 
to find the distance s when you were given the time. 

Could you use this formula to find how many seconds it would 

take a bomb to reach the ground if it was dropped from an air- 

plane 400 ft. high? Substituting 400 for s in the formula, we 

have — 
400 = 16 or 162 = 400 

Then, #2 = 42° = 25 16 

Taking square root, t = V25 = 5 

It would take the bomb 5 seconds to reach the ground. 

| 
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Simple Interest Formula 

Money paid for the use of money is called interest. The 

amount borrowed is the principal. The interest is usually stated 
as a per cent of the principal for a given time, commonly a year. 

This per cent is called the rate of interest (usually per year). 

You are already familiar with interest problems. In fact, 

you have used the interest formula, which is the algebraic way 

of stating the rule. 

(1) What is the interest on $482 at 4% for 1 year? 

(2) What is the interest on $482 at 4% for 3 years? 

(3) The amount of interest you will receive on $350 for 
3 years depends upon the _?_. 

(4) The amount of interest you will receive on $475 at 5% 
depends upon the _?_. 

(5) State the rule for finding the simple interest on any 
principal when the time and the rate are known. Express 
this rule as a formula. Use 2, p, r, and t. 

The formula for simple interest in terms of principal, rate, 
and time is — 

i= prt (Interest formula) 

In this formula r is expressed as a decimal. If r is the rate 

per year (as it usually is), ¢ must be expressed in years. 

(6) Using the formula 7 = prt, find 7 when — 

p = $1500, r = .06, ¢ = 3 yr. 

p = $2500, r = .05, t = 6 mo. (that is, 4 yr.) 

Exercises 

1. Aman wishes to borrow $4500 to build a house. He has 
to pay 5% interest each year for its use. How much interest 
will he pay in 12 years? 

2. What is the interest on $400 at 24 per cent for 6 months? 

3. What is the interest on $500 at 4% for t years? 

4. What is the interest on $324 for 2 ¢ years at an interest 
rate of r (r expressed as a decimal)? 
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5. Using the formula i = prt, copy and complete the table. 

6. Using the formula 7 = .045 p, complete this table. 

7. On January 1 a man borrowed $800. He paid it back 

on April 1 of the same year with interest at 3%. What interest 
did he have to pay? 

8. Mr. Laming borrowed $560 for 1 year and paid $22.40 

interest. What was the rate? 

9. Using the formula 7 = prt, find r (as a per cent) when 
p, z, and ¢ are respectively as follows: 

(a) $230, $27.60, 4 yr. (c) $250, $1.25, 3 mo. 
(b) $6000, $900, 6 yr. (d) $1,000,000, $5000, 1 yr. 

10. Using the formula 7 = prt, 

(a) find t when p = 400, r = .04, andi = 48. 

(b) find p when = 39, r = .08, and é = 2. 

11. What is the interest, in terms of ¢t, on $432 at 6% for 

t +5 years? 

12. Mr. Wilson borrowed $500 from Mr. Vogel at 6% simple 

interest. Each year he paid the interest and at the end of 

6 years he paid the principal. How much did Mr. Wilson pay 

Mr. Vogel during the six years? 

13. Write a formula in terms of p, 7, and ¢ for the total 

amount (A) paid back when p dollars are borrowed at a rate r 

for t years? 

14. Using the formula you wrote for Ex. 13, find what prin- 

cipal will amount to $155 at 4% simple interest in 6 years. 
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Circumference and Area of Circle 

The circle is a very common figure in the practical arts, in 

science, and in mathematics. Much of geometry is devoted 

to it, and the mathematics of the circle enters largely into the 
calculations of the architect, engineer, navigator, geographer, 
and astronomer. You should know how to find the circum- 
ference (perimeter) of a circle and its area. 

The circumference of a circle is about 34+ times the diameter. 

This is only approximately correct, for there is no fraction or 

decimal by which the diameter can be multiplied to get the 

circumference exactly. A more accurate number than 3+ is 
3.14159. The exact value of this number is usually represented 
by the Greek letter x (pi). For your work in this book you 
may use + = 34 or 3.14. 

(1) The formula for the circumference of a circle with a known 
diameter is 

c = 1d (Circumference of circle) 

Find the circumference of a circle whose diameter is 8 in. 

SOLUTION. c = rd; = 3.14; d = 8 
Chol Ae aS 

Ores Payal 

ANSWER. The circumference is 25.1 , 
in. (to the nearest tenth). diameter 

Since the diameter in any circle is twice 
the radius — that is, d = 2r — we may 

substitute 27r for d in the formula and 

getc = r(21r) ore =2 ar. 

(2) The area of a circle is found by multiplying the square 
of the radius by x. The formula is 

A = qr (Area of circle) 

Find the area of a circle whose radius is 3 in. 

SOLUTION. A =r; + = 3.14; r=8 
AN = BED Soy: 
Al =J28.26 

ANSWER. The area is 28.3 sq. in. (to the nearest tenth). 
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Exercises 

1. Find (to the nearest tenth) the circumferences of circles 
having diameters as follows: 

(a) Gin. (6) 9ft. (c) 18ft. (d) 84in. (ec) 5.6 cm. 

2. Find (to the nearest tenth) the areas of circles having 
radii as follows: 

(a) 8in. (ce) 12 in. (e) 4$ft. (9) 21em. (2) 3.4 ft. 
(6) 4ft. (dd) 5in. (f) 6$ft. (h) 3.5 yd..-(j) 8.7 em. 

3. If the radius of a circle is 8 in., how long is the diameter? 

If the radius is r in., how long is the diameter in terms of r? 

4. Ifthe diameter of a circle is 10 in., how long is the radius? 

If the diameter is d ft., how long is the radius in terms of d? 

5. Find (to the nearest tenth) the circumferences and areas 
of circles having radii as follows: 

(a) Zin. (6) 5in. (c) 22 ft. (d) 4.8cm. (e) 6.2 cm. 

6. What is the diameter of a circle whose circumference is 
18.84in.? (SUGGESTION. C= rd; hence 18.84 = 3.14 d.) 

7. What are the diameters (to the nearest tenth) of circles 

whose circumferences are as follows? 

(a) 56 in. (b) 24.2 in. (c) 142 ft. (d) 95.3 ft. 

8. This ring is made by one circle inside another. The 
radius of the large circle is 5 in., and the radius of the small 

circle is 3 in. Find the area of the ring. 

9. Write a formula for the perimeter 

of a semicircle (half a circle) in terms of 

7 and d. 

10. Write a formula for the area of a 

semicircle in terms of x and r. 

11. Write a formula for the area of a 

ring like that in Ex. 8, when the radius 

of the large circle is R and the radius of the small circle is r. 

12. The figure at the right is | 

made by placing a semicircle beside S 
: ; t+ 

arectangle. Find the perimeter and 

the area of the figure. 10 ft. 
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Meaning of Volume 

When you measure a line, you use the units inch, foot, centi- 

meter, yard, etc., and find its length. When you measure 

surfaces such as rectangles and triangles, 

you do not use these units because they 

do not cover the surfaces. Instead you 
use square units and find the area. In 
order to measure the space occupied by 

a solid, you cannot use square units be- 

cause they do not fill the space. You 

must use such units as cubic inches or 

cubic feet. 

A cubic inch is a cube each edge of which is 1 inch. A cubic 

foot is a cube each edge of which is 1 foot. Other cubic units 
are cubic yards, cubic centimeters, etc. 

The number of cubic units contained in a solid is called 

its volume. 

Volume of a Rectangular Solid 

The mathematical name for a solid like that represented in 
the drawing is rectangular solid. Each face of the solid is a 
rectangle. 

(1) If a rectangular solid is 
5 in. long, 4 in. wide, and 8 in. 

high, how many cubic inches are 

there in the top layer as shown in 

the picture? How many layers 
are there? How many cubic 
inches in all? The volume of 
this rectangular solidis 5 x 4 x 8, 
or 60 cubic inches. 

The formula for the volume (V) of a rectangular solid whose 
length is J units, width w units, and height h units is — 

V = lwh (Volume of rectangular solid) 

To use this formula, 1, w, and h must be in the same units. 
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A cube is a special form of rectangular solid. It is a rectan- 
gular solid all of whose edges are equal. 

(2) If each edge of a cube is 1256 in., the volume (using the 
formula for a rectangular solid) may be indicated as V = 1256 
X 1256 x 1256. Write this in a simpler 
way by using an exponent. 

If each edge of a cube is represented 

by e, the formula for the volume is 

V=2 (Volume of cube) 

(8) What does e? mean? 

(4) What is the value of e? when 
= 4? 

Exercises 

1. You should memorize the squares of the integers (whole 
numbers) from 1 to 25 and the cubes of integers from 1 to 10. 
What are they? 

2. If a rectangular solid is 8 in. long, 5 in. wide, and 8 in. 
high, how many cubic inches does it contain? 

3. What is the amount of air space in an empty room 15 ft. 

square and 9 ft. high? 

4. How many cubic inches of butter are there in a piece 
each edge of which is 3.2 inches? 

5. Find the value of lh, lh?, and (lh)?, when 1 = 4 andh = 5; 

when | = 34 and h = 23. 

6. Using the formula V = lwh, find the volumes of rectan- 

gular solids whose dimensions are as follows: 

(a) b= 10ft: w= 8it.; Ae 6 ft. 

(6b) -=18in.; w=14in.; h =Tin. 
(c) 1 =10 yd; w=S8yd; h =9 ft. 

7. Using the formula V = e’, find the volumes of cubes 

whose edges are as follows: 

(a) 3ft. (6) 5in. (c) yd. (d) 2hin,  (e) 2.1 cm. 

8. If the length and the width of a rectangular solid are 9 ft. 

and 7 ft. and the volume is 315 cubic feet, what is the height? 
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9. If the volume of a cube is 216 cu. in., how long is one edge? 

10. How many cubic feet are there in a cubic yard? (The 
formula V = e? will help you.) 

11. How many cubic inches are there in a cubic foot? ina 
cubic yard? 

12. How many cubes # in. on a side may be placed in a cubic 
box whose inside edge is 8 in.? 

13. Find the value of 12 + 2? + 3? + 42 + 10? — 3. 

14. Find the value of a? + 2 ab + 6? when a = 5 and b = 3. 

15. A rectangular solid has a square base a units on a side 
and is 6 units high. What is its volume? 

16. If the base of a rectangular solid is 1 x w ft. and its 
height is w ft., what is the volume? 

17. If the volume of a rectangular solid is 288 cu. ft. and the 

height is 12 ft., what is the area of the base? 

18. Each edge of a cube is 2c units. What is the volume? 

19. A coalbin has the dimensions 1, w, andhft. If one cubic 

foot of coal weighs n lb., how many tons will the bin contain? 

Volume of a Cylinder 

The volume of a cylinder is found by multiplying the number 

of units in the area of the base by the number of units in the 

height. This may be written V = Bh. Since 

the area of the base is rr? (Why?), the formula 
for the volume of a cylinder in terms of the 

height and the radius of the base is 

V =7rh (Volume of cylinder) 

(1) What does zr2h mean? 

(2) Find (to the nearest tenth) the value 

of ar2h when r = 3 and h = 2. 

SOLUTION. V = ah; r=8; h = 2; x = 3.14 
V=314 X 3? x2 
Vii=i66:62 

ANSWER. The volume, to the nearest tenth, is 56.5. 
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Exercises 

1. Using the formula V = rr*h, find (to the nearest tenth) 
the value of V when r and fare as follows: 

(a) r= 5in.; kh = 10 in. (6) yee St Ahatli 
oir =3 in: Rk = 5 in. (dq) r= 4.7 cm.; h = 15 em. 

2. Find the value of 2 r(r + h) when r = 8 andh = 2. 

3. A cylindrical tank, the radius of whose base is 2 ft., is 

filled to the height of 3 ft. with gasoline. How many gallons 
of gasoline does it contain? (1 cu. ft. = 7.5 gal.) 

4. By how much does a cylinder increase in volume if its 
height remains constantly 10 in. but its radius increases from 
2 in. to 3 in.? from 3 in. to 4 in.? from 4 in. to 5 in.? 

5. Frances had two cylindrical tin cans. The height of 
each was 6 in.; the radius of the first was 2 in., and the radius 

of the second was4in. She thought that the second can would 

hold just twice as much as the first. Was she right? 

Writing Formulas 

In many of these exercises it may help you to replace the 

literal numbers with numerical values, discover what processes 
you would use to get a numerical answer, and then indicate 

these processes with the letters. For example, in Ex. 2, let 
= 6 ft. and w=4 ft. The area is then 24 sq. ft. But for 

every square foot there are _’_ square inches; so you must 

sonny: Gh «yg aad 

Write formulas for each of the following: 

. The perimeter (p) of a square whose side is a + 6 units. 

. The area (A) in square inches of a rectangle, / ft. by w ft. 

The area (A) in square feet of a rectangle / in. by w in. 

The area (A) in square feet of a rectangle / ft. by w in. 

. The area (A) in square inches of a rectangle 1 ft. by w in. 

. The perimeter (p) in inches of a rectangle / ft. by w ft.; 

lft. by w in. 

oa TN Fw YD eR 
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7. The perimeter (p) in yards of a rectangle / ft. by w ft.; 

lft. by w in. 

8. Your average (A) in algebra if your marks for five days 

are a, b, c, d, and e. 

9. The number of dozen (d) in n things. 

10. The total cost (T) in cents of n pounds of butter at 
b cents per Ib. and p doz. eggs at r cents a doz. 

11. The cost (C) in dollars of any number (n) gallons of 

gasoline at c cents a gallon. 

12. The number of inches (2) in a ft. and b in. 

13. The number of feet (f) in a ft. and 6 in. 

14. The distance (d) in feet that sound will travel in ¢ seconds; 

in m minutes. (Sound travels 1100 feet a second.) 

15. The total number of dollars (D) in d dollars, a dimes, 

b nickels, and ¢ cents. 

16. The length (l) of a rectangle whose perimeter is p and 
whose width is w. 

17. The height (h) of a triangle whose area is A and whose 
base is b. 

18. The cost (C) of sending a telegram of n words (n being 
more than 10) if the cost is 25 cents up to 10 words and 2 cents 
for each additional word. 

19. The number of tablespoonfuls (7) of coffee to use in 

making coffee for persons, if the rule is one tablespoonful for 

every two persons and one extra for good measure. 

20. The cost (C) of one pencil if the list price is b cents a 
dozen and the discount is 10%. 

21. The number of revolutions (N) a wheel will make in going 
a miles if the radius of the wheel is b ft. (1 mi. = 5280 ft.) 
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Other Formulas 

1. Write as a formula: The area (S) of the surface of a 
sphere (ball) equals 4 times x times the square of the radius (r). 
Using this formula, find the area of a sphere 10 in. in diameter. 

2. The formula for the area 

of atrapezoidis A = 4h(a +b), b 
the letters having meaning as 
shown in the figure. What is 

Al h=5, a4 = 12, and 6 = 8? 
if h = 23, a = 13, and b = 21? g 

3. The formula I = tae is used by electrical engineers. 

Find I when nm = 5,e = 1.1, R = 1:2, andr = 1. 

4. A =p-+ rl is a formula for finding the amount (A) 

that will be received from a principal (p) invested for ¢ years 

at simple interest at a rate r. What will a principal of $432 

amount to in 4 years if invested at 34% simple interest? 

5. The formula for the volume of a cone is V = 4arh, 
where r is the radius of the base and h is the height. Find V 
to the nearest tenth when r = 8 and h = 10. 

6. Using the formula in Ex. 2, find b when A = 44, h = 8, 

and o = 4, 

7. Using the formula in Ex. 5, find h, to the nearest tenth, 

when V = 50.4 and r = 5.3. 

8. The volume of a sphere is 4 times 7 times the cube of the 

radius. Write thisstatement asaformula. Using the formula, 

find the volume of a sphere whose radius is 6.4 in. 

9. The rated horsepower (H) of a gasoline engine may be 

computed by the formula H = ANE where N is the number 

of cylinders and d is the diameter of each cylinder in inches. 

What is the rated horsepower of a 6-cylinder engine whose 

cylinders are 34 in. in diameter? 
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10. Divide 4724 by 23 and check your answer. Then write 

a formula for checking division, using D for dividend, d for 

divisor, Q for quotient, and FR for 

remainder. 
2ur 

11. Think of a hollow cylinder 

made of cardboard. It can be cut 
on the dotted line and flattened 
into a rectangle as shown. The 

circumference of the circle becomes 
the length of the rectangle. If 

the radius of the circle is r, what 
is the length of the rectangle? If the height of the cylinder is h, 

what is the width of the rectangle? What is the area of the 
rectangle? What is the area of the lateral surface (the rounded 

surface) of the cylinder? 

12. A = P(1 + 7)” is a formula used in finding what P 

dollars will amount to (A) in n years with interest compounded 
annually at the rate r. What will $452 amount to (to the near- 

est cent) at the end of 3 years at 4%, compounded annually? 

13. A wheel which is a feet in diameter is moving along the 
ground without slipping. Write a formula for the distance (d) 

in feet that it will travel in 6 complete revolutions. 

14. The outside dimensions of a rectangular box are lJ, w, and 

h ft. The corresponding inside dimensions are a, b, and ¢ ft. 
If the material out of which the box is made weighs p pounds 

a cubic foot, write a formula for the weight (W) of the box. 

_ 15. A formula used in airplane designing is 

eg ab 

M = #(a+b — med 
Find M when a = 44 and b = 21. 

16. Lhe formula-f;= ~ +k is one found in a radio 
operator’s manual. (f,isread “f sub x” and f;is read “f sub 4,” 
These symbols represent numbers just as single letters a, 6, or ¢ 
represent numbers.) Find the value of f, when fi = 3500, 
nm = .0004, and k = 1. Give your answer to the nearest tenth. 
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Formulas Derived from Tables 

9 or 

Match the following tables with the formulas given at the end: 

zx 

EXAMPLE. 
0 1 3 4 

y 0 2 a 6 8 : 
It is obvious that the formula is y = 2 2, for in each ease y is 

twice as muchas ~. When xvis1,yis2; whenz = 2,y = 4, etc. 

Li sljolil2is3ia4 ae ctl 0 | 1 ho) eed 

mio }s 6) 9 | 12 ee eae eae 

3i}7/1/1/2/3/415 $e 1 1 1 eee 

he i ae Se ee y | 0 | 5-110 | 15 | 36 

Sls} 0 1-1 | 2 |_3-+4 Ga 11 8 ee 

wt @.) 451-4 4-9-7716 y | 191k. 5 ea 

i. | G ad Bee ht 2 Sh| Sagi 

eee. 1 e471 12 P19 y | 21} 9 | 28] 65 |126 

“a a ea a ee es Os i | 

gil 2/1/ 518 \iriu PN ae) a See Sin 

eee Gee ee teeed |) 12c_ ) Oo 1.4. 2s 

a) a ee a ee ae y 2) 4 )\ 67"s 146 Ale) rea VE ee a ae re 

fo et 0 } 1) 2 + 8 | 4 14. eH |. tl a eee 

gel 4 fig |-2 | 24 8 y |56 ) 9118) ager 

(aq) y=32 (f)y=x2+1 (k)-y=a25+1 
(b)y=2 (9) y=x-1 () y=4u4+5 
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= } = 327—1 
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Dependence 

A formula, as you know, states the relationship between two 
or more quantities. Can one of these quantities change with- 
out affecting one of the others? When the value of one of the 
quantities changes, how does the value of another change? 

Usually a change in one thing depends upon a change in 
another. As the temperature changes, the height of the 

mercury column in a thermometer changes: the height of the 
mercury depends upon the temperature. If the radius of a 

circle changes, the area changes: the area of a circle depends 
upon the length of the radius. Upon what does the area of a 
square depend? 

(1) Does the perimeter of an equilateral triangle change if 
the length of a side changes? Does the perimeter increase or 

decrease as the length of a side decreases? Upon what does 
the perimeter of an equilateral triangle depend? 

(2) In the formula A = lw, does | change if w changes? 
Does A change if w changes? Does A depend upon J alone or 
w alone, or does it depend upon both / and w? 

(3) In the formula c = 2zr, may r change? If r changes, 
will c change? Does x ever change in value? 

Literal numbers which may take on different values are called 
variables. A variable whose value depends upon the value of 

another variable is the dependent variable. The variable (or 
variables) which is not dependent is the independent variable. 

Some quantities do not vary. Such numbers are called 

constants. 2 or any other arithmetic number is a constant. 
In the formula c = 2 zr, when you give values to r in order to 

find c, r is the independent variable and c is the dependent 
variable. 2 and z are constants, for they do not vary. 

By glancing at a formula you can tell upon what the depend- 
ent variable depends. Thus, in V = lwh, V depends upon I, 
w, and h; that is, if you know the values of 1, w, and h, you 

can determine the value of V. In V = #47xr? (the volume of a 

sphere), V depends uponr. Why do we not say that V depends 

also upon # and on z? 
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Exercises 

1. Upon what does the cost of a roast of beef depend? 

2. The number of rods of fencing needed to enclose a rec- 

tangular yard depends upon the _?_ and the _’_ of the yard. 

3. The number of “movie”’ tickets that can be bought with 

a 2-dollar bill depends upon the _?_ per ticket. 

4. The value of the expression 4x — 3 depends upon the 

eas OL 

5. In the formula d = rt, I see that d depends upon the 

values of Gand. =-2™, 

6. Inthe formula A = 77, I see that A depends upon _?_. 

7. In the formula p = 4s, if I give values to s and then 

find in each case the value of p, which is the independent 

variable and which is the dependent variable? Is 4 a variable 
or a constant? 

8. In the formula p=a+6+c, upon what does p 

depend? How many independent variables are there? Are 
there any constants? 

9. If each side of a square is doubled, is the area doubled? 

(Draw a figure to help you.) 

10. Draw a figure to show that if the length of a rectangle 

is trebled and the width is doubled the area is multiplied by 6. 

11. Which of the following procedures would multiply the 
area of a rectangle by 8? 

(a) Multiplying the length by 8. 

-(b) Multiplying the width by 8. 

(c) Multiplying the length and width both by 8. 

(d) Multiplying the length by 2 and the width by 4. 

In Exs. 12-21 experiment with various numbers to find your 
answers. 

12. Inp =a+b)-+c¢,if cis increased while a and b remain 
constant, does p increase or decrease? If ¢ is doubled, is 0 
doubled? 
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13. In A = lw, what is the effect upon A if lis multiplied by 4 
and w remains constant? if J is multiplied by 5 and w is multi- 
plied by 3? 

14. In A = s?, does A increase or decrease as s increases? 
Is A multiplied by 3 if s is multiplied by 3? 

15. In M = S —C, does M increase or decrease as C in- 
creases? 

16. In-t.= 4 does 1 increase or decrease when w increases 

and A remains constant? If w is multiplied by 3 while A 
remains constant, what is the effect upon 1? 

17. Inp = 2a + b, does p increase or decrease as a increases 
and b decreases? 

18. In V = a’, what is the effect upon V when a is multiplied 
by 5? 

19. What would be the effect upon the interest from an 

investment if the principal was doubled, the rate halved, and 
the time trebled? 

20. Which increases the size of a cylinder more, to double 

the height or to double the radius? (V = z7h.) 

21. If the radius of a sphere is multiplied by 4, is the volume 

multiplied by 4, 16, or 64? 

22. In the formula p = 4s, if s varies from 2 to 5, p varies 
from 8 to _?_. 

23. In the formula A = s?, if s varies from 1 to 10, A varies 

arom rsig i7_, 

24. In the following formulas, if the independent variable 
changes as stated, how much does the dependent variable 

change? 

(a) V = e3, frome = 2toe = 3 

(6) A = 6, from w = 3tow = 5 

(c) p =3a+4,frooma=4toa=7 

(d) V =41, from! =1tol=3 

(e) y =2?+2,fromzx =1tor=5 
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The Importance of Dependence 

We study dependence because if we can discover the things 
upon which something else depends, we may be able to predict 

the second thing or possibly to control its happening. The 
weather depends upon several things. Since the “weatherman”’ 

knows about many of these things, he can predict with fair 

accuracy what the weather will be a few hours ahead. The 

fact that he makes a mistake occasionally shows that his knowl- 
edge of what the weather depends upon is incomplete. In 

contrast, the astronomer can tell to within a few seconds when 

an eclipse will occur hundreds of years hence. He knows almost 

exactly upon what it depends. 
In order to control the future, the economists would like to 

know just exactly what makes prices change, what causes 
unemployment, what brings prosperity —in other words, on 

what these things depend. In the modern world, men are 

constantly on the quest for mathematical relationships between 

quantities which change together. 

Practice in Algebraic Expression 

1. Frank has five times as many dollars as James has. If n 

represents the number of dollars James has, what represents 

the number Frank has? the number they both have? 

2. If a and b are two numbers, how would you represent 
(a) their product? (b) their sum? (c) twice their product? 
(d) 3 times their sum? (e) the sum of their squares? (f) the 

square of their sum? (g) 5 more than 8 times the first? (h) 3 less 
than twice the second? 

3. If n represents an integer (whole number), what repre- 

sents the next larger integer? the next smaller integer? 

4. If one apple costs b cents, how much will ¢ apples cost? 

5. If a and b represent two numbers, how would you write 
one third of their sum? 

6. An agent sold four times as many machines on Wednes- 
day as he sold on Tuesday. Express in terms of the same letter 
the number he sold each day. 
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7. A class secretary was elected by a majority of 5 votes. 
If the unsuccessful candidate received v votes, what was the 
total number of votes cast in terms of v? 

8. If a car runs at the rate of m miles an hour, how many 
miles a minute does it go? 

9. A rectangular field is / ft. long and w ft. wide. What is 
its perimeter in yards? 

10. Ifa oranges cost b cents, how much will one orange cost? 

11. Ifa girl has d dollars and spends c cents, how many cents 
has she left? 

12. What will express the number of rods of fencing required 
to enclose a rectangular lot which is / ft. long and w ft. wide? 

13. One number is 7 times another. Let the smaller be n. 

(a) Express the other in terms of n. (b) Express their sum. 

(c) Express their difference. (d) State that the difference is 
36. (e) Find the two numbers. 

14. A man earns $3 a day more than hisson. Let the number 
of dollars earned in one day by the son be n. (a) Express in 
terms of n the number of dollars earned in one day by the father. 

(6) Express the number of dollars earned by both in one day. 

(c) Express the amount earned by the son in three days. 

(d) Express the amount earned by the father in five days. 

(e) How much more, in terms of n, did the father earn in five 

days than the son earned in three days? (f) State that the 

amount in (e) is $23. (g) Find the value of n. 

15. One number is 5 more than another. Let n represent 
the smaller. (a) Express thelargerintermsofn. (6) Express 

their sum. (c) Express three times the larger. (d) Express 
the sum of twice thelarger and threetimesthesmaller. (e) State 

that the sum in (d) is 45. (f) Find the value of n. 

16. The lengths of three sides of a triangle are such that the 

first side is 10 in. longer than the second side and the third 
side is 3 in. shorter than the second side. Let the length of 
the second side be ». (a) Express the lengths of the other 

two sides. (b) Make the statement that the perimeter is 

61 in. (c) Solve for m and find the lengths of the three sides. 
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Further Work in Problem Analysis { 

A father earned twice as much per day ashisson. The father 
worked 3 days and the son worked 5 days. They received 

$24.75 in all. How much did each earn per day? 

In order to become familiar with the relationships involved 

in the problem you should make a guess at the answer and 

check to see if it is right. Possibly you are now able to do 

this without going through the following discussion. If that 
is the case and you are sure of the relationships, then proceed 

to solve the problem algebraically. 

(1) Would you guess a number of dollars for both the man 

and the son? (No. If I know the amount for one, I shall 

know the amount for the other.) 

(2) If you guess $2 a day for the son, what will be the amount 
for the father? ($4.) How do you know? 

(8) What else must you find before you can check your 
answer? (The amount the father earned in 8 days and the 

amount the son earned in 5 days.) 

(4) How much did they each earn? (38 X $4 or $12 for the 
father and 5 X $2 or $10 for the son.) 

(5) Do these amounts check with the given problem? (No. 
$12 + $10 is not $24.75.) 

Now that you see what the relationships in the problem are, 
you can solve it algebraically without difficulty. The quantities 
you must work with, as you have seen, are — 

(a) the number of dollars earned by the son in 1 day, 
(b) the number of dollars earned by the father in 1 day, 
(c) the number of dollars earned in 5 days by the son, and 
(d) the number of dollars earned by the father in 3 days. 
You also know that the sum of (c) and (d) must be $24.75. 

Write down the above quantities in a column to work with, 
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as shown below. Let the quantity (a) be represented by n and 
proceed just as you did with the $2 you guessed. You then 
have — 

Number of dollars earned by the son in 1 day n 
Number of dollars earned by the father in 1 day |2n 
Number of dollars earned by the son in 5 days 5n 
Number of dollars earned by the father in 3 days | 6 n 

5n+6n = $24.75. 

Solve this equation and check your answer. 

Exercises 

1. Two boys earn together $9.75 and one boy is to receive 
twice as much as the other. How much will each receive? 

2. The length of a rectangle is 3 times its width. If the 
perimeter is 78 in., what is the length and what is the width? 

3. A man has a certain amount of money to pay down on 

a house. If he had 3 times as much, he would still lack $1399 

of the purchase price, $8500. How much does he have? 

4. I paid $8.75 for an advertisement of 7 lines. I contracted 
to pay 20 cents a line each time the “ad” appeared for the 
first 5 times and 5 cents a line per time after that. How many 

times did it appear? 

5. A man divided $7000 into three parts such that the 

second part was twice the first part and the third part was twice 

the second part. How much was each part? 

6. Of three numbers, the second exceeds the first by 5 and 

the third exceeds the second by 2. If the sum of the second 
and third numbers is 96, what are the three numbers? 

7. The perimeter of a triangle is 47 in. The first side is 

5 in. longer than the second and the third side is 3 in. less than 

the second. Find the length of each side. 

8. One angle of a triangle is twice another. The third 

angle is 10° more than the smaller of the two. How many 

degrees are there in each angle? 

9. Three boys together have 100 marbles. The first boy 

has 4 times as many as the second and the third has 5 times 

as many as the first. How many has each? 
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Algebra a Universal Language 

Algebra has a history which reaches back many centuries 
before the time of Christ, and it has not always had its present 
finished form. The earliest algebra was a form of reckoning 
by complete sentences. Gradually a few symbols were intro- 

duced for often-repeated ideas, and in the sixteenth and seven- 

teenth centuries symbolic algebra had its great development. 

Now we have an algebraic language in which, as you have 

seen, it is possible to make many statements briefly and with 

absolute exactness. In this language a formula of three letters 
may tell us as much as a long sentence, and an equation may 

explain more than a paragraph. One great advantage of 

algebra is that it can say so much with so few words. 
A further advantage of the language of algebra is that it is 

cased universally. When the mathematicians of the world meet, 
they may have difficulty in understanding each other’s words; 

‘but the symbols, formulas, and equations of algebra make up a 
language common to them all. 

A very considerable portion of the world’s knowledge, espe- 

cially its scientific knowledge, is recorded in this universal 
language of mathematics, and it is a decided advantage to 

be able to read it. You should learn the elements of algebra 
not only because through all the changing conditions of many 
centuries it has proved its value, but also because, like music, 
literature, and the arts, it is recognized by educated persons 

of all nations as an important element in universal culture and 
a prized heritage from the past. 

-Remarque. — I! résulte, immédiatement, de la definition de la 
somme de deux nombres, que 

@bb=b6-+ a, — 

car rien dans la definilion nindique quel est celui des deux nombres 
quon écrit le premier et une somme arithmélique de deux nombres 
arithmeétiques ne dépend pas de l'erdre de ces nombres. 

The word language of France is different from that of the 
United States, but in both countries the language of algebra 
is the same. The illustration above shows a paragraph from 
an elementary French algebra. 
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Chapter Summary 

In this chapter you found one formula by experiment as a 
very simple illustration of the method by which formulas are 
derived by scientists. You had practice in the direct and the 
indirect use of several formulas. If you know the value of all 
but one letter in a formula, you can find the value of the un- 
known letter (by solving an equation if necessary). And you 
had practice in writing formulas. 

In addition you learned the following: 
Meaning and use of exponents in indicating powers of 

numbers. Taking roots of numbers is the inverse of raising 
them to powers. 

Meaning of square root, cube root, and roots in general, with 
the symbols for them. 

How to divide an indicated product and an indicated sum 
by a number. 

Meaning of dependence. The way certain quantities depend 

upon others and the way one quantity changes as another 
changes. 

You should now know the meaning of the following technical 
terms: 

Polygon Exponent Circle 
Regular polygon Square of anumber Circumference 
Quadrilateral Cube of anumber Radius 
Pentagon Power of anumber Diameter 
Hexagon Square root of a Volume 

Octagon number Rectangular solid 
Decagon Cube root of a Cube 
Sealene triangle number Cylinder 
Isosceles triangle Radical sign Variable 

Equilateral triangle Index of a root Independent 

Rectangle Parallelogram variable 

Square Altitude of a Dependent variable 

Base of isosceles parallelogram Constant 

triangle Altitude of a 

Area triangle 
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You should know the following formulas: 

Sum of the angles of a polygon D = 180(n — 2) 

Perimeter of an equilateral triangle p= 3a 
Perimeter of an isosceles triangle p=2a+b 
Perimeter of a scalene triangle p=at+b-+e 
Area of a rectangle A = lw 
Area of a square A= 3 
Area of a parallelogram A.= bh 

Area of a triangle A=+tbhor " 

Time-rate-distance formula d.= rt 
Simple interest formula 4 = prt 
Circumference of a circle c= 2at 
Area of a circle A =r 
Volume of a rectangular solid V = loh 
Volume of a cube V=é 
Volume of a cylinder V = arh 

Chapter Review 

1. Write the following, using exponents: 

(a) The second power of a (d) The fourth power of 

(b) The square of 5 (a + 6) 

(c) The cube of 2 

2. Using a radical sign, indicate the following: 

(a) The square root of 25 (c) The cube root of 64 

(b) The square root of a (d) The fourth root of 3 x 

8. Write the following more simply: 

(a) b+b+6+5) (c) 5.-5-5 

(b) a-a-a-a (7) 54+5+4+5 

4. What is the value of 34, 25, 53, and 15? 

5. When 7 is 4, what is the value of »?? of 3 n? 

6. What is the 4 in 7‘ called? What does it indicate? 

7. What is the 4 in V81 called? What does it indicate? 
What is the value of “81? 
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8. What is the value of V36, V64, 32, V’n?? 

9. Solve the equations: (a) n? = 49 (b) Vn = 16 
(c) a* = 64 

10. Find the value of the following when a = 3 and b = 2: 

(a) @ (c) 2a (e) ab (g) (ab)? @) (a + bY? 
(b) 68 (d) 263 (f) ab? (h) ab? (9) a + B 

11. When z is 4 and y is 3 what is the value of Vz? + y?? 

12. State the difference between the methods of dividing an 
indicated product by a number and dividing an indicated sum 
by a number. 

13. Divide as indicated: 

(Ae eee 12 ab 
@ 3b 

(b) 44+ 7a) +7 (e:) 44+ 66 
2 

@ = Sa 
a a 

14. Write formulas for the following: 

(a) Area of a rectangle (f) Area of a circle 

(b) Area of a square (g) Volume of a rectangular 

(c) Area of a parallelogram solid 

(d) Area of a triangle (h) Volume of a cylinder 

(e) Circumference of a circle 

15. What is the perimeter of an isosceles triangle whose base 
is 5 in. and whose equal sides are each 64 in.? 

16. If the perimeter of an isosceles triangle is 26 in. and the 

base is 9 in., how long is each of the equal sides? 

17. If the perimeter of a rectangle is 41 in. and the length is 

12 in., what is the width? 

18. What is the area of a triangle whose base is 5.7 ft. and 

whose height is 3.2 ft.? 

19. What are the circumference and the area of a circle 

whose radius is 7.2 in.? 
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20. What is the interest on $536 at 21% for 5 years? 

21. How many degrees are there in the sum of the angles of 

a polygon of 15 sides? 

22. How many degrees are there in one angle of a regular 

polygon of 20 sides? 

23. How many sides has a polygon if the sum of its angles is 

2160°? 

24. What is the volume of a cylinder whose radius is 3.6 ft. 
and whose height is 4.2 ft.? 

25. If the area of a triangle is 54 sq. in. 

and the base is 36 in., what is the height? 

26. The figure at the right shows a circle 
inside a square. Write a formula for the 

area (A) of the shaded surface in terms of the 

radius (r) of the circle. 

27. In the formula V = 4-xr%h, the formula for the volume 
of a cone in terms of its radius and its height, name the variables 

and the constants. Why are they called “variables’’? 

28. When the length of each side of a square is doubled, by 
what number is the area multiplied? 

ie E 
29. Doesa + ; icrease or decrease as ¢ increases? 

30. How many units does x? + 3 x + 2 increase as x increases 
from 2 to 5? 

31. Using the formula F = ; C + 82, find C when F = 40°. 

32. Using the formula A = P(1 + rt), find P when r = .04, 

A = 260,andt = 2. Give the answer to the nearest hundredth. 

33. 27is what per cent of 63? Give your answer to the near- 
est tenth of a per cent. 

34. Write a formula for computing wages (W) at 90¢ an 
hour for 40 hours and time and a half for overtime. Use r for 
number of hours up to and including 40 and t for number of 
hours overtime. 
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Maintaining Skills! 

(Fundamental Operations with Integers) 

As you continue your study of algebra you should keep up 
your skills in handling arithmetic numbers. The following 
will give you practice in the fundamental operations with 
integers. 

Add: 

1. 5930 2. 9820 3. 3948 4. 9736 
9474 4679 2490 6488 
2967 5685 3329 6079 
9506 9530 3004 YOR A| 
3035 6677 6302 9327 

Subtract: : 

5. 24249 6. 78053 7. 927086 8. 10000 
23776 9980 42987 3246 

Multiply: 

9. 5761 10. 9516 11. 8324 12. 7634 
39 46 500 207 

Divide: 

13: 5)6723 14. 6)8361 15. 7)73842 

16. 4)2036 17. 48)59232 18. 94)19458 

19. 65)65200 20. 52)2367 

Multiply as indicated: 

447-23 10 22. 46 x 100 

23. 492 x 1000 a4, 642° 10 

25. In acertain army camp the soldiers allotted on the aver- 

age $9.75 a month from their pay for the purchase of War 

Bonds. Find the total amount allotted in a year by a company 

of 250 men. 

1 To THE TEACHER. See Note 10 on page 460. 
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CHAPTER IV 

HOW TO PICTURE NUMBERS 

— GRAPHS 

You have seen numbers pictured in newspapers and in maga- 

zines. In an article concerning the amounts of petroleum pro- 

duced by different countries, for example, there will be a diagram 

showing oil drums — so many drums for this country, so many 

for that — stretched out in rows.” The comparative lengths of 

these rows — that is, the comparative numbers of drums in the 

rows — help you to understand and retain the numbers you 

read in the article. You do not think of these little pictures 

as oil drums; you think of themasnumbers. Each drum repre- 

sents to you perhaps fifty million barrels of oil. This is one 

way of picturing numbers. Suchadiagram is called a pictogram. 

Pictograms 

When a number (a whole number) is small, it can be pictured 

by drawing that number of things just as primitive men did it. 

The pictogram below was 

put out by a department Number of persons required to 

store to urge its customers handle return of purchase to store. 
to avoid unnecessary re- 

turns of purchases. Each 

figure represents one man. 

When numbersare large, 

they cannot be pictured 

by drawing that many 

symbols. Each symbol in 
the pictogram must then 
represent more than one 

A 
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PRODUCTION 
OF READY-MADE CLOTHES 

VALUE OF 
1929 PRODUCTION 

VALUE OF 
1939 PRODUCTION 

rere UMMA 
Each symbol represents 1 billion dollars 

Pictograph Corporation 

thing — five, ten, a hundred, sometimes a million, or a billion 

things (of the same kind). 
In the pictogram above you see several coats. Does the 

picture mean to convey to you anything about coats? The 

answer is “No.’”’ Each coat is a symbol for a number. It 
represents a billion dollars. When you look at the top row, 

you do not think “four coats”; you think “‘four billion dollars.” 

Similarly, the nine coats in the lower row represent nine 

billion dollars, the value of the ready-made clothing that would 

be produced if the industry was using all its available equipment 
and men. 

Exercises 

1. Interpret the pictogram on page 118. (a) For what was 

the largest amount of money budgeted? (b) For what was the 
next largest amount budgeted? (c) For what was the smallest 

amount budgeted? (d) What does each symbol represent? 

(e) How much was budgeted for each type of expenditure? 

(f) Are you expected to think five-dollar bills or number of 
dollars when you look at this pictogram? 

2. Be sure you can interpret the pictogram on page 111. 



THE WILSONS' BUDGET 
($200 PER MONTH) 

iio hoo 

[n1 MONe Rbk? & 
OOOO Qange 

FOOD (INCL. BOB'S LUNCHEON DOWNTOWN) 

FN QQMe 
CLOTHING 

OPERATING (GAS, ELECTRICITY, LAUNDRY, BOB'S TRANSPORTATION) 

Gane 
MISC. PERSONAL (DOCTOR, COSMETICS, AMUSEMENTS, ETC.) 

Ganaa 
SAVINGS 

FOR 
EMERGENCIES 
AND SPECIAL PURPOSES 

Each symbol represents 5 dollars 
Pictograph Corporation 

113 



114 FIRST-YEAR ALGEBRA 

Representing Numbers by Lengths of Lines 

You are also familiar with bar graphs and line graphs. In 

them numbers are represented by lengths of lines. When you 

see such graphs, if you interpret them correctly, you do not 

think of the lines themselves but of the numbers they repre- 

gent. Just as you have learned to think of the letters in 

algebra as numbers, you must learn to think of the lengths of lines 

in graphs as numbers. 

UNDERINFLATED TIRES WASTE RUBBER 

30 LB. 25 LB. 24 LB. 21 LB. 
Air Pressure | Air Pressure Air Pressure Air Pressure | 

NORMAL TIRE PER CENT OF NORMAL TIRE MILEAGE 
MILEAGE RETURNED BY UNDERINFLATED TIRES 

(1) Look at the graph above. Here numbers are repre- 

sented by lengths of lines. For example, 48 per cent is repre- 

sented by the black bar which is just a little less than half the 

length of the black bar for 100 per cent. The width of all the 
bars is the same; the only important feature is their comparative 

lengths. As you look at the graph, you see first a black bar 

about an inch and a half long. However, you are expected to 

think, not of the actual length of the bar, but of the number it 

represents in comparison with the numbers represented by the 

lengths of the other bars. Notice that the comparison of these 
lengths may be made very easily because they are all measured 
from a common base. 
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(2) Of the lines at the right, the first may represent 
one horse, one man, forty airplanes, a thousand pounds 

of sugar; in fact, any number of things you wish it to 
represent. The second line is three times as long as 
the first; hence it represents three times as much. 

(3) If a line + in. long represents 10 men, what does 
a line 1 in. long represent? 

(4) If a line 1 unit in length represents $100, what would 
represent $175? 

The next graph also is made on the principle that a length 
of line may represent a number. Here a certain length of line 

represents 25 ft.; a line twice as long represents 50 ft.; and so 
on. Note the scale at the bottom to help in reading the graph. 

AVERAGE DISTANCE REQUIRED TO STOP A CAR 

GOING 20 MILES PER HOUR ON VARIOUS ROAD SURFACES 

Dr Concrete 

Tuee Concrete On Concrete Pavement 

Chains on Rear Wheels SS 

| On Glare Ice 

Distance in Feet 

(5) How would you represent a distance of 80 ft. on this 

graph? 

This method of picturing numbers (by length of line) is the 

one most frequently usedinalgebra. Itis the basis of the graphs 

you will study and make. 
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Exercises 

1. AB, whichis one unit 

in length (see scale at the 
bottom of the figure), rep- 

resents six dollars. What 

do CD, EF, and GH repre- 

sent? 

2. On a piece of graph 

paper let one unit of length 

A 

E 

(a side of one square) represent 200 armored trucks. Draw 

lines representing 400, 800, 900, and 350 trucks. 

3. ABrepresents 100 school 

children. What do CD, EF, 
GH, and JK represent? 

4. On a piece of graph 
paper let one unit of length 
(a side of one square) represent 

one foot. Draw lines repre- 
senting’ 280,08 LO, 12 a and 

94 feet. 

5. Ona piece of graph paper, let one unit of length represent 

the number 8. Draw lines representing 16, 24, 32, 12, 20, and 4. 

How long a line will represent the number zero? 

6. On this chart a horizon- 

tal line represents a number of 

hours and a vertical line repre- 

sents a number of miles. A 

horizontal unit of length is 

1 hour and a vertical unit of 

length is 830 miles. (See scales.) 

How many units long is AB? 

What does it represent? How 

many units longisCB? What 
does it represent? What do 
DE and FE represent? 
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Representing Two Related Numbers! 

If I travel for several hours at the rate of 30 miles an hour, 
the distance d I shall cover in any given number of hours ¢ is 
given by the formula d = 30¢. From this formula I can make 
the following table: 

This table is read: When ¢ is 0, d is 0; when ¢ is 1, d is 30; 

when tis 2,dis 60; etc. The2and 60 are related numbers; they 

go together. So are 0 and 0, 1 and 30, 4 and 120. We shall 

call them number-pairs and write them (0, 0), (1, 30), (2, 60), ete. 
What we have learned so far about representing numbers by 

lengths of lines gives us a basis for representing these related 

pairs of numbers, these number-pairs. 

To begin with we draw two perpendicular lines (lines at right 
angles to each other), such as OA and OB. OA is called the 

horizontal axis and OB is the 
vertical axis. The point O 

is the origin. We can then 240 

represent any number of 2I 

hours along the horizontal , 

axis and any number of miles = 

along the vertical axis by os 
: ; ; 90 

using suitable units on each. 

Let one horizontal unit of 
length represent 1 hour and C 

; tA 
one vertical unit represent bees 4 5-6 75 89h 10 

Hours 
30 miles. To represent the 

number-pair (5, 150), meaning in 5 hours I go 150 miles (see 

problem and table), start at O and measure 5 units to the right. 

This distance, OC, from the vertical axis (measured perpen- 

dicular to it) represents the 5 hours.1_ From C, measure up 5 

units (each unit representing 30 miles). The perpendicular 

distance, CD, from the horizontal axis represents 150 miles. 

The point D then represents the pair of numbers (5, 150). 

1T0 THE TEACHER. See Note 11 on page 460. 
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In representing a pair of related numbers, we shall use the 

horizontal axis to represent the first number of the pair, the 

independent variable (see page 97), and the vertical axis to 

represent the second number, the dependent variable. A point 

located by the lengths of perpendicular lines from it to the two 

axes will then represent the number-pair. Graph paper helps, of 

course, in measuring the lengths of the lines which locate a point. 

(1) On a piece of graph paper draw the axes OA and OB and 

write in the horizontal and vertical scales as was done on page 
117. Represent by points the number-pairs (1, 30), (2, 60), 

(3, 90), (4, 120), (5, 150), (6, 180), (7, 210). What point repre- 

sents the number-pair (0, 0)? Locating the points is called 

- plotting the points. 

(2) What number-pairs 
are represented by points 

GeD Ek, CsO, HM, N,; 
and P on the accompany- 
ing graph chart? (Note 
that one unit of length 

measured horizontally rep- 
resents 1 and one unit 
vertically represents 4.) 

Exercises 

1. The following table is derived from the formula A = 6h. 
Check its correctness. On a piece of graph paper draw axes 

OA and OB. Let the horizontal unit represent 1 and the vertical 

unit represent 3. Then plot (locate) the points which represent 

the number-pairs in the table; that is, (0, 0), (1, 6), (2, 12), ete. 

2. Using one unit to represent 1 both horizontally and verti- 

cally, plot the points which represent these number-pairs: 

(a) (2, 1) (c) (8, 3) (e) (8, 0) (9) (7, 3) 
(6) (5,7 (d) (0, 0) (7) 0,7) (h) (0, 2) 
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3. On a graph chart choose suitable scales for the horizontal 
and vertical axes and plot the point (5, 100). Make heavy the 
lines which you have chosen 

to represent the distances pettiay 21s Rl aia 

He from the axes, 5 and 100. 

4. What number-pairs are 
represented by the points C, 

D, E, O, F, and G in the 

chart at the right? 

5. If p = 2a + 4, what is 
the value of » when a = 5? 
mnen. a = 0, 1, 2 3.4.5.6, 

and 7, respectively? Makea 

table showing these related pairs of numbers. Plot the points 
representing these number-pairs. 

6. Makea table of related values for the formula p = 3a + 1, 
using the values a = 0,1, 2,3,4, and 5. Represent the related 

pairs of numbers on a graph chart. 

7. Make a table of related values for the formula A = s?, 

using the valuess = 0,1,2,3,4,and5. Represent the number- 

pairs on a graph chart. 

Picturing a Formula 

What you have learned thus far in this chapter makes it easy 
for you to picture a formula (or equation) with two variables. 

The picture is called the graph of the formula (or equation). 

EXAMPLE. Draw the graph of p = 2a+ 3. 

(1) Make a table of related values of a and p. 

(2) Draw the axes OA and OB at right angles to each other. 

(3) Choose suitable scales for the two axes. As we have said, 

the scale for the independent variable is usually made on the 

horizontal axis. 
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(4) Locate the points (0, 3), 

(2, 7), (4, 11), etc. (Remem- 
ber, (0, 3) is a short way of writ- 
ing @= 0,» =3.) This gives 
points C, D, E, F, and G. 

(5) The line through the 

points C, D, E, F, and G 1s the 
graph of p=2a+3. Con- 

tinue the line beyond G to show 
that it may continue indefi- 

nitely. Write the formula p = 
2a+8 on the chart. Notice 
that the graph here is a straight 

line through the points. You 

will find other graphs later 
where the line through the 
points is a curved line. 

(6) Using the graph (that is, 
the line), find » when a = 3. 

(Starting at 0, go 3 units to the right. From this point go 
straight up until you meet the graph. You will have to go up 
9 units. Therefore, p is 9 when a is 3.) 

(7) Using the graph, find a when pis 10. (This time start 

at 0 and go up 10 units. How many units must you go to the 
right before reaching the graph?) 
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Steps in Graphing a Formula 

. Make a table of related values of the variables. 

2. Draw horizontal and vertical axes on graph paper. 

3. Choose suitable horizontal and vertical scales. In- 
dicate the scales on the chart. 

4. Locate (plot) the points which represent the pairs of 
related numbers in your table. 

5. Draw a line through the points. This line may be 
straight or curved, depending upon the formula or equa- 
tion being plotted. 

6. Write on the chart the formula which the graph rep- 
resents. 

i 
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Exercises 

1. The following table was made by using the formula 
»=3S35. 

s 0 3 6 9 

D 0 O51 18° 1) 7 

Draw a pair of axes, plot the points corresponding to the pairs 
of related numbers in the table, and draw the graph. Using 
the graph, find p when s = 5. Find s when p = 21. 

2. Draw the graphs of the following formulas: 

(nA = oh (d) Fo Tw (gg) N=c+1 

(6) p=8a+5 (ec) C=40n (h) p=3n—6 
(c) r=4s4+1 (f) d = 20% 

For (h) use the values n = 2, 4, 6, 8, and 10. 

38. Draw the graph of the formula C=2F +382. (Use 
F = 0, 5, 10, 15, and 20.) 

4. Ona large piece of graph paper draw the graph of A = s?, 

using s = 0, 1, 2,3, 4, and 5. (For the horizontal scale use one 

large unit (ten small units) to represent 1, and for the vertical 
scale use one large unit to represent 5.) Note that the graph 
here is not a straight line. To make this graph, draw a curved 

line through the points. 

Dependence Shown by Tables and Graphs 

In Chapter III you studied dependence as it is shown in 
formulas. It may also be shown by tables and graphs. The 

interest you must pay for the use of a given amount of money 

at a given rate of interest depends upon the time you keep it. 

The bank clerk uses a table to determine what the interest is. 

The premium you must pay for a given amount of life insurance 

depends upon your age. The insurance agent looks at a table 

to tell you what the premium is. The tables you have seen 

and made in this chapter show dependence; when one of a 

pair of related numbers is given, you can read the other. 
Graphs show quite vividly how one quantity depends upon 

another, how one changes as the other changes. They pic- 

ture the table or the formula. 
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Comparison of Tables, Graphs, and Formulas 

We have just said that a bank clerk will use a table to find the 
interest on a sum of money at a given rate for any required time. 

Why would he prefer a table to using the formula, 7 = prt? 

Because in the table the computation has already been done 

accurately from the formula, so he saves time when he has many 

computations. 
Could the bank clerk use a graph to determine the interest? 

Yes, but for his purpose the table can be read as quickly and 
more accurately than a small graph. 

Suppose you were working in the office of an industrial plant 
where it was necessary for you very often to find the number of 

centimeters in a given number of inches. You know that 
1 in. = 2.54 cm. The formula for converting inches to centi- 

meters is c = 2.547. You could make each computation 

accurately, using this formula. If you needed to make some 

conversions over and over again, you could make a table from 

the formula for all values you were using. Of course, it would 

‘RELATION BETWEEN 
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Number of centimeters 

be wise to check your results. A graph like that shown here, 
only drawn to a larger scale, would help you to discover any 
errors at a glance. 

If a man had to find the areas of many circles, would he 
prefer a table, a graph, ora formula? If the table was complete 
enough, that would be best. The chances are that he might 
have to find the area of some circles whose radii were not given 
in the table. If his work did not have to be too accurate, a 
graph drawn on a large scale would be valuable. The formula 
is fundamentally the most useful. 



HOW TO PICTURE NUMBERS — GRAPHS 123 

In general, formulas are more fundamental than graphs or 
tables (even though in special cases the latter may be more 
useful) because (1) for each value of one variable we can com- 
pute the value of the other as accurately as we please, (2) we 
can memorize the formula and use it whenever and wherever 
we please, (3) by studying the formula we see more accurately 
how one variable changes with the other. The graph, of course, 
helps in picturing (8) and in checking computations. 

Algebra as Generalized Arithmetic! 

1. Aroom is I ft. long and w ft. wide. What is the perim- 

eter in feet? in inches? in yards? What is the area in square 

feet? in square yards? in square inches? 

2. How do you express 3 times the sum of a certain number 
n and 5? 

3. If m represents a certain number of days, what will repre- 
sent the following? 

(a) Five times as many days 
(b) Five more days 
(c) Three more than twice as many days 

(d) Six less than 3 times as many days 
(e) What is the number of inches in m feet? in n feet and 

p inches? in r yards, s feet, and ¢ inches? 

4. If a salesman drives m miles, how long will it take him at 

the rate of r miles an hour? 

5. How much farther will a man go who travels H hours 

at the rate of R miles an hour than a man who travels h hours 

at the rate of r miles an hour? 

6. A girl is 4 years older than her brother. If the boy is 

y years old, how old is the girl? 

7. A boy is 25 years younger than his mother. The mother 

is b years old. How old is the boy? 

1ToO THE TEACHER. See Note 3 on page 458. 
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gs. A man has 5 more than twice as many cows as sheep. 
If he has n sheep, how many cows has he? 

9. In acertain triangle, one side is 3 ft. longer than a second 
side, and the third side is 5 ft. longer than the second side. 
If the second side is s, what is the perimeter of the triangle? 

10. Express in terms of w the area A of a rectangle whose 

length is 4 ft. more than its width w. 

11. Express in terms of w the area A of a rectangle whose 

length is twice its width w. 

12. What is the total cost in dollars of 200 drinks at a soda 

fountain, n of them at 5 cents and the rest at 10 cents? 

13. If A receives n dollars, B $100 less than that, and C $500 
less than the combined amounts of A and B, how much do B 

and C receive in terms of n? 

14. The width of a rectangle is w ft. Its length contains as 
many yards as the width contains feet. Express the length in 

feet. What is the perimeter in feet? 

Problem Solving 

1. During one afternoon a clerk at a soda fountain sold 
200 drinks, some at 5 cents and some at 10 cents each, for which 

he received $16. Find the number of each kind. 

2. Divide $3700 among A, B, and C, so that B will receive 

$100 less than A, and C $500 less than the combined amount of 
A and B. 

_ 8. The length of a rectangle contains as many yards as its 
width does feet. The perimeter is 32 yd. Find the number 
of feet in each dimension. 

4. One can will hold as many quarts as another will hold 
pints. The combined capacity of both is 18 gallons. Find 
the capacity of each can in pints. 

5. Ina collection of bottles there are 5 times as many quart 
bottles as pint bottles and the combined capacity of all the 
bottles is 11 gallons. How many bottles of each kind are there? 
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6. A cab driver received twice as many quarters as half 
dollars, and 3 times as many dimes as half dollars; in all he 
received $13. How many coins of each kind did he receive? 

7. Ais 10 years older than C, and B is 6 years younger than 
C. The sum of their ages 6 years ago was 40 years. How old 
is each now? 

8. A freight train left Kansas City for St. Louis at the rate 
of 12 miles an hour at the same time that a passenger train 
running 45 miles an hour left St. Louis for Kansas City. How 

long will it be before they meet, the distance between the two 
cities being 285 miles? 

9. Two hours after a messenger, traveling at the rate of 

10 miles an hour, had left a camp, it was decided to cancel his 

message. How fast did a second messenger have to travel in 
order to overtake him in 8 hours? 

Chapter Summary 

Graphs picture numbers and number relationships far more 
vividly than does reading matter discussing these numbers or 
do tables of the numbers themselves. The formula is basic in 

showing number relationships, but tables and graphs are often 

more useful. 
Three types of graphs are discussed in this chapter: picto- 

grams, bar graphs, and line graphs, with special attention being 

given to algebraic line graphs. Pictograms not only picture 
numbers comparatively but the symbols used to do this are 

chosen to add meaning to the numbers. Both bar graphs and 

line graphs represent numbers as lengths of lines. Once a unit 
of length is chosen, any number can be represented. Bar graphs 

picture numbers as lengths of lines by using bars of varying 

lengths or heights. 

The line graphs in this chapter picture formulas with two 

variables. They are made by plotting points to represent pairs 

of numbers that satisfy the formula. These numbers are repre- 

sented by distances from the horizontal and vertical axes. The 

line through the points is the graph of the formula. It may 

be straight or curved, depending upon the formula. 
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From your study of this chapter, you should know the mean- 
ing of each of the following technical terms: 

Pictogram Horizontal axis 
Bar graph Vertical axis 
Line graph Origin 
Plotting points Graph of a formula 

Chapter Review 

1. In the chart at the 

right, what are OA, OB, 

and O called? What isCD? 

2. What number-pairs 

are represented by E, F, 

G, H, and J? 

3. On a piece of graph 
paper locate the points 

which represent (7, 5), 

(0, 0), (0, 3), and (4, 0). 

4. Draw the graph of 
A=36+2, using the 

values 6 = 38, 6, and 9. 

From this graph find the 

value of A when b = 5 and the value of b when A = 14. 
Explain how you did this. 

5. How long will it take an airplane to fly n miles at the rate 
of r — 10 miles an hour? 

6. The top of a mountain is v feet above sea level. The 
bottom of a lake in a depressed valley is one fifth as far below 
sea level as the mountain peak is above it. Express algebrai- 
cally the difference in altitude of the mountain peak and the 
lake bottom. 

{h The proprietor of a stationery store sold during one day 
100 writing tablets at 5 cents and 10 cents each and received 
7 dollars. How many tablets did he sell at each price? 
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CUMULATIVE REVIEW 

1. In the equation 38(a + b) = 8a+ 3b, doa and b mean 
any numbers or some numbers? 

2. In the equation 3a — 5 = 8, does the a mean any 
number or some number? 

3. The statement 3(a + b) = 3a+ 356 means the follow- 
ing: If Il add any two numbers and then multiply the sum by 8, 

the result is the same as if I multiply the first number by 8, 
then multiply the second number by 3, and then add the two 

products. What does the statement 3(a — 6) =3a—3b 
mean? Check the truth of these statements by using a = 5 
and “b = 2. 

4. What do the following statements mean? (Explain as 
is done in Ex. 3 above.) 

(a) 8a+2a=5a 

(6) @+b)+c=a+(6+4+0) 

(c) a—(b—c) =a-—-b+e 

(d) a@+b)\a—b)=a7-8 

a,b_a+b 

og 37 3 
ab_a aed D 

ff) = =5 = (5) 

(g) 3(ab) = (8a)b = (8 d)a 

(h) (a+b)? =@+2ab4+ 2 

5. Check the statement in Ex. 4c above by using at least 

one set of values for a, b, and c¢. 

6. Write as equations: 

(a) 4 more than twice a number is equal to 3 times the 
number, and 

(b) 6 less than 3 times a number is equal to the number. 

In these two equations is the number any number or some 

number? 
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7. Combine similar terms: 

(a) 4a+2b4+38-—2a+56 

(}) 84+2-—-424+7+5y-—3y-9 

(c) 5m+2—-2m+6m+9 

(d) 2 +2ay — x? — ry 

(e—) 8a+254a+ 74a 

(f)rm+zm+ em 
(g) 176 — 16.56 + 2.96 

(h) 9ty — Tey + 25y 

8. If x = 5 and y = 2, what is the value of each of the 

following expressions? 

(a) @+2y (c) 38@ — y) (e:) 224+ 3y 
(6) 5u—3y (d) («+ y)(@ — y) 3 

9. If a = 7 amd b = 8, what is the value of each of the 

following expressions? 

(a) a —2ab + (c) 2a+3b(2a — 8b) 

(b) (2a +36)(2a —3d) ye 

10. Find the value of each of the following expressions when 
@ = 24 and b = 34: 

(a) 4 ab (d) (a+ by? 

(b) 8a+2b (e) a(2a — b) 

(c) 2a — B (f) 5a —(2a+ 6) 

11. Multiply as indicated and combine like terms when 
possible: 

(a) T(x + y) (f) 74m” + 2) 
(6) 9(m — n) (g) 9(8 a) + 4(a + 7) 
(c) 3(7 bd) (h) x(x + y) 

(d) (7 x)(9 y) (i) 8(226+8) +2(56 +7) 
(e) (4)(5 p)(0) 
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12. Divide as indicated: 

6a 9 n? Ta + 42 
(a) 3 (c) oa (e) aeses oe 

6a 18 ab 2 b) 22 a+ 2ab (6) : (d) 3h (f) aa 

13. Solve and check the following equations: 

(a2) a—-7=15 (i) 40 = 102 
by Ta = : ae ae (j) 1 -3 
@) 7=2 

i Ueto? Oo=2t2 

(d) 8a+3a =33 () x —0.5 =8 
(e)a+2=5 (m) 18 y+12—11y+4 = 28 
(f) 8a—5=9 (n) 2(8n+4) =11 
(g) 6y=8 (0) 32n+ 5) +5 = 35 
(hk) 10 =n—5 (p) 8(2n — 5) —5 = 35 

14. Write formulas for the following: 

(a) Perimeter of a rectangle (e) Area of a triangle 

(b) Area of a rectangle (f) Volume of a rectangular 

(c) Circumference of a circle solid 

(d) Area of a circle (g) Volume of a cylinder 

15. The interest I can collect on a 100-dollar bond in 1 year 

depends upon the _?_. 

16. The area of a circle depends upon the length of the _?_ 

uf the circle. 

17. The formula s = 16 # shows the number of feet, s, an 

object will fall in ¢ seconds, due to the force of gravity. How 

far will it fall in 3 seconds? 

18. How many of the following factors would you divide by 

5 in order to divide the product by 5? 7x10 15 X 4. 

19. What is the value of pet) Show three ways of 

getting the answer. 
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20. The formula for the volume of a cone is % 77h, where r 
is the radius of the base and his the height. What is the volume 
of a cone whose radius is 6 in. and whose height is 14 in.? 

(Use ap = 22. 

21. The area of a triangle is 18 sq. ft. and the base is 7 ft. 

What is the height? 

22. If the radius of a circle is doubled, what is the effect upon 

the circumference? the area? 

23. If the edge of a cube is multiplied by 3, what is the effect 

upon the volume? 

24. The outside dimensions of a rectangular box are l, w, 

and h. The inside dimensions are a, b, and c. What is the 

volume of the wood of which the box is made? 

25. Write a formula for the cost (c) in dollars of m articles 
of the same kind, if one article costs p cents. 

26. The formula for the total area of the surface of a cylinder, 

including the two bases and the curved surface, is 2 rr(r + h). 

Find the area to the nearest tenth, when r = 3.5, h = 2.3, and 

r= 22, 

27. Is x? ever equal to x, ever greater than 2, or ever smaller 
than x? Illustrate. 

28. A =7(R+,r)(R —71) is the formula for 
the area of a ring made by circles, as in the figure. 
Find to the nearest tenth the area of the ring if 

29. Two cans of fruit juice have the same diameter, but the 
first is twice as tall as the second. The first will hold _?_ 
times as much as the second. (V = zr*h.) 

30. Two cans of fruit juice have the same height, but the 
diameter of the first is twice the diameter of the second. The 
first will hold _’?_ times as much as the second. 

31. Write a formula for the area (A) of a circle in terms of its 
diameter (d). (Make use of the fact that d = 27.) 



Douglas Aircraft 

Using Formulas in Aviation 

1. A propeller blade on a plane has a length of 4 feet. How 
far will the tip of the blade travel in making a complete revolu- 

tion? How many feet per minute will the tip travel if the pro- 
peller makes 700 revolutions per minute? 

2. The distance a plane can travel from its home field and 

return without running out of fuel is called its radius of action. 
ab 
ae where 

R denotes the radius of action in miles, a the outward speed 

in miles per hour, 6 the returning speed, and ¢ the time of the 
journey in hours. 

A pilot knows that on the outward trip of an observation 

flight, his plane will make 300 miles an hour because of a tail 
wind; but returning, his speed will be 250 miles an hour on 
account of the head wind. He knows also that his plane carries 

- fuel for 6 hours of flying. He will, however, keep one hour’s 

supply of fuel for emergency, and so plan a 5-hour flight. Use 
the formula to compute his radius of action for that flight. 

A formula for finding the radius of actionis R = ( 

3. What would be the radius of action for a flight of 6 hours 
if the outward speed is 180 miles per hour and the returning 
speed is 240 miles per hour? 

13) 



Brown Brothers 

A scientist in the General Electric Research Laboratory performing an ex- 
periment with liquid air. Air is composed of a mixture of gases, the most 
abundant of which are nitrogen, oxygen, and argon. When liquid air is 
allowed to evaporate the nitrogen changes to a gas (‘‘boils off’’) at 
— 195.5° C., the argon at — 186° C., and the oxygen at — 182.5°C. The 
scientist who works with liquid air deals with negative numbers. 
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CHAPTER V 

SIGNED NUMBERS! 

An advertisement in a recent magazine began: “Up — Up 

—Up, 40,000 feet and beyond! Where temperatures drop 

to — 60° and below.” The financial pages of the newspapers 

abound with numbers like — 4, + 2, — %. It is assumed that 
the person who reads these numbers with plus or minus signs 
before them knows what they mean. Do you? 

Numbers with a plus or minus sign before them are called 
signed numbers. ‘They are of two kinds, positive and negative 
numbers. A plus sign indicates a positive number; a minus 

sign indicates a negative number. Positive and negative num- 

bers are opposites and, as you will see, are convenient to describe 

many of the situations that arise in life. You have often used 
these numbers in work or in play. 

Meaning and Use of Signed Numbers 

(1) The pupils of an eighth-grade class were asked what 

answer they would get if they subtracted 9 from 5. They said 

it could not be done. They were then asked, “If, in playing 
a game, you had 5 points and then lost 9 points, what would 

your score be?””’ They answered, “Four points in the hole.” 
That was their way of stating a number which was opposite to 

“Four points to the good.” Were they correct in saying that 

9 cannot be subtracted from 5? 

(2) Businessmen need two kinds of numbers. If a man, at 
the end of a business year, finds that he has lost $1000 instead 

of making a gain, he may write the $1000 in his books in red 

1T0 THE TEACHER. See Note 12 on page 460. 
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ink and say, “I am $1000 in the red.” That is his way of 

stating a number which is opposite to $1000 in the black or 

“$1000 ahead of the game.” 

(3) On temperature scales there are numbers opposite in 
kind separated by the zero point. If the thermometer reading 
is now zero and the temperature rises 4 degrees during the next 

hour, what will the reading be? Suppose that the temperature 

drops 6 degrees during the second hour, what will the reading 

be? One way to state this reading would be 2° below zero. 

That states a number opposite to 2° above zero. 

(4) Mathematicians use plus and minus signs before num- 
bers opposite in nature. For “four to the good” they write 
+4 (read ‘plus four’’); for “four in the hole,” — 4 (read 

“minus four’’). For ‘$1000 ahead of the game” they write 
+ $1000; for ‘$1000 in the red,’ — $1000. How would they 

write “2° above 0” and “2° below 0’? 

A positive number is indicated by a plus sign. A negative 

number is preceded by a minus sign. The minus sign is placed 
before a negative number even when it stands alone. If no 

sign precedes a number, it is a positive one. You should not 
confuse the signs attached to signed numbers with the addition 

and subtraction signs, which are signs of operation to indicate 

when additions and subtractions are to be performed. You 

should have clearly in mind these two distinct uses of plus and 
minus signs. 

Exercises 

1. In the following examples, state the quantity which is 
opposite to the one given: 

(a) 10° above 0 (4) $10 deposit 

(b) $150 profit (7) $15 in debt 

(c) 15 miles south (k) 500 feet above sea level 

(d) 8 feet up (l) 5 to the left 

(e) 10 steps backward (m) $1.50 spent 

(f) 7 miles west (n) 8 yards gain 

(g) 8 pounds overweight (0) 55 B.C. 

(h) 10 points to the good (p) +72 
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2. If + 3 represents a number of pounds overweight, what 
would — 3 represent? 

3. If + 10 represents a number of miles north, what would 
— 10 represent? 

4. If + 5 represents 5 to the right, what will — 5 represent? 

5. If + 100 represents a number of dollars gained, what 
would — 100 represent? 

6. If + 15 represents a number of degrees’ rise in tempera- 
ture, what would — 15 represent? 

7. If you say that Mr. Driggs’s financial situation is 
— $500, what do you mean? How much will it have to im- 
prove before he will be $500 “‘to the good’’? 

8. If we speak of noon today as zero, what number 

represents 9 o’clock this morning? 4 o’clock this afternoon? 

(Consider the time before the zero hour as negative.) 

9. If we call midnight of last night zero, what number 

represents 6 o’clock last evening? what number represents 

10 o’clock this morning? 

10. If one boy walks +3 miles and another walks — 3 

miles, do they walk equal distances? 

11. An autoist drove 75 miles due east from his starting 
point. What reading on this distance-direction scale below 

represents his stopping place? 
Readings to the east (right) of the zero point are usually 

considered positive; those to the west (left) are then negative. 

WE a EAST 
=—-200 -{50 -100  -50 +50 +100 +150 +200 

A 
Startin g point 

12. If the autoist drove 50 miles east and then 75 miles 
west, how far and in what direction would he be from his 

starting point? Would you represent your answer by a posi- 
tive or a negative number? 

13. Using the scale above, explain the meaning of — 

(a) +100, (6) —25, (c) +200, (d) — 100. 
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A TEMPERATURE GRAPH 
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14. From the graph above tell what the temperature was at 

1 o’clock, 2 o’clock, and 3 o’clock. 

15. What was the reading at 4 o’clock? at 5 o’clock? at 
6 o’clock? at 7 o’clock? At what hour was the reading 5°? 
When was it zero? How many times was it zero? 

16. Making use of the scale below, determine the final posi- 
tion of a boy who, starting at 0, walked 20 blocks east, then 

5 blocks west, then 15 blocks east, and then 40 blocks west. 
How far was he from the starting point and in what direction? 

Would you represent the distance by a positive number or a 
negative number? 

WEST EAST 
=40 0-30) 5209-10 +10 +20 +30 +40 

Starting point 

17. Again using a scale, determine the final position of a girl 
-who, starting at 0, walked 16 blocks west, then 9 blocks east, 
then 18 blocks west, then 7 blocks east, and then 18 blocks east. 

18. Hight children were playing a game called “beanbag.” 
Each had two trials. If they had known about positive and 
negative numbers, they could have written their scores as 
below. Find the final score of each. 

(a) (b) (c) (d) (e) (f) (9) (h) 
~Ao +8 so Se Hh Tee 5  ae  ee 
$3 cb 4i= bogei8 440 Se eo 
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19. Grace’s scores in a game were + 10, + 16, — 8, and 
+5. Find her total score. 

20. Tom’s scores in a game were — 6, — 8, + 5, and — 7. 
What was his final score? 

21. A tail wind increases the speed of an airplane and a head 
wind decreases the speed an amount equal to the velocity of 
the wind. Using appropriate signs, indicate the effect on the 

speed of a plane of a head wind of 40 m.p.h. (miles per hour) 
and of a tail wind of 60 m.p.h. 

22. At 6 o’clock in the evening the reading of a thermometer 
was 0. If the temperature drops 2 degrees an hour until mid- 

night, what signed number will represent the temperature at 
9P.M.? at10P.M.? at 11.30 P.M.? at midnight? 

23. What must you add to 2 to make 6? 

24. In each case below, tell what you must add to the lower 
number to get the upper number. 

at —~7T —7T A 4 -4 -4 4 
7 0 

Examples of the Use of Signed Numbers 

Below are replies given by five pupils in answer to the prob- 

lem: Write an example of positive and negative numbers 

which you yourself have used or which you have seen or heard 

other people use. 
Are the statements correct? Can you add any examples of 

your own? 

(1) If we think of any direction, say north, as positive, then 

we can speak of the opposite direction, south, as negative. In 

the same way 5 miles east may be thought of as + 5, whereas 

3 miles west is — 3. 

(2) In playing games, I may lose until my score is — 10, 

which means I have to get 10 points before I am back to zero. 

Or I may win 10 points without losing anything, in which case 

my score is + 10. 
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(3) In my general science textbook and in Popular Mechanics 

I read about a weight or a pressure acting downward. A 

balloon inflated with a gas lighter than air would have an 
upward pull. The upward force may be thought of as nega- 

tive, but a downward force is thought of as positive. 

(4) In geography, when we locate places north or south of 

the equator, we use North and South Latitude. 5° North 
Latitude could be written as + 5°, and 5° South Latitude 

would then be — 5°. The same plan may be used in meas- 
uring longitude east and west from a selected meridian. 

(5) People deposit money in a bank and draw out money 

by checks. A $50 deposit is thought of as a + $50, and 

the writing of a check for $50 to be charged against the account 

as a — $50, in balancing a bank account. 

(6) This way of writing numbers which are opposite in 

nature is now frequent in newspapers. Bring to class clippings 
in which these numbers are used and tell what they mean. 

Exercises 

1. A blimp patrolling a coast line headed out to sea 34 miles, 

turned shoreward for 27 miles, went seaward for 30 miles, and 

then turned back toward the shore for 18 miles. At the end 

of the period how far was the blimp from shore? 

2. A plane has a speed of n m.p.h. in still air. Write alge- 

braically its speed when flying with a tail wind of 50 m.p.h.; 

with a head wind of 20 m.p.h. 

Goodyear Rubber Company 
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3. The highest mountain in the world is Mount Everest 
with an altitude of 29,141 feet. The average depth of the 
sea is 12,450 feet. The deepest place found in the sea is 
35,400 feet. Write these figures with appropriate signs. 

How would you indicate the elevation of the surface of the 
sea? 

4. The latitude of Savannah, Georgia, is approximately 32° 

North and of Rio de Janeiro 23° South. What signs would 

you affix to each of these numbers? How far apart are the 
two places in degrees? 

5. Plato was born — 427. Charlemagne was born + 768. 
How far apart were the two events in time? 

Chapter Summary 

In arithmetic the numbers you study are non-directed. When 

we use them, we have no thought of whether they are plus or 
minus. They tell only how much or how many. 

Signed numbers do more than this. Whenever it is possible 

to think of two numbers as opposite in nature, the plus or minus 
sign tells the direction of the number — whether it is on one 
side of the zero point or the other. Sometimes signed numbers 

are called directed numbers. 
As to one fact you should not become confused. The essential 

idea in signed numbers is that of oppositeness. Positive and 

negative numbers indicate quantities that are opposite in 

quality. Zero does not necessarily represent nothing, but a 

point arbitrarily decided upon. A man who walks — 5 miles 

does not walk 5 miles less than nothing, but 5 miles in a direction 
opposite to that which has been chosen as positive. Ona centi- 
grade thermometer 0° does not represent no temperature, but 

the point at which water freezes. Think of positive and nega- 

tive numbers as numbers that are opposite in character. 

It is important to remember that in algebra plus and minus 

signs have two distinct uses. When they are used to indicate 

whether a number is positive or negative, they are called signs 

of quality. When they are used to indicate addition and sub- 

traction, they are called signs of operation. 
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Chapter Review 

1. If + 20 represents one of the unit marks on the scale of 
a thermometer, how many units is that from the zero mark? 

2. If — 20 represents one of the unit marks on the scale of 
a thermometer, how many units is that from the zero mark? 

3. Which is a higher reading on a thermometer, + 20° or 

+ 5°? + 10° or — 20°? 

4. If a certain stock on the New York Exchange sells for 

6 in the morning and 6? at closing time, would you indicate 

the change by + # or by — #? 

5. If you saw the statement that the lowest point in a certain 

valley is — 200 ft., what would the statement mean to you? 

6. The change in the level of the Connecticut River last 
night was — .3 ft. Explain what that means. 

7. The following grades were received by six boys in an 
algebra class: 

1ewyarll, 5 5 A 

Grade... 98 

What was the average 
grade? Which pupils were 

above the average grade? 
Which below? For each 

pupil, express by a signed 

number the number of points 

above or below the average. 

'8. Three young people 

were throwing darts at the 
target shown at the right. 

Their scores on three trials 
each are given below. What 

are their final scores? 

A. 40 B. 30 Cc. — 20 
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Maintaining Skills 

(Fractions) 

1. Write each of the following as a whole or a mixed number. 
Reduce your answer to lowest terms. 

(a) 48 () 48 (©) $3 
(b) 22 (d) $$ (f 5, 

2. Change these mixed numbers to imrroper fractions: 

(a) 53 == (c) 8§ =5 (e) 3275 =1¢ 

(6) Tg = (d) 95 = 12 (f) 205 = rz 

3. Change to equivalent fractions 

(a) i= = = 13 (c) 3 = 16 = £3 

(6) 3=$=aF (d) fs =s7 =36 

4, Add as indicated: 

(a) (b) Z (c) 3 (d) (ce) 43 = (f) -63 
= 2 ay = 93 93 
4 5) 12 4 Z ; 

= 10 <s z 65 5y 

(g) 22 + 63+ 72 (h) 8¢ + 23 + 375 

5. Subtract the lower number (subtrahend) from the upper 

number (minuend): 

(a) (b) 2 (c) (d) 35 (@) Se Shae, 
1 et sy 5 Al 93 
ae was Be a OE eve cra 

(g) T§ — 3% (h) 2% — 13 

6. Multiply as indicated: 

CEO & () 4X4 (e) 72 x9 

(b) 2x 12 (d) 3X7 (f) 84 x 7% 

7. Divide as indicated: 

(ah 2 = 4 (c) 8 1 2 (e) 6+4 
() 424 (d) 55 + 

2 
3 

6 (f) 42% + 34 
colto Helen 



a 
. 

A NOTE ON SIGNED NUMBERS 

The first mathematician of the western world to mention 

negative numbers was Diophantus, who lived in Alexandria in 
the third century A.D. He called a positive number a “fourth- 
coming”’ and a negative number a “‘wanting.’”’ Yet he did not 

understand the real meaning of a negative number as one 
opposite in character to a positive number. He thought that 

an equation like x + 16 = 4 is absurd, since it would give 
wa 12: 

During the Middle Ages only a few ideas were added to the 
theory of negative numbers. But in 1637 René Descartes, a 
French mathematician, published a famous book on geometry, 
in which he employed graphs of equations and used the idea of 
opposite directions. Then the meaning of negative numbers 
was finally made clear. 

René Descartes, 1596-1650, who contributed 
much of importance to the science of mathe- 
matics. He originated the idea of graphing 
equations and added especially to our knowl- 
edge of negative numbers. 
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CuapTer VI 

ADDITION AND SUBTRACTION OF 

ALGEBRAIC NUMBERS! 

The first thing you learned about algebra was its symbolism. 
When you mastered this, you could get the answers to certain 

kinds of problems by substituting numbers in algebraic formulas. 
For this kind of work familiarity with algebraic symbolism 

and a knowledge of arithmetic were all you needed. But to 

solve certain kinds of equations you soon had to learn how to 

change the form of an algebraic expression. 

For example, in solving the equation 2a + 3a = 10, you 

had to change 2a + 3a to 5a by combining terms. This is 

an example of adding literal numbers (pages9and11). Further 

along in your work, in order to solve an equation like 3(n + 2) 
= 17, you had to change 3(n + 2) to 3n+6. This is an 

example of multiplying literal numbers (pages 47-48). You 

learned other operations also. 

As you progress in algebra you will have to solve more com- 
plex equations which require more complex operations than 

these. To do them you will have to understand and learn the 

definite rules for addition, subtraction, multiplication, and 

division of algebraic numbers just as you had to learn how to 

do these operations in arithmetic. In all algebraic computa- 

tion, an understanding of signed numbers and the ability to 

operate with them in connection with literal numbers is of 

vital importance. 

1T0 THE TEACHER. See Note 13 on page 460. 
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Enlarging the Meaning of Addition 

You know what it means to add 6 and 4. It may seem 

strange to you to add 6 and — 4, for you have become accus- 

tomed to the minus sign as meaning subtraction. The follow- 

ing illustrations will help you to understand what is meant by 

adding positive and negative numbers. ‘This is really not new 

to you because you have already added a few signed numbers 

in some of the exercises in the preceding chapter. 

(1) In the morning mail I receive several checks and several 
bills. The first envelope contains a check for $50, the second 

a bill for $35, the third a bill for $20, the fourth a check for 

$10, the fifth a check for $15. What is the total effect of all 

these upon my financial standing? Finding the answer is called 

adding because it is the result of putting together several separate 

items. 

(2) Ex. (1) might be written: Add + 50, — 35, — 20, 
+10, and + 15. 

(3) I walk 6 ft. east, then 10 ft. west, then 3 ft. east, then 
5 ft. east, then 9 ft. west. How far am I from my starting 
point? Finding the answer is here also called addition, since 

the total effect of these various distances is called for. 

(4) Ex. (8) could be written: Add +6, — 10, + 3, +5, 
and — 9. 

(5) Here are the scores made by eight persons in six trials 
each, ina game. Find the final score for each person by add- 
ing the scores he made in the six trials. 

(a) (0) (c) (d) (e) (f) (9) (h) 
4 il fg 8 —4 if —2 a 

ae OE CY reread nae 5 ea bes 
—1 3 —2 4 Ff Sel ae, 3 

Tes yan i ee > ae 
7 3 2 —2 — 3 3 3 r 

Ripe! Pree 5, Se ae 



(6) An airplane rose to a height of 20,000 feet, descended 
17,000 feet, and then to get above a cloud bank rose again 

2000 feet. Write these figures with appropriate signs. What 
was the final altitude of the plane? 

The Number Seale 

You learned in a preceding chapter that a number can be 
represented by a length of line. We can make use of this prin- 
ciple in representing signed numbers on a line as in this scale. 

IO 9 )-Ci-/1-O SoS 2) b +1 +2 +344 45+6 +7 +8 +9 +10 

Number scale 

As you see, positive numbers are indicated to the right of 
the zero mark, and negative numbers (opposites) to the left. 

If you begin at 0, the zero mark, and move 3 units to the 

right, you reach the mark + 3. The length of line from 0 to 

+3 represents + 3. If you begin at 0 and move 3 units to 
the left, you reach the mark — 3. The length of line from 

0 to — 3 represents — 3. Similarly for all the other numbers. 

If you proceed from the + 3 mark to the + 7 mark, you 

have gone 4 units to the right. The change is + 4. 
If you proceed from +7 to + 3 or from + 3 to —1, you 

have in each case moved 4 units to the left. The change is — 4. 

Moving 5 units to the right from any point is equivalent to 

adding +5. Moving 5 units to the left from any point is 

equivalent to adding — 5. 
145 
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Adding Signed Numbers by Use of a Scale 

Using the number scale below will help you further in under- 

standing what addition of positive and negative numbers means. 

Ale) 8) 85 fs) Se a es) GPS SI 3 +1 +2 +344 45 +6 +7 +8 +9 +10 

Number scale 

(1) Add: +2and +3. Start at 0, go 2 units to the right; 
then go 8 more units to the right. What is your answer? 

(2) Add: + 2and — 8. Start at 0, go 2 units to the right; 
then go 3 units to the left. 

(3) Add: — 2 and — 3. Start at 0, go 2 units to the left; 
then go 3 more units to the left. 

(4) Add: —2 and +3. Start at 0, go 2 units to the left; 
then go 3 units to the right. 

Exercises 

1. Using the number scale, add the following pairs of num- 

bers. (When no sign is written before a number, the plus sign 
is understood.) 

(a) +8 (e) 8 (@@) —5 (m) 0 

aad) 5 Ss Sen 

(Oye-S OP ods: (7) 5 (n) 7 
cao. iu) ser) 0 

(jit 8 (G28 (kK) —5 (0) 0 
lagen ro. aa meals 

(dq) —8 (h) +5 (1) 5 2 aw | 
sont ark ie up 

2. Add these numbers: + 8, — 5, — 3, + 2. 

3. An elevator went up to the 9th floor, came down 4 floors, 
went up 2 floors, and descended 5 floors. How far was it then 
ae the ground floor? Solve the problem, using the number 
scale 
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Rules for Addition of Signed Numbers 

You can now discover a rule for adding signed numbers. 

(1) Choose the correct word in each of the following. Use 
the number scale to get the sum in each case. 

(a) If ladd + 8 and + 6, the sum is (positive, negative). 

(6) If I add — 8 and — 6, the sum is (positive, negative). 

(c) If ladd — 8 and + 6, the sum is (positive, negative). 

(d) If ladd + 8 and — 6, the sum is (positive, negative). 

Exs. (2) and (8) below will lead you to arule for adding posi- 
tive numbers. 

(2) Add, using the number scale: 

LS nn HES at ee: Lig gl Bopgag lL amen) 
eee IS eho, 16, i 9. 2 eRe lb 

(3) In Ex. (2) the addends are all positive and the sums are 

all_?. Thesum of two (or more) positive numbers is always 

a _?_ number. 

Exs. (4) and (5) will lead you to a rule for adding negative 

numbers. 

(4) Add, using the numper scale: 

—-3 -8 -9 -8 —7 -16 —-l11 -—10 
—7 —-5 -12 -—-6 —16 —-9 —-12 —15 

(5) In Ex. (4) the addends are all negative and the sums are 
all_?_. Thesum of two (or more) negative numbers is always 

a _?_ number. 

(6) Can you make a rule for adding positive numbers? for 

adding negative numbers? Try it. 

The numerical value of a positive or a negative number, 

without regard to its sign, is called its absolute value. For 

example, + 3 and — 3 are both 3 units from the zero mark on 

the number scale. The distance in both cases is 3, an absolute 

value without regard to the sign. The signs tell in which 

direction + 3 and — 3are. The absolute value of both is 3. 
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To add two (or more) positive numbers, find the sum of 

their absolute values and place a plus sign before the 

result. 

To add two (or more) negative numbers, find the sum of 

their absolute values and place a minus sign before the 

result. 

EXAMPLE 1. To add — 9 and — 7, find the sum of the 

absolute values, 9 and 7, and then put a minus sign before the 

result. Answer: — 16. 

EXAMPLE 2. The sum of + 9 and +7 is +16. Explain. 

(7) Add the eight pairs of numbers in Exs. (2) and (4) on 

the preceding page, using the rules. 
Have your classmates make up examples in which the 

addends are either all positive or all negative and see how 

quickly you can give the answers. 

Exs. (8) to (10) will lead you to a rule for adding a positive 
and a negative number. 

(8) Add, using the number scale (page 146): 

Peat =.Silis Bue 5 Uo Sig! AiG) bee Cee 
pee Oa So Sb eb ee 

(9) In each of the examples in Ex. (8), one addend is posi- 
tive and the other is negative. The sums are sometimes _?_, 
sometimes _?_, and sometimes zero. 

(10) In Ex. (8), do you get the answers by finding the sum 
of the absolute values or the difference between the absolute 
values? Can you tell whether the answer will be positive or 
negative just by looking at the addends? 

(11) Can you make a rule for adding a positive and a nega- 
tive number without using the number scale? Try it. Then 
check your rule by the following: 

To add a positive and a negative number, find the differ- 
ence between their absolute values. Place before the 
result the sign of the number which has the greater 
absolute value, 
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EXAMPLE 1. To add — 9 and + 7, find the difference be- 

tween 9 and 7 and place a minus sign (the sign of the number 

of greater absolute value) before the result. Answer: — 2, 

EXAMPLE 2. The sum of +9 and —Tis +2. Explain. 

Exercises 

Add, using the rules on page 148. 

number scale. 

tT: 

10. 

—3 
+S 

je 

13. 

14. 

15. 

16. 

Ad; 

18. 

19. 

20. 

21. 

22. 

23. 

24. 

25. 

26. 

27. 

28. 

29. 

30. 

Check by thinking of the 

—9 Sie ow 
8 — 3.7 

+7 32. — 4.5 

—3 2.4 

soak) $3." 30 
—7 — 3.2 

—3 34. — 6.0 
—7 — 1.2 

9 Ae hte 

6 64 
—6 86, eo aie 

3 — 0.7 

5 87. "24 
— 6 — 4.5 

—3 38. — 3.7 
# 8.6 

—9 39. — 4.0 
0 0.7 

0 40. — 1.6 
ee — 6.0 | 
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When adding more than two positive and negative num- 

bers, it is usually easier to add first all the positive numbers, 

then add all the negative numbers, and finally add the result- 

ing positive and negative numbers. 

Add the numbers in the following examples: 

41. 42. 43. 44, 45. 46. 

+5 5 —8 7 —8 — 12 

—8 —7 9 4 —6 — 29 

+9 —8 7 —9 +9 + 37 

—2 —3 —5 8 — 8 — 18 

AT 48 49, 50 

6n Sn —8n —8n 

—An —5n —5n 5n 

51 52 53. 54, 55 56 

+4d — 8d +13 f — 27t — 58 p +9.2p 

+9d —9d — 9f —19t + 97 p —4.6p 

—5d +5d +17f +18 —19p — 0.8 p 

In the foilowing examples the addends are arranged hori- 

zontally instead of vertically. Addition is indicated by the 
plus signs between the parentheses. 

Siem ec) ep (5 Shoe te 59. (— 3) + (4 2) = 2% 

5S 3 Ca2)e (— 8) re? 60. Chi. 2)- PASS) ee 

G1. (O) to, Geert uct, Ge A) cmenect es 

62. (— 8) + (+ 9) + G5) = 2 

63. (+ 9) + (— 6) + (— 7) =_2_ 

64. (— 3) + (— 4) + (— 8) 

65. What is the value of a + b when a = — 5 and b =— 72 
Think (— 5) + (— 7) = _2.. 

I ~~ 

66. What is the value of m + n when m =— 5andn = + 2? 
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Some Algebraic Terms 

An algebraic expression that contains only one term is called 
a _monomial. (What does the mono in “‘monoplane’’ mean?) 

Examples of monomials are 4 x, 5 y’, 3 xy, — 7, and n. 

An algebraic expression containing more than one term is 
called a polynomial. (The poly comes from a Greek word 

meaning “many.’’ You are perhaps familiar with it in the 
word “polygon.’’) 

Examples of polynomials are 4x — 2,56? -464+1,a+5, 
and 2? —22y + y’. 

A polynomial that contains two terms is called a binomial. 
(What does the & in “bicycle” and “biplane” mean?) 

Examples of binomials are a + b, 2a — 36, and x? — 2 zy. 

A polynomial of three terms is called a trinomial. (Do you 
know any other words beginning with tri, meaning “three’’?) 

Thus x? —6x+ 8anda-+ b —€¢ are trinomials. 

Any factor of a product may be called the coefficient of the 

other factor or factors. In most cases, however, when coeffi- 

cient is mentioned, it refers to the numerical coefficient (page 7). 

In the monomial 5 xy, 5, x, and y are the three factors of 

this indicated product, and 5 is the numerical coefficient of xy. 

We can, however, say that x is the coefficient of 5 y or that y 

is the coefficient of 5 x. 

Terms which have the same literal part are called like terms 

(pagell). 2a, —7a,andaareliketerms. 22’yand — 9 x’y 

are like terms. 3 ab and 3 ab are unlske terms. 

Exercises 

1. Tell which of the following are monomials, which are 

binomials, and which are trinomials: 

(a)at+b+e (d) 4 xy? 
(b) 22-1 (e) a+b 

(ec) —8ay (f) @ —2ab+ 8? 

2. The expression 2” is a _?. made up of _?_ factors. 

The _?_ of nis 2. 



152 FIRST-YEAR ALGEBRA 

3. The terms 3x and 4x are _’_ terms; 32? and 3y? are 

_? terms. The sum of 32 and 42 is _?_; the sum of 3 2? 

and 3 y’? is _*_. 

4. In the expression 2a — 3 ac + 5c?, how many terms are 

there? Is it a monomial, binomial, or trinomial? What is 

the numerical coefficient in the second term? How many fac- 

tors has the first term? How many factors has the second 

term? 

Addition of Monomials 

You already know how to add monomials (page 11). Here 

you will review the method. 

(1) Check the following state- 
ments:! 

2(5) + 4(5) = 6(5) 
2(6) + 4(6) = 6(6) 
2(7) + 4(7) = 6(7) 

2(42) + 4(42) = 6(42) 

Are these statements true be- 

cause of the particular numbers we have chosen or would the 

pattern of procedure be the same with any numbers? 

5 
5 
5 
5 
5 
5 
5 

These exercises illustrate the fact that 2 times any number 

plus 4 times that number equals 6 times that number; that is, 
2a+4a = 6a. 

Similarly, 2 xy + 4 xy = 6 xy because xy is a number just 

as ais; and 2(a + b) +4(a + b) = 6(a + b) because a + b is 
a number. 

_ Likewise, 7a + (— 3a) or 7a — 3a = 4a. 

These illustrations suggest the following rule: 

To add two monomials which are like terms, find the 
sum of the numerical coefficients. Then indicate that this 
sum is to be multiplied by the common literal part. 

Thus, to find the sum of 5 p, — 4p, — 8p, and + 8 p, add 
the coefficients 5, — 4, — 8, and 3. This gives you — 4, 
Then indicate that this sum of the numerical coefficients is to 

‘TO THE TEACHER. See Note 14 on page 461, 
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be multiplied by the common literal part, p. This gives — 4 
times p, or the final sum, — 4 9, as it is indicated in algebra. 

Combining the like terms of a polynomial follows the same 
rule as adding monomials which are like terms. Only like 
terms can be combined. If you did not know the value in 
cents of a nickel or a dime, you could not find the value of 

2 nickels and 5 dimes. All you could say is, “I have 2 nickels 
+ 5 dimes.” Similarly, you can find the sum of unlike terms 

such as 2a and 36 only by indicating the sum;_ that is, by 
writing 2a + 3b. 

To simplify an expression like 3a +2b—5a+76, com- 
bine the like terms. The result is —-2a+ 9b. 

Exercises 

Find the sum of the following monomials: 

tne 2. 3. 4, 5. 

—2a +7b —2ay — 5 pg a2 4 
— 38a — 5b +7 xy — 4 pq 6 xy 

6. ifs 8. 9. 10. 

—4m + 122 +9mn — 17 ab 10 
— 9m —-7T2r — 16 mn + 3 ab — 3% 

a ti 12. 13. 14. 15. 

+ 72x —8n +102 — 6p + 4 pq 
+32 +5n —32 +9p — 8 pq 

+62 —2n —62 —5p — 6 pg 

16. 17. 18. £9. 20. 

—4n +5 p? + 7 rs? 3m 2(a + b) 

+8n —9”7 — 4rs? —4m' — 5(a + b) 

=i n ey + rs? — m a+) 

Simplify the following polynomials by combining like terms: 

21.62+5x-—8x-42 244. —8x+5x-—-x-—-88¢2 

22. Ty +33y —14y —6y 

23. 2r—r+3ar-r 

25. 2a—8a—-5a+ 6a 

26. 2x4+3+427-7 
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27. —4a+b-—2b+¢ 36. 2° —54%4+4-—224—-1 

98. 24+2z24+3%—22 37. 5@ —2a+2a—5 

29. 83% —2y—5u4-—2y 38. 2xy—5xy—8+52y+7 

30. 5a+56b+4+6b6b-8a 39. 4ab —ab+2a+a 

31. 2 —-x+37+Y 40. @+e+2+1-3 

Sete — 2— 1 + 3x 41. 3a°b + 2 ab? — 7 ab 

33. 3@7+4a+@¢4+2a 42. 80+2¢—5e+%74 

34. 12 bc + 9ac — 3 be 43. 3in —24n—1in 

35. 82+7¢—-64+2x¢4-—-5 44 7.2a+9.16—-530a+0.20 

45. 35,000a —a+1000a 

46. 998a + 764a + 835a + 906 a 

47. 807b —9b + 3906 + 5006 

Combine like terms: 

48. 3.7a —3.2a+0.94 

49. 634+ 5a — 9.64 

50. 7.8ac — 10 ac + 2.3 ac 

61. —3.5n? + n? — 2.5 n? 

52. fax? —4ax? + Lax? 

53. 23 a’yz — 54 xyz — Th xyz 

54. 8Va — 4Vb + 20Va + 9Vb 

55. «+ 3(a4+1) —4(a4+1)4+72 

56. 507 —-30¥+4b¥ —at+7a7+4 

57. 7Va — 6Vab + 5Vb — 5Vab —Va 

58. 3.60" — 5b" + 6.2 b" — 2.5 am 
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Addition of Polynomials 

The addition of polynomials is simply a matter of placing 
like terms in a column and combining them. 

EXAMPLE. Add the following polynomials: 5a — 36 — 12¢ 
and7b+3a+10c. 

SOLUTION. 5a—3b—12c 
38a+760+10c 

Sum, 8a+4b-— 2e 

To add two polynomials, place one polynomial under the 

other so that like terms are in vertical columns. Then 

add the columns. 

Exercises 

Find the sum of the following polynomials: 

- 4a—36+56¢8a—-9c+5)b 

4r+3s+t4,6r+9s+5t 

6p —4t+27,8t—Tp+627,7x-—p-—4t 

5b6+4c+8d,8b—7c+6d,3b—4c 

Tx—2y+5z,8y—92z,7x%—5y 

52+7y—10,8y—-224+3,24-—-10y+4 

4a? —5ab — 607,10 ab — 6a? — 8 0?, 10? —3 a2? — Tab 

a—b+cb—c—a,c—a+ba—2b—-—ce 

. 4ab —5 be + 6ac, 6 be — Tab — 8 ac, 10 ab — be — ac 

e+y—_2,32-22-4yY,4¥4+vr+2 

. 2 —62r44+7,82 —15 —27,427° +62 —9,7x%4 10 

.@—-2ab4+0,20b+02+ 0,40? —4ab — BD, ao? — 6 

.a+2b,3b —4¢,5a—T7c,3b+2d 

2 SS PP Pa 

BR FP FF on » Oo 

Combine like terms: 

14. 2(a + 5) + 8(a + 5) — 4(a + 5) + 6(a + 5) 
15. 3a+4+2(8a+4) —3(8a-+ 4) 

16. 8Va+b—5Va+b-—2Va+5 
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Magic Squares — Just for Fun 

Since the beginning of history, man has been interested in 

puzzles and games, many of them mathematical. One type of 

puzzle is the construction of magic squares. 

At the right is a magic square of three rows. 

The numbers in each column, each row, and each 

diagonal add to 15. 
You can make three-row magic squares for 

yourself by placing any integer you wish in place of 1 and then 

putting the next consecutive number in place of 2, and so on. 
ary it 

You can prove the statement above by using » for any 
number. What is the sum of the num- 

bers in each row, each column, and each |” tip, ieee 

diagonal? Must n be an integer? n+2|n+4\|n+6 
To make a magic square in which the |) Sin - 8a ee 

sum of the numbers in each row, col- 

umn, and diagonal is any number you please, put 3 n + 12 equal 

to that number and solve for n. (Where did we get 3 n + 12?) 
This magic square is constructed on 

the same plan as the preceding one. 
Can you discover what the scheme is? 
What is the sum of the numbers in each 
row, column, and diagonal? 

A magic square with any odd num- 

ber of squares on each side can be con- 

structed by using this same scheme. 

Meaning of Subtraction 

Do you know how clerks in stores make change? If you 
should buy an article for 63 cents and give the clerk a one- 
dollar bill, she probably would give you 2 pennies, a dime, 
and a quarter, and say “65 cents, 75 cents, one dollar.” She 
finds the difference between 63 cents and a dollar by finding 
what must be added to 63 cents to make a dollar. 

You know how to subtract 2 from 6. Would you know 
how to subtract — 2 from 6? Before you can do this, you 
must think more carefully about the meaning of subtraction. 
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“Subtract 2 from 6”’ means: Find a number which added to 
2 will make 6. The answer is 4. 

In general, to subtract a from 6 means: To find a number 
which added to a will give b. ' 

Hence, “Subtract — 2 from 6” means: Find a number 

which added to — 2 will give 6. The answer is + 8, because 

we have to count ahead 8 from — 2 to get 6. 

“Subtract 6 from — 2’ means: Find a number which 

added to 6 will make — 2. The answer is — 8. 

In the following examples the lower number is to be sub- 
tracted from the upper. What does that mean in each case? 

(a) 7 (b) 44 (c) —7 (d) —7 

3 exle. zs i439! 

(e) 3 oy os (g) —8 (h) —3 
7 Cy 7 7 

Give the answers to the examples above. 

Subtracting by Use of the Number Seale 

Using the number scale will give you further help in under- 
standing what subtraction means. 

"0-3-0 -/ —-65-4 -3--2 -1 4 +1 42 434445+6 +7 +8 +9 +10 

Number scale 

Subtract: (a) 9 (b) 9 (c) —9 (d) —9 
5 —5 5 —5 

The first example means: What number must be added to 
5 to make 9? Start at 5 and see how far and in which direc- 
tion 9 is. The answer is + 4 because you must go 4 units 

to the right. 

What does the second example mean? Start at — 5; how 

far and in which direction is 9? The answer is + 14. Why? 

Do the third and fourth examples in the same way. 

As you know, the number subtracted is called the subtrahend; 

the number from which it is subtracted is called the minuend. 
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Exercises 

1. Using the number scale, subtract the lower number from 

the upper number: 

(a) 9 (d) -—9 Cs G) 20 
3 SY aie 3 

(b) —9 () 8 Gnaee (k) —8 
a) 9 mae aU) 

(ce) 9 Ce aed @) 3 gd oO 
2 9 0 i 

Rule for Subtraction of Signed Numbers 

If you understand what it means to subtract positive and 

negative numbers by using the number scale, you can discover 

a rule for subtracting more quickly. 

Copy the two sets of examples in (1) and (2) below on the 
same piece of paper so that you can compare the examples 

and the answers. Note that the first set consists of sub- 

traction examples and the second set consists of addition 
examples. 

(1) Subtract the following numbers, using the number scale: 

8 —8 —8 8 5 —5 5 —5 
56 -—5 5 —5 8 —8 — 8 8 

(2) Add the following numbers, using the rules you have 
learned: 

[oo on 
| co 

8 —8 — 8 8 5 —5 

seal), Sk Re Oe eo ee 

(3) How do the upper numbers in the first set compare with 
the corresponding upper numbers in the second set? 

(4) How do the lower numbers in the first set compare with 
the corresponding lower numbers in the second set? 

(5) How do the answers in the first set compare with the 
corresponding answers in the second set? 
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(6) In the first example of the first set you subtracted 5 
from 8 and got 3; in the first example of the second set you 
added — 5 to 8 and got the same answer. Make a similar 
statement concerning each of the other pairs of examples. 

(7) To subtract + 5, you can add — 5. To subtract — 5, 

you can add + 5. To subtract + 8, you can add — 8. To 

subtract — 8, you can add +8. You can do this because 

both ways, as you have seen, give the same answer. You can 

change every subtraction example to an addition example. This 

makes it easy to perform subtraction because you already know 
the rules for addition of signed numbers (page 148). 

To subtract a positive number, add the negative number 

having the same absolute value. 

For example, to subtract + 2, add — 2. 

To subtract a negative number, add the positive number 
having the same absolute value. 

For example, to subtract — 2, add + 2. 

The two rules above may be stated as one, thus: 

To subtract one signed number from another, change the 

sign of the subtrahend and add to the minuend. 

(8) Using the rule above, subtract the lower number from 
the upper number in each of the following examples. In ex- 

ample (a) you should think: Add —4to+7. In example (6) 

think: Add +4 to —7. And so on. 

(a) +7 ) —7, (e) —4 (gg) +4 

eo ek fost =i 

(Dy (dd) +7 (ff) —4 (h) +4 
=A ay: 7 See 

If you are at all confused in doing these subtraction examples, 

you should go back and practice the addition examples on 

page 153. When you understand addition thoroughly, you 

should have little difficulty with subtraction. Remember to 

change every subtraction example (mentally) to the corre- 

sponding addition example. 
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Exercises 

In Exs. 1-76 subtract the lower number from the upper number 

by changung each example mentally to an addition example. 

Check your results by adding the remainder and the subtrahend to 

see if you get the minuend. 

‘Lom bE WW PERN: 34.2 

—6 6 6 10 

Qe. = 6 rh os Oy 35. — 10 
Bed “5 = 7 AO 

S76 14. 12 1 hee mt Ys adie 
4 ac +12 9 

44 15ArI2 | 373 OO 

a0 a paell hid. pralt 

5G 1G 27. —8 38. = 
4 =a (i) a5 0 

Cue 4 17332 93.lv=18 $9.0 212 
+6 2 +6 — 12 

Tepe A 18 6 29. +8 40. 15 
=—.6 8 —8 we 

Sr 6 19. 9 30. +16 dl. — 
A 5 Salt 10 

9. +8 20) — 5 31, — 24 42. — 54 
5 10. 12 14 

104m Ohio 89. ella 43; — 64 
eas! 5 + 15 74, 

115 2 22. 12 830.9 44: 00817. 
E20) 24 3 27 
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45. 12 47. —13 49. — 24 51, — 24 
2 — 8 14 — 34 

46. 13 482/038 50/9 '2t 62. 2h 
a 3 + 34 34 

53. How do you subtract 5 from a number? (Answer: 
Add — 5.) 

54. How do you subtract — 5 from a number? 

Peet 19) — Ciujpact 60. C= Te (1D) ee 
coer ty {Ty = ble 1) =" ieee 
Brat. 12y — (7) => 62 T) se (1 
eg BA eae a 680 (1) ae ee 

Seon s A tay = 

Subtraction of Monomials 

From what you know about the subtraction of signed num- 
bers you should be able to do the following exercises without 
difficulty. Change the sign of the subtrahend and proceed as 
in addition of monomials. 

1..—122 7% +yYy 13. 0 19. +754 
—1l6z +y — 8x2 + 3°5 a 

2. —62 8. FY 14. — 82 20. —2m 
10z -—y 0 + im 

a. 12k Si i— pp > 2215, Sz 21. 0 

3.8 k —y em, — 8x 

4. +42 10. —y 16. 0 22. —8y 

— 2£ + y 8x 0 

& = Sr 11. + .82a 17. 120b 23. —Z2x’y 
—12r — 184 — 12 ab ey 

6. 4s 12 — 82a 18 152) 24. — 9h 
—4s — 184 —37 + #2 



162 FIRST-YEAR ALGEBRA 

Subtraction of Polynomials 

To subtract one polynomial from another, place the one te 

be subtracted under the other so that like terms are in the 

same vertical column. Then subtract the columns. 

EXAMPLE 1. Subtract 2a+6-—cfroma—b+ec. 

SOLUTION. a-— b+ e¢ 
2a+ 6b6- ec 

Difference, —a—26b+2c 

EXAMPLE 2. From 2a — 3b subtract 4b — 2c. 

SOLUTION. 2a—3b 
4b—2c 

Difference, 2a —7b+2c 

Exercises 

Subtract the lower polynomial from the wpper in each exercise: 

1.38a+4 2. 76—5 38. r+8s 

2a+9 © 106-8 r—5d5s 

4. Tx —83 5. 32°+ 8 y 6. 5m — In 

—2x-9 v—8y¥ 8m —10n 

7 8a—9xy 8 a—b+e 9 wv+2e¢4+1 

—a+9uxy a+b—e Egil Ts ee 

10. 2a alah, te +8 

a—b xs +-22? — 22 

’ Add or subtract as indicated: 

EXAMPLE 1. 24+ (3¢—4) EXAMPLE2. 22% — (84 —4) 

SOLUTION. Add: 22 SOLUTION. Subtract: 2-7 
3a2—4 82 —4 

Sum, 52 —4 Difference, —x+4 

12. 3% + (6a — 4) 14. 3% — (6x74 4) 

13. 32 — (6x —4) 15. 32% —(—62+44) 

16. 8a+2b) + (5a — 6b) 



25. 

26. 

27. 

28. 

33. 
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17. (8a+ 2b) — (5a — 6b) 

18. (8a — 2b) — (a+ 6b) 

19. (8a —2b)+ (a+ 6b) 

20. (8a —2b) —(—5a+6b) 

21. (8a —2b) — (— 5a — 6b) 

22. (83a —2b) + (—5a+6b) 

23. (6% — 5) — (— 2248) 

24. (6% —5) + (—22+8) 

From 3a — 26+ 5ctake —-2a+5b-e. 

Subtract 6 2? — 3 zy + y? from 822 + 5 zy — y’. 

From 6 ab — 2ac + 5 be take 10 ab — 2 be + 8.0. 

Subtract x? — 2 xy + y? from x? + 2ay + y?. 

From x? — 2ry + y’? take 2? + 22y + y’. 

From a —b+ctake -—a+b0+e. 

. From a + 6a+9 take 25 —10a-+4 a. 

. From the sum of x + 3yand — 382 — ysubtract x — y. 

Subtract « — y — z from the sum of 227°4+ 3y — 2 

and427—3y+ 5z. 

34. Take a — 6+ 1 from the sum of a+c+1 and 

a+6+1. 

35. 

36. 

37. 

38. 

Simplify: 42? —82y+4y — (922 —182%y+4+9y’). 

By how much does a + 26 — c exceed 3c — a + 6? 

What must be added to a? + 4 to make a? — 2a + 38? 

How much larger is 6 + 2a —3 than -a+7? 

What must be subtracted from zero so that the remainder 

Pa bene be ct 

40. Show that (32 —2y) — (x —5y) is the same as 

82 —2y—x+5y. 
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Horizontal Addition and Subtraction: 

Single Terms in Parentheses 

In algebra much of the addition and subtraction is done with 

the numbers written horizontally across the page instead of 

verticallyinacolumn. There are certain rules to keep in mind, 

and some practice is needed, in working with numbers written 

horizontally. 

The example (+ 7) + (— 8) + (4+ 8) has the same meaning 
as +7—84+8. Note that the parentheses and the signs 
before the parentheses have been removed. The signs before 

the second and third parentheses indicate addition and in addi- 
tion (unlike in subtraction) no changes of sign are made when 

the parentheses are removed. Hence, when given an example 

like the one above, in which all the signs before the parentheses 

are plus, rewrite it without the parentheses and without the 

plus signs before the parentheses. 

The example (+ 7) — (— 8) — (+ 8) has the same value 
as the expression + 7+ 8-— 3. Note that the parentheses 

and the signs before the parentheses have been removed. Note 

also that the signs of the numbers within the parentheses pre- 

ceded by a minus sign have been changed. This is because 
the given example says to subtract — 8 and to subtract + 3. 

To do this, we change signs and add + 8 and — 8. In sub- 

traction we change the sign of the subtrahend and add. 

When a parenthesis is preceded by a minus sign, you may 
remove the parenthesis and the minus sign before it, provided 

you change the sign of the number within the parenthesis. 

(1) Check the correctness of the following statements: 

(2) (+ 8) + (- 38) + (4+ 4) =8-3844=9 

(6) (—-7) + (+2) + (-38) =-7+2-3=-8 

(c) (+5) — (- 8) - (4+ 4) =+5438-4=4 
(d@) —-(—8) —(4+ 2) + (-—5) =+ 8 —-2—5 =1 

(2) Find the sum of the numbers below. 

(— 8) — (-2) + (-8) - (45) + 49) 
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Exercises 

Perform the indicated operations: 

mn nm Se DMD NY DS DS FP BB HB BR S BSB BSB BR Sp fe aan fF OND FPF SO ODN DWT PF WD HF OO 

pO AP mo Pw Ne 

Cr Sy 2) 

“et i. a4 

Gero it =?) 

ort 42) 

ce ak — 2) 

Cro) tf — 2) 

tS). A+ 2) 

at 3) (+2) 

pio) het 8) 

Sate Eee eae) 

ae ah 8) 

(+ 2) — (+ 8) 
842 
8 —2 
fe, 
est? 

. 2-8 

. —24+8 

. 8a+2a 

. 8a—24a 

. —8a-—24a 

. —8a+24a 

. 2a-—8a 

. —2a+ 84 

. (474+ (43) 4+(4+5) 51. 

(+7) — (+8) — (+5) 82. 

34. 

165 

2 Oe (ES) eG) 

ae gt (a) eae 

ye) 3) sae) 

SNES 38) A ey 

» (=6) He Cg a) 

pi (— 6) (+2) el 8) 

sthkgt Odom st 2) aaa) 

i Gta t— 2) 38) 

ist Popes eke a! 

-+7-384+5-1 

~-7+3-5-—1 

oi O— oO oe 

- —~-7T-3-54+1 

. —-T-38-—-5-1 

a —, 6 44 

~~ +2+6-4-7 

~+2-6+4-7 

. —2-6-4-7 

. —24+6+4-7 

. —-2+6-4-7 

-4m—-2m+2m+m 

.84+427-—-4-—-2e 

.4a-—-a-—-2a+4a 

_Tp+hp—8p+2p 

2a—8a—-T7a-—5a 

—-44+3x—-—2x+46¢2 
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538. 2n+1+5n-3 56. —2n+1+5n+8 

54. 2n+1-—5n-3 67. 2a4+3864+4a+2b 

55. 2n—1-—5n+3 58. 2a —8b+4a-—-2b6 

59. (+8) + (43) +(47 + (4+ 5) 

60. (+ 8) — (+3) —-(4 7) + (4 5) 

61. (+ 8) — (- 3) —-(—- 7) + G35) 

62.5 (FS) Po) — 

63. (= 8) = (3) FG) = ee) 

64, (— 8) + (— 8) — (4+ 7 — (— 5) 

65..( +8) 4(+ 3) (= 1) ee 

66°(-+ 3) — Ge 38) = i — = 4 a) 

Hi AG eel ie ats) ig Ema Be i), 

68. (= 3) a eo 

69--CE 4) — "(+ 2) = Ge Gal) 

70. (+ 4) (= 2) = (8) 

Tlie (= A)ian Ce 2)e OE ta 

T2.0( — A) (2 (Oe eee) 

130 GPS) (= 2) A — 6) te eal) 

74. What is the value of a — b when a = 8 and b = — 2? 
Write: (+ 3) — (— 2) = _2L. 

75. What is the value of a — b when a = — 8 and b = — 2? 

76. What is the value of a + b when a = — 8 and b = — 2? 

when a = 3 and db = — 2? 

77. What is the value of a + b + c when a = 2, b = 8, and 
c =— 4? when a = — 2, b = 8, andc = — 4? 

78. What is the value of a — b +c whena = 3, b = 2, and 
c =— 4? whena = 8, b =— 2, andc =— 4? 
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Parentheses and Combining Terms 

You already know that a parenthesis is used to indicate that 
a quantity of more than one term is to be treated as a single 
number. For example, to show that an expression like 2a — 3 
is to be subtracted from 5 a, we write: 5a —(2a — 3). You 
will now learn how to combine the terms (simplify the expres- 
sions) in addition and subtraction examples that involve paren- 
theses. This is only an extension of what you learned in the 
preceding pages. 

(1) Simplify: 7 —(6 — 38). Whenever it is possible to per- 
form the operations indicated within a parenthesis, you should 

do so and then remove the parenthesis. Since 6 — 3 = 8, you 
can rewrite 7 —(6 — 3) as7 — 3 and get the result 4. 

(2) Simplify: 5a —(+ 2a — 3). In this problem you can- 
not perform the operations indicated within the parenthesis 
unless you know the value of a. The exercise means that you 
should subtract both + 2a and — 3 from 5a. How do you 
subtract + 2a? (Add — 2a.) How do you subtract — 3? 
(Add + 3.) Yousee that 5a — 2a-+ 3 means the same thing 

as 5a —(+2a — 8). 

SOLUTION. 5a — (+ 2a — 8) 
=5a—2a+83 
=3a+3 

Note that here the parenthesis is preceded by a minus sign 
and that in removing the parenthesis you also removed the 

sign before the parenthesis and changed the signs of all the terms 
within the parenthesis. This is in accord with the rule for 

subtraction, of changing the signs of the subtrahend and then 

adding. 

The letter a in this example means any number; hence, the 

result should check for any value of a you choose. Suppose we 

let a@ = 2. 

Then the given example, 5a —(+ 2a — 3)= 10 —(4 -- 8) 

=10 —1=9. Theanswer,8a+3 =6+3 = 9. 

Since 9 is the value of the given example and also of the 

answer, the work checks for a = 2. 
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Now let us check by assigning a value of 5 to a. 
The given example, 5a —(+ 2a — 3)= 25 —(10 — 3) = 18. 

The answer, 3a +8 =15+3=18. Here, again, the value 

of both the given example and the answer is the same, so that 

the work checks for a = 5. 
Until you learn how to multiply signed numbers, you should 

use positive values of the letters in checking. 

(3) Is there any difference in value between 5a +(2a — 3) 
and 5a +2a— 3? Check your answer, using any positive 

value you please for a. 

(4) Rewrite 5a +(2a— 38) without the parenthesis and 

simplify the result. 

SOLUTION. 5a+ (2a — 8) 
=5a+2a-3 

=Ta-—3 

Note that here the parenthesis was preceded by a plus sign 
(indicating addition) and that you removed it and the plus sign 

without changing any signs. In addition we do not change 

signs. 

Parentheses may be removed from algebraic expressions with- 

out changing the values of the expressions by following the rules 
given below. 

When a parenthesis is preceded by a minus sign, you 

may remove it and the minus sign provided you change 

the signs of all the terms within the parenthesis. 

When a parenthesis is preceded by a plus sign, you may 

remove it and the plus sign without changing the sign of 

any term within the parenthesis. 

Exercises 

Rewrite the following without parentheses, simplify the results, 
and check your answers, using any positive value of the letters: 

1. 9 — (Ta — 8) 4. 9+ (7a — 8) 

2.9 — (Ta+8) 5. Ta + (2a — 8) 

3. 9 — (— Ta — 8) 6. Ta — (+ 2a — 8) 
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7. Ta — (2a —8) 18. 2a+ (a—7)4+9 

8 Ta — (2a+4+8) 19. b— (86-1) —7 

9 Ta—(—2a+8) 20. c —8 — (Tc — 5) 

7a + (— 24 + 3) 21. (a +b) — (a —d) 
11. e — (84+ 22) 22. (a — b) + (a — dD) 

12. x —(—3+422) 23. — (a — b) + (a — D) 

13. « —(—3 — 22) 24. — (a —b) — (a+b) 

14. (a+b) —b 25. 83a — (b+ c) 

15. —(a—b)+b 26. 3a — (b —c) 

ig. —(a—95)—)b 27. 8a+ (b+ 0c) 

17. 5+ (22 — 8) 28. 3a+ (6b —c) 

29. a —(8 —a—@)-a 31. +(27? ++ 4+ 1) 

30. 8 —(a — 3)+ (4+ a) Boe eee eer) 

Other Symbols of Grouping 

When it is necessary to group terms within a larger group of 
terms as in the expression a — [b — (c + d)], either brackets [ ] 
or braces { } or both may be used. ‘To simplify expressions of 
this kind, remove the innermost sign of grouping first. 

EXAMPLE. Simplify: 3a — [8 —(2a—7)+ 5a] 

Removing the parenthesis: = 8a—[8 —2a+7+ 5a] 

Removing the brackets: =8a—8+2a-—-7—5a 

Combining terms: ia 1) 

Exercises 

Simplify: 

1. +[r—(s—JD] 7. dx —{2y —(—-y+22)] 

—[r—(s — 0] 8. 54+ ([82—(—22—8)+4+2] 

. a+ {b— (b-a)} 9. (82+4) —[2x%—(Tx—-5)] 

9a—(4+(2a—8)] 10. —[62+(—82-+2)] 

ees — (6.0.9) 11. [6 2— (2 & 3) ma 7 

. Ta—([2a—(b6-—38a)] 12. —[2a—(8b—a)+(2a—3b5)] on fF w 
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Placing Terms within a Parenthesis 

As you continue in the study of algebra, you will find it 

necessary at times to place terms within a parenthesis. The 

rules for doing this without changing the value of the expression 

are the same as those for removing parentheses. 

Terms of an expression may be placed within a paren- 

thesis preceded by a minus sign, provided the signs of all 

the terms so placed are changed. 

Terms of an expression may be placed within a paren- 

thesis preceded by a plus sign without changing any signs. 

EXAMPLE 1. Place the last two terms of a — 6 + ¢ within 
a parenthesis preceded by a minus sign. 

a—b+c=a-—(b—-c) 

Note that the sign of 6 which was originally minus becomes 

plus within the parenthesis, and the sign of ¢ originally plus 
becomes minus. 

EXAMPLE 2. Place the last two terms of a — 6 + ¢ within 
a parenthesis preceded by a plus sign. 

a—b+c=a+(—b+ec) 

Note that the signs of 6 and c are not changed. 

EXAMPLE 8. Place the last two terms of a+b—cina 
parenthesis preceded by a plus sign. 

a+b—c=a+(b—-c) 

' The correctness of each result may be checked by removing 
the parenthesis in your answer according to the rules on page 
168. You should then have the given expression. 

(1) Place the last two terms of the following expressions 
within a parenthesis preceded by a minus sign: 

(a) 2a—8b+¢c (b) 2a+3b—-—c¢ 

(2) Place the last two terms of 2a + 3b — ¢ within a paren- 
thesis preceded by a plus sign. 
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Exercises 

1. Place the last two terms of each expression within a 
parenthesis preceded by a minus sign: 

(a) e-—yt+z (c) ey 2 (e) #@—2¢+1 
(b) x-—y-z (d) x-—y-z (f) 2 +22—-1 

2. Place the last two terms of the expressions in Ex. 1 within 
a parenthesis preceded by a plus sign. 

Equations Involving Parentheses! 

You should have no difficulty in solving the equations on 
this page if you understand the work on page 167. 

Solve and check: 7x — (x + 2) = 1 

SOLUTION. Tx—(#+2)=1 

Removing parenthesis, 7x —x —2 =1 

Combining terms, 622 1 

Adding 2, 62=3 

Dividing by 6, x=4 

CHECK. Tx —(x+2) =7(4) —($4+2) =34 —24=1 

Note that when we check equations we always perform the 

operations within the parentheses before removing them. 

Exercises 

Solve and check the following equations: 

.-n+(n—3)=1 9. 38n—(n+7)+7=10 i 

2. n — (24—n) =8 10. n+ (n+7) =8 

3. 4a — (2441) =11 11. 3n—(n+1) =4 

4. Ta+ (8a —5) = 45 12. 5a —(2a+1) =0 

5. 544+ (244+ 3) = 73 13. 2a+ 8a+5) =8 

6. 8x2 —(7—2) =74 14. 54 — (2x2 — 3) =14 

7 (26+3) —5=6 16. 7x — (824+ 5) = 45 

8 MigGiedy = 817 16. (42 +5) —32 =3 
1TO THE TEACHER. See Note 15 on page 461. 
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Chapter Summary 

In this chapter you have learned that adding signed numbers 

means finding the total effect of all the numbers given, whether 

they be positive or negative. You learned also that subtraction 

is really a form of addition, since subtracting a from 6 really 

means finding a number which when added to a gives 6. From 

these meanings and by the use of the number scale you were 
able to discover rules for adding and subtracting positive and 

negative numbers. These rules were then applied in adding 

and subtracting algebraic numbers, both monomials and poly- 

nomials, and in discovering the rules that must be followed when 

parentheses are inserted or removed. 

You should now review the rules for adding and subtracting 

signed numbers and for the removal and insertion of paren- 
theses, making sure that you have these rules clearly and per- 

manently in mind. You should understand the exact meaning 
of each of the following mathematical terms: 

Number scale Monomial Coefficient 

Absolute value Binomial Like terms 

Polynomial Trinomial 

Chapter Review 

1. Start at 18 and keep adding — 8 until you reach — 18. 
Thus, 18, 15, 12, etc. 

2. Start at 17 and keep adding — 3 until you reach — 19. 

=10}-9)'-67-70-6) -5 4-7-3" 2-1 b +1 +2 +344 45 +6 +7 +8 +9 410 

Number scale 

3. Explain how you can add + 7and — 8, using the number 
scale; also — 5 and + 2, — 8 and — 4. 

4. What is the absolute value of + 6? of — 7? 

5. Give the rule for adding two positive numbers; two 
negative numbers; a positive and a negative number. 
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6. How do you proceed in adding several numbers, some 
positive and some negative? 

7. Add + 3 to each of the following numbers: 7, — 3, 12, 
0, —4, — 25, 16, — 35, 7.8, — .87. 

8. Add the following: 

(a) ) (c) (d) (e) (f) 
+3n —a — 12x — 18 abe +323 — 18 xy 
+8n —a + 8x4 + 13 abe — 52x — 8x2 

————$ 

9. Add — 5 to each of the following numbers: 6, — 2, 11, 
0, — 3, — 21, 14, — 32, 6.2, — .46. 

10. Add a and b. 

11. “Subtracting 2 from 6” means “‘finding what number I 
must _?_ to _? to make _?_.” 

12. “Subtracting 6 from 2” means “finding what number I 
must __? to_? to make_?_.” 

13. How far is it on the scale from — 2 to + 8? In what 

direction? Whatis — 2from3? How muchis (+ 8) — (— 2)? 

14. Show on the number scale that the value of — 5 — (+ 4) 

is the same as — 5 — 4. 

15. Give the rule for subtracting signed numbers. 

16. Subtract — 3 from 7 by two methods, (1) on the number 

scale and (2) by means of the rule. 

17. Subtract the lower number from the upper number: 

(a) (b) (c) (d) (e) (f) (9) 
10 — 10 10 — 10 6 8x —5y 

=i = Ae eee 

(h) (2) (7) (k) (1) (m) (n) 
— 15 xy 12 ab Lee = Te 1389 14 ab? x 

—5ay —4ab —7T2# Tse? —p —lbat? —32% 

18. Take — 10 ab from + 5ab. 

19. From — 42 take — 672. 



174 FIRST-YEAR ALGEBRA 

20. Take 17 «yz from 15 xyz. 

21. Take — 4d from + 7d. 

22. Subtract a from b. 

23. From 100d take 10. 

24, By how much does — 8 exceed — 2? 5 exceed — 3? 

— 2 exceed + 2? 

25. The sum of two numbers is 20. One of them is — 5. 

What is the other? 

26. Add the following: 

(a) (b) (c) (d) 
—5 + 8 +5 — 10 

+7 — 15 +7 4 

—9 — 10 —9 — 8 

= 8 + 16 8 3 

27. Give the rules for removing a parenthesis from an expres- 
sion without changing the value of the expression. 

28. Perform the indicated operations: 

COPE AD alae So ae Ys 
(6) (8) =" Cia 2) 

29. Add: 30. Subtract: 

804+ 2xey —5yY 1bx-—3y+42 

— Tx — 8 xy —12¢2% +82z-—15t 
4ve?—B5ay+9y 

31. Add: 83a+2b+5c, —Ta+8c, 8b —18c¢ 

32. Rewrite the following statements without parentheses 
and combine like terms: 

(ay be (= 6 2 ya 
(b) 8a + (—6a+36) — (9a — 4b) 

33. Give an example of each of the following: monomial, 
binomial, trinomial, polynomial. 

34. Can an expression be both a binomial and a polynomial? 

35. Can an expression be both a monomial and a polynomial? 
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CHAPTER VII 

MULTIPLICATION AND DIVISION 

OF SIGNED NUMBERS 

In multiplication and division of signed numbers, the rules 
for signs are of first importance, as in addition and subtraction. 

The rules in multiplication follow from consideration of addi- 

tion and subtraction. The rules in division come from those in 

multiplication, since division is the inverse of multiplication. 
The rules for signs are simple enough by themselves, but you 

need to exercise care in their use in actual computation work. 
Errors in signs in algebra do not arise generally from difficulties 
with the separate rules, but in their application to situations 

where all rules must be kept clearly in mind. Applications 

in this chapter should therefore receive particular attention. 

How to Multiply Signed Numbers 

In multiplying signed numbers, you will meet four combina- 

tions of signs as shown here: 

(a) (+ 4)(+4 8) (c) (— 4)(+ 8) 
(6) (+ 4)(— 3) (d) (— 4)(- 3) 

(1) The first combination offers no difficulty. Ada 

To multiply + 3 by + 4, you may add + 3 four ee 

times. The result is + 12. Hence (+ 4)(+ 3) + 8 

= +12. Tare 
+ «3 

(2) The second sign combination is also easily + 12 

understood. To multiply — 3 by + 4, you may | + 3 four 

add — 3 four times. The result is —12. Hence | times is 

Pia\(— 3) = 912. Take ae | 
175 
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(3) The third combination, (— 4)(+3), is more difficult. 

What does it mean to multiply by — 4? How 

can you take + 3 minus four times? You can pick 

up a book four times. Could you pick it up minus 

four times? 
Many statements have no meaning, unless we 

shall agree on meanings for them, and this is one 
of them. To speak of multiplying a number 
by — 4 (adding it minus four times) is to use times is 
words that have no meaning unless we give them —12 
a meaning. Mathematicians have agreed that to 

multiply a number by — 4 shall mean to subtract it four times. 

Using this definition of multiplication by — 4, you can now 

multiply + 3 by — 4. To multiply + 3 by — 4, subtract + 3 
four times. Thus — (+ 3) — (+ 8) — (4+ 8) — (+38) = =3 
—3—3-—3= —12. Thatis, (— 4)(+ 8) =— 12. 

Another way to look at this case is to remember that ab must 
equal ba (commutative law of multiplication, page 6). Then 

(— 4)(+ 8) must equal (+ 8)(— 4) and from the reasoning for 
the second combination of signs, you can see that this is — 12. 

(4) Now consider the fourth combination of signs, (— 4)(— 8). 
This means, according to the reasoning developed in Ex. (8) 

above, that you should subtract — 3 four times. Thus, 

(4) (= 8) = (= 8) 8) 0 as ee 
+3+4+3=+412. Hence, (— 4)(— 3) =4 12. 

(5) To summarize, (+ 4)(+ 8) =+ 12 

(+ 4)(= $).=— 12 

(— 4)(+ 3) =— 12 
(— 4)(— 3) =+ 12 

(6) We have used the integers 3 and 4 in our illustrations. 
The law of signs in multiplication will be the same for any other 
integers. 

The laws of multiplication for fractions and decimals that 
have positive or negative signs before them are the same as for 
integers. The same laws will hold for signed algebraic numbers. 
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(7) Complete the following statements concerning multiplica- 
tion of signed numbers: 

(a) A positive number multiplied by a positive number gives 
as a product a _?_ number. 

(6) A positive number multiplied by a negative number gives 
as a product a _?_ number. 

(c) A negative number multiplied by a positive number gives 
as a product a _?_ number. 

(d) Anegative number multiplied by a negative number gives 
as a product a __?_ number. 

The product of two numbers which have like signs is 
positive. 

The product of two numbers which have unlike signs is 
negative. 

(8) Find the product: (+ 8)(— 2)(+ 4). We first multiply 
(+ 8) by (— 2), which equals (— 6). Then (— 6)(+ 4) =— 24, 

(9) Find the following products: 

i+.2)0—2)(— 4) (= 3X2) 0-14) Ges) 
(— 24a Die) (ty SUC — 2) 4) (ate) 
foe) 2)(— 4)(— 1) i) a Te Oa 

A product containing an even number of negative 

factors is positive and a product containing an odd 

number of negative factors is negative. 

Exercises 

Find the products of the following numbers: 

1. +6and —3 8 —3and+5 

2. —5and+2 9. —3and —5 

3. —2and —5 10. 4 and 0 

4. —5and —2 11. —4and0 

5. +2and —5 12. —4and +3 

6. +2and+5 13. 4and —3 

7 +38and —5 14. —2and +3 



178 FIRST-YEAR ALGEBRA 

15. Multiply each of the numbers in the next line by — 2: 

Taos aan0; +4, = es ane, iO, aa Ue — 4, icy +L, a: 

16. Now multiply each of the numbers in Ex. 15 by + 4; 
by — 5; by +6; by — 8; by — 20; by 5. 

Find the products as indicated: 

ite 

18. 

19. 

20. 

21. 

22. 

23. 

24. 

25. 

26. 

27. 

28. 

29. 

30. 

(+ a)(+ 6) 

(a) =<0) 

(— a)(+ 6) 

(— a)(— 6) 

(+ a)(+ a) 

(— a)(- @) 

(a) (@) 

38. — 4(+ 5) 

39. 4(+ 5) 

40. (+ 38)(+ 5) 

41. (+ 6)(— 2) 

42. (+ 10)(— 23) 
43. (+ 6)(— 9) 
44. (— 2)(— 5) 

45. (+ 8)(— 4) 

46. (+ 12)(+ 6) 
47m i240) 

48, — 12(6) 

49. (— 10)(5) 

60. 8(— 2.5) 

51. 12(— 9) 

52. (+ 8)(— 9) 

53. (+ 9)(— 8) 
64.) (1 )(—29) 

55. (+ 7)(— 8) 
56. (— 6)(— 9) 

(2)(— a) 

(— a)(a) 

Soe deel, 

2(a + b) 
2(a — b) 
2(— a — b) 

— 2(a + b) 

31. 

32. 

33. 

34. 

35. 

— 2(a — b) 

6x3 

—6xX3 

—-6x-3 

6x-—3 

36. (— 4)(— 5) 
37. (4)(— 5) 

57. 

58. 

59. 

60. 

61. 

62. 

63. 

64, 

65. 

66. 

67. 

68. 

69. 

70. 

ele 

72. 

73. 

74, 

75. 

(—<() GG) 

3(— 12) 

$(+ 20) 

= 2( = 9) 

(="3)(— 0.8} 

(+ 6)(— 4) 
(— 4)(— 7p) 
4(3 p) 

= 4(0 9) 

(2 a)(— 8a) 

(2a)(— 8b) 
(—2a)(—5a) 
(— 2a)(— 5b) 
(+ 5)(+ 4)(— 2) 

(— 5)(+ 4)(— 2) 

(+ 5)(— 4)(— 2) 

(— 5)(— 4)(— 2) 

(— 5)(— 4)(+ 2) 

(+ 1)(4+1)(4+-1)(4+ D 
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7. (—1)(—1)(— 1)(4+- D) 81. a(a — b) 

Sete Ti 14-1) 62. ~ ala +b) 
78. 4(2a — 8) 83. — a(a — b) 

79. —4(2a — 8) 84. 3(n? —2n+1) 

80. — 4(2a + 8) 85. — 3(? —2n+1) 

Multiply as indicated: 

86. (892) (78) 97. (— 2)(- 3) 

87. (904) (703) 98. (2) G5 

88. (854)(— 600) 99. (386)(— § 

89. (— 7649)(— 580) 100. (— =%)(— 36) 

90. (— 48)(— 10) 101. (94)(482) 

91. (— 62)(100) 102. (— 8)(§)(— 74 
92. (963)(— 1000) 103. (— 7$)(— 8#)(— 34) 

93. (3.8) (10) 104. (3.4)(— 70.75) 

94. (4.92)(— 10) 105. (.067) (472.5) 

95. (— 6.374) (100) 106. (— 8.93)(— 103.7) 

96. (4)(— 4) 107. (.79)(— 654.91) 

Applying Knowledge of Signed Numbers! 

The examples below call for the addition, subtraction, and 

multiplication of signed numbers and indicate how to carry out 
these operations. Work carefully through the problems and 
compare your answers with those given in the solution. 

EXAMPLE 1. Find the value of 2a — 36 when a = 2 and 

b=— 8. 
SOLUTION. 2a =2(2)=4 and 36 = 38(-—38)=—9. Hence 

2a —3b =4 -—(—9)=449 = 138. 

EXAMPLE 2. Find the value of 2a — 3b — 4c whena = 3, 

fh =— 5, andc = 2. 

SOLUTION. 2a = 2(3)= 6, 36 = 3(— 5)=— 15, and 4c =4(2) 

=8. Hence,2a —3b —4¢ =6 —(—15)—8 = 64+ 15 —8 = 138. 

1T0 THE TEACHER. See Note 16 on page 461. 
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EXAMPLE 3. Find the value of a? — 6? when a =— 3 and 

b =—4. 

SOLUTION. a? =(— 3)(— 3)=9, b? =(— 4)(— 4)= 16. Hence 

a —b? =9 —16 =— 7. 

EXAMPLE 4. Find the value of a — 3(6 —c) when a = 2, 

b= 5) and:¢ = —1. 
SoLUTION. Find the value of the numbers in the parenthesis 

before multiplying. 6 —c =5 —(—7)=12. Hence, a — 3(b — c) 

= 2 — 3(12)= 2 — 36 =— 34. (Remember that the multiplica- 
tion of — 3 by 12 must take place before the 2 is added.) 

EXAMPLE 5. If y = 8 — 22, what is the value of y when 

ee 5! 

SoLUTION. 2x2 =—10. Hence, y = 3 —(—10)= 138. 

EXAMPLE 6. Find the value of 2 abc when a = — 2,6 = — 8, 

and. == — 4; 

SOLUTION. a? = 4, b? =— 27, and c=— 4. Hence 2 a%bic = 

2(4)(— 27)(— 4) = 864. 

EXAMPLE 7. Simplify 8a — 4(2a — 1). 

SOLUTION. To multiply 2a —1by —4, think: — 4(2a)=— 8a 
and (— 4)(—1)=+ 4. Then8a —4(2a —1)=3a-—-8a+4= 
—5a+4. 

In Ex. 7, the a, of course, means any number. It should 
check, therefore, for any number you choose. Choose a = 3 

and see if the original expression and your answer have the 
same value. 

CHECK. 8a — 4(2a —1)=9 —4(6 —1)=9 — 4(5) = 9 — 20 
=—1l. -—5a+4=-15+4+4 =—-11. 

(8) Find the value of 2a — 3b whena = 5 and b = 4, 

(9) Find the value of 2a — 3b whena = 5 and b =— 4. 

(10) Find the value of 2a — 3b whena =— 5andb =— 4, 

(11) What is the value of a? — 6? when a = 4 and b = — 3? 

(12) What is the value of a — 3(6 — c) whena = 2,b =— 5, 
and c = — 3? 

(13) If y = 3 — 2a, what is the value of y when x = — 3? 
(14) Find the value of 2 a*b’c when a = 2,6 =— 5,andc = 4, 
(15) Simplify 5a — 3(4a — 7). 
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Exercises 

Find the value of the following expressions when a = 3,b = — 2, 
c =— 5,andd = 4: 

1. 2a+3b 5. 4b+2¢ 9 3c—2d 

2.2a—3b 6. 4b —2c 10. —38c —2d 

3. —2a—36 7. —4b+2c 11. —8c+2d 

4. —2a+3)0 8. —4b—22c¢ 12. 3c-- 2d 

13. ab bi ae | 215 2 a0 25. — 2ac 

14. — ab 18. —cd 22. 2 be 26. —2cd 

15. be 19. ad 230 2 ca 27. — 2 be 

16. — be 20. — ad 24. 2ac 28. — 2ab 

29. a 35. (a + 6)? 41. 2(a + ¢) 

30. 0? 36. (a — b)? 42. 3(b +c) 

31. a? + B 37. (b+c)3 43. 2(a —c) 

32. a? — 38. (b —c)3 44. 3(b —c) 

33. B+ ¢ 39. (a+b)(e—d) 45. d+2(a —c) 

34. BF —@ 40. (a—b)(c +d) 46. b — 3(c — d) 

Find the value of y in each of the following equations when the 

values of x are as given: 

47. y =2x —5; forx = 3 and forr =— 4 

48. y= 6 — 8x; forx = 5 and forx =— 4 

49. y=2+4+52; for x = 4 and forz =— 3 

50. y = 3 —22; forx — Tand forz =— 3 

Simplify the following expressions: 

61. 3¢+4(2a+1) 55. 2b — 5(4 — 3b) 

52. 8a+4(2a —1) 56. 3b + 5(38 — 2b) 

53. 8a — 4(2a — 1) 57. —7b —3(—4+4+75) 

54. 3a —4(2a+4+ 1) 58. —2b —4(—1 — bd) 
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How to Divide Signed Numbers 

By using the fact that division is the inverse of multiplica- 

tion, you can discover a yourself the laws of signs in division. 

(1) You know that % 15 is 3 because 38 X 5 = a How do 

you know that “ = 2. How do you know that 3 = == Olathe, 

at f=2a? 

* (Division by 0 is impossible. Try to find the answer to 3. 

There is no number which multiplied by 0 will give 3.) 

(2) Show why the following quotients are correct: 

@ 2-38 ®4=-38 © |=--3 @=3=3 
(8) Complete the following statements or principles about 

the division of positive and negative numbers. Make use of 

the statements in Ex. (2) above. 

When you eam a positive number by a positive num- 

ber, you get a _?_ number. 

When you divide a positive number by a negative num- 

ber, you get a number. 

When you divide a negative number by a positive 
number, you get a number. 

When you divide a negative number by a negative 
number, you get a number. 

(4) If the signs of dividend and divisor are alike, what is 
the sign of the quotient? 

(5) If the signs of dividend and divisor are unlike, what is 
the sign of the quotient? 

(6) Using the rules which you made in Exs. (4) and (5) above, 
state the answers to the following: 

(a) 8+4 (b) 8+—4 (c) —8+-4 (d) —8+4 

The quotient of two numbers which have like signs is 
positive. 

The quotient of two numbers which have unlike signs is 
negative. 
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Exercises 

Perform the indicated divisions and check by multiplication: 

1. + 7. au 13. a 19. aS" 

2. = 8. = 14. a4 20. Ss 

3. +s 9. : 15 + 21. ; 

4. = 10. a 16. a 22. =. 

6. a i1. 5 17. oa 23. =m 

6. a 12. = 18. ae be 

25. Divide each of the following numbers by — 5: 

+10, —5, 0, —20, +20, —12, —5z2z, +5y 

26. Below are three lines of numbers. Cover the second 

and third with a strip of paper. Divide each of the numbers 

of the first line by — 2. Now see if you obtained the numbers 

written in the second line. 

— 6, +18, +12, —12,0, —24, -— 9, —6%z, +62 
+3, — 9, — 6, + 6,0, +12, +4.5, +32, —32 
—1,+ 3,+ 2, — 2,0,-— 4, -15,- 2+ 2 

Cover the lower line and write the quotients obtained by 
dividing the numbers in the middle line by — 3. See if you 
have the numbers appearing in the lower line. 

Divide as indicated: 

27. 2 +— # 32. — 6% + 32 

28. 21 +-— 2 33. — 3241 +—- 10 

29. 75 +14 34. 785 + — 100 

30. —2 +-— 3 35. 3.2 + 1000 

31. — 1384 + 33 36. — 4590 + 45 
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37. — 5963 + — 67 38. 8526 + 98 

39. — 896.4 + .69 correct to the nearest tenth. 

40. — 5.981 + — 5.33 correct to the nearest hundredth. 

41. 7.016 + .498 correct to the nearest hundredth. 

42, (+ 3)(— 5) + (— 7)(4 2) 
43. (— 3)(— 4) — (— 7)(- 8) 
44, (7)? + 2(7)(— 8) 
45. (4)3 — 5(8)(— 2) 

46. (V36)(3)* + (7)(— 4) 
47. (— 5)%(— 2) — (8)(V/100) 

More Practice with Signed Numbers 

Find the value of the following expressions for each of the given 

values of x. When an expression contains a parenthesis, evaluate 

the terms in the parenthesis first. 

1.32; ¢=—2,¢ =— $2 =— ¢% 

2, —52; 2=4,2 =6,%=—4 

3. cee i at 
3 

4. ~ 32,2 =60=-4,0=- 

5. Beetle CH Oe eek ote 
5 

6. 2%+38; x =—3,2 =5 

7 82-53 4 =—-2,2=4 

& —82+2; ,=5,7 =—$ 

10.5 —2%;%=5,4=-—8 
11.4-—347; r=—2,% =2 

12. 2(¢. — 3)39% = 4,97 = — 2 
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15.-3(6 —2¢); @= 3, c= — 2 

14.54+3(@ —5); <=7,2=-—7 

15. 7—2(a@+1); «=—3,x=4 

16. 72+ 2@—3); <=4 2% =-1 

17. 562 — 3(@ + 2); x =—3,2 = 2 

18. ¢+2(82%—4); x=5,x7=-—5 

19. x — 2/382 —4); r=5,2% =—§ 

Solve and check the following equations: 

EXAMPLE. $2. —5@-— 2)5= 11 

SOLUTION. 8x —52—10 =11 

Combining terms, 3x2 — 10-11 

Adding 10, See = FAL 

Dividing by 3, p= Hf 

CHECK. 8x — 5(4 + 2) = 56 — 59) 

= 56 — 45 

= 

20. 2(x4 —5) +3 =18 23. Te -e+.6) = 7 

21. Ta —2) —-2=-2 24. by —3(11+y) =5 

22. 4— (1 —22) =2 25. —3(7 —5a) =9 
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Find the value of each of the following expressions for each of 
the given values of x: 

pe 2bc —4); 7 = 3, e%2 

ae; e=—$,4=—-3 

- 33, c= he =— 4% 

Bie 1 3 
ss = 57,%=—- 2 
ee 2 4 

—32£+2; 2 =—4,2 =¢ 

2(e'— 3); 2 = 4,2 =—§ 
5+8@¢—5); 2=-R2=-—-F 
7 —2¢ +132 =%,2=-4§ 

| 
broke 
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Solve and check the following equations: 

34. 4(a —1) -28 +4) = 
35. 4(z + 3) -2(a +4) =6 
36. « —3(7 —x) =5 
$7; 9b —(9 + 3b) —26 =-A 
38. 42 + 3(¢ — 4) — (x — 12) =0 

Expressing Statements Algebraically 

1. State the following as equations: 

(a) Three times a number is 15. 

(b) Three more than a number is 15. 

(c) Three less than a number is 15. 

(d) Three less than four times a number is 15. 

(e) Four times a number is the same as six more than 

the number. 

(f) Four more than four times a number is the same as 
twice the sum of the number and four. 

2. What is the value in cents of m dimes? of 6 quarters? of 
c half dollars? of 3 nickels? of (2 n + 8) dollars? 

3. What is the number of yards in (n + 1) feet? 

4. Using A for the amount, p for principal, 7 for the interest, 
r for the rate in hundredths, and ¢ for the time, write as a formula 

the fact that the amount equals the principal plus the product 
of the principal, rate, and time. 

5. If 6 a represents the area of a rectangle, what represents 
the area of a rectangle twice as large? 

6. If 2a -+ b represents the perimeter of a triangle, what 
represents three times this perimeter? 

7. If Mary is 7 years old and her mother is 3 years less than 
twice as old, how old is the mother in terms of n? 

8. Sound travels in air at the rate of 1100 ft. per second. 
How far will it travel in ¢ seconds? How many seconds will it 
take to travel d ft.? 



Official photograph, U. S. Army Air Corps 

A ground crew at work. The 40-hour inspection. 

9. If for every hour in the air an airplane requires 16 man- 

hours of mechanical overhaul and care, how many hours 
will be required for overhaul and care of a planes of the same 
kind, each of which is in the air an average of b hours? 

10. If an automobile travels at the rate of 35 miles an hour, 
what distance will it cover in 10 hours? in n hours? in 3n 
hours? in (n + 2) hours? 

11. Express the distance covered by an automobile in 10 
hours if its rate is — 

(a) 5 n miles an hour (c) (2 — 5) miles an hour 

(6b) (xn + 3) miles an hour (d) 3(n + 5) miles an hour 

12. A slow train travels at the rate of r miles an hour and 
another train travels 20 miles an hour faster. Express — 

(a) the rate of the fast train, (b) the distance traveled by 
each in 5 hours, and (c) the fact that the sum of the dis- 

tances covered by the trains is 300 miles. 

13. The length of a rectangle is 5 feet more than its width, w. 

State algebraically that its perimeter is 95 feet. 

14. If a plane uses 18 gal. of gasoline in a flight of m miles, 

how much will it use in a flight of miles? 

15. A pursuit plane has an initial climb of 2400 feet per 
minute. How far does it climb in ¢ seconds? 

187 
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Problems in Words 

1. The sum of three numbers is 72. The first is three times 

the second and the third is twice the result of subtracting 6 from 

the second. What are the numbers? 

2. A man spent $58 for a watch, a chain, and a cardcase. 

He paid $2 more for the chain than for the case and twice as 

much for the watch as for the chain. How much did he pay 

for each? 

3. The length of a basketball court is 20 ft. more than its 
width, and the perimeter is 240 ft. Find the dimensions. 

4. Here is an old puzzle made easy by algebra: A bottle and 

a cork cost $1.10. The bottle cost a dollar more than the cork. 

What did each cost? 

5. A has $100 more than B, and C has as much as A and B 
together. C has $900. How much have A and B? 

6. In triangle ABC, angle A is 35° more than angle B, and 
angle C has as many degrees as angle A and angle B together. 

How many degrees are there in each angle? (The sum of the 

three angles of a triangle is 180°.) 

7. In exchange for 4 dollar bills Fred received equal numbers 
of each of the following kinds of coins: nickels, dimes, and 

quarters. How many of each kind did he receive? 

8. A bomber costs four times as much as a fighter plane. 
If five fighters and two bombers cost $650,000, find the cost of 

one plane of each kind. 

9. Two planes set out at the same time from two airports 
825 miles apart and fly toward each other with speeds of 
150 m.p.h. and 180 m.p.h. respectively. After how many 
hours will they meet? 

10. The Consolidated B-24 bomber has a wingspread of 
twice the Lightning two-motored fighter and 6 ft. more. The 
total stretch of 3 bombers and 2 fighters placed wing to wing 
is 434 ft. Find the wingspread of one bomber and one fighter. 

11. A plane flies for 3 hours at a uniform speed and for 
4 hours at a speed 20 m.p.h. greater. Find the original speed 
if the distance traveled was 850 miles. 
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12. At 2 P.M. a train traveling at 50 miles an hour started 
from A toward B. At 8 P.M. a train traveling at 40 miles an 
hour started from B toward A. A is 410 miles from B. At 
what time will the two trains meet? 

13. Two boys riding bicycles start from the same place. One 
rides at the rate of 8 miles an hour and the other at 5 miles an 
hour. They go in the same direction, but the faster boy starts 
one hour later than the other. In how many hours from the 

start of the slower boy will they be 14 miles apart? (Which 
boy will be ahead?) 

Chapter Summary 

In this chapter, you learned that you may expect any one of 
four different sign combinations in multiplying and dividing. 
You not only discovered what multiplication and division mean 

for each of these combinations of signs, but you also learned how 

to multiply and divide in each case. 

You found that — 

(a) The product or the quotient of two numbers having like 
signs is positive. 

(b) The product or the quotient of two numbers having unlike 
signs is negative. 

(c) In evaluating an expression containing parentheses, you 
perform the operations indicated within the parentheses 

first. 

(d) In evaluating an expression calling for a series of opera- 
tions, after the parentheses have been evaluated, you per- 

form the multiplications and divisions before the additions 

and the subtractions. 

You were able to put the knowledge gained in this chapter 

into practice in evaluating algebraic expressions where the 

letters represented both positive and negative numbers, where 

terms in parenthesis were included, and where operations were 

called for in various orders. You will find this information very 

useful in many phases of your work in algebra. 

You should now turn back and do at least one typical example 

in each set of exercises. 
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1. 

2. 
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Chapter Review 

What is the law of signs in multiplying signed numbers? 

How can you tell by inspection whether the product of 

several signed numbers is positive or negative? 

3. 

4 

5. 

6 

The square of a positive number is a _?_ number. 

. The square of a negative number is a _?_ number. 

The cube of a positive number is a _?_ number. 

. The cube of a negative number is a _?_ number. 

Evaluate the following: 

7. 

19. 

CD (ae) 13. (+ 6)3 

ate L) 14. (— 2)° 

(2) =.8) in. C13 

(= 2)(-—8) 1624(-- 1) 

5 17. (2-3) 

aay 18. (— 2)(+ 3)(— 4) 

In evaluating an expression calling for a series of opera- 

tions, after the parentheses have been evaluated, _?_ and _?_ 
should be performed before _?_ and _?_. 

Evaluate: 

20.2 (t= 3) (ane (-E 3) 

AL (28) Gard) Cs) 

22-9 3) a 

23. 4? + 2(5)2(— 1) 

24. If you were to evaluate 3 a2b — b whena = 5and b = 2, 
what would you do first, second, etc.? 

25. If you were to evaluate 2(ab?)? — 3(— a), when a = 5 
and b = 2, what would you do first, second, ete.? 
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29. 

30. 

31. 
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Find the value of each of the following when a = 2, b =— 3, 
c=-—4,andd = 5: 

. 8a+2b 32. be 

. 3a—2b 33. 3 ab 

—3a—2b 34. 3ad 

—3a+2b 365. 3bc 

ab 36. — 3ab 

ad 37. — 3ad 

Find the value of each of the following when a = 8, 

ec =— 5, and d = 4: 

to 

50. 

51. 

52. 

53. 

54. 

60. 

5a —8ab+2b 

4c—8d+5a 

3 a? — ab 

8c —2c—5 

80d —2cd?+2 

38. 

39. 

40. 

41. 

42. 

43. 

55. 

56. 

57. 

58. 

59. 

— 3 bc 44, 

a> 45. 

b? 46. 

as 47. 

b3 48. 

ab 49. 
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ab? 

a? + Bb 

a? — b? 

5(a — b) 

5(b + ¢) 
ab? 

Meacoct 

263 —36? —2b 

6 — 2(6 + d) 

a + 2(8¢ —d) 
d+ 3(a — ¢) 

(d + 3)(@ —¢) 

What is the law of signs for dividing signed numbers? 

Find the value of each of the following: 

61. 

62. 

63. 

64. 

71. 

72. 

4 (SH 

Sie 

+8++4 

—12+-83 

—12++6 

+18 +-2 

65. 

66. 

67. 

— 20 
—5 
36 
12 
— 24 

+ 6 

68. ——_ 

69. —— 

70. — 

Indicate the sum of 5a, 6b, and — c. 

Indicate that 3 c — 4d is to be subtracted from a. 

Indicate that the product of — 5and a + bis to be added 



Adding these three equations we get 

0 = [-s() s 22,(P) | [4a tag's is | 

PM.g [cos wt + cos wt - 120) + cos (wit + 120) | (ize ted eds 

cos wt + cos (wt - 120) + cos (wt + 120) = 

cos Wyt [2 + cos 120 + cos 120] + sinw,t [sin 120 = sin 120] = 0, 

therefore: iy + ip + is 

Similarly from the three stator equations 

= 0, 

tk bite ons 

Now making use of these relations the rotor equations are solved 

for each of the rotor currents in terms of the stator currents. 

General Electric Co. 

The man is testing the windings of wire in the stator, or non-moving part, 
of a new electric motor. Much mathematical computation underlies the 
designing and building of amotor. The typewritten matter above is part of 
a page from an engineer’s analysis of an electric motor. You are not familiar 
with much of that symbolism, but the work suggests how extensively alge- 
braic calculations are used in modern industry and the importance of being 
able to carry them out correctly and efficiently. 
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CuaptTer VIII 

WAYS OF MULTIPLYING AND DIVIDING 

LITERAL NUMBERS 

Sometimes a child beginning the study of arithmetic in the 

lower grades does not understand why he should learn to add, 

subtract, multiply, and divide arithmetic numbers. At the 

moment he does not see a need to work with numbers in that 

way, and he fails to realize the importance of the fundamental 
operations. But if that boy or girl does not master the work, 

he has trouble all along in solving everyday problems that are 

easy for those who have taken pains to become efficient in 
computing. 

Learning these fundamental operations in algebra is just as 

important for future work in algebra, and in other mathematics, 
as it is in the case of arithmetic. You need to understand each 

step and practice its use by doing the exercises, until you can 
operate easily and accurately with algebraic numbers. 

Exponents in Multiplication 

This section reviews some of the things you already know 

about exponents and leads you to a rule for multiplying numbers 

with exponents. 

(1) Write the following in a simpler way: 

(aji2.x<:2 (6) mxmxm (c) (r)(r)(r)(r) 

(2) When you see 2, the exponent 3 tells you how many 

times 2 is to be taken asa factor. What does 2* mean? What 

is its value? Do you remember that the 2 is called the base? 
193 
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(3) The expressions 2, 23, 24, and 2° are powers of 2. They 

are respectively the second, third, fourth, and fifth powers of 2. 

What are their values? What is the first power of 2? The 

answer is 2. The exponent 1 is not written when you have a 

first power. 2%, 23, and 2? are read respectively: 2 to the fourth 

power, 2 to the third power, and 2 to the second power. What 

is another way of reading 2? and 23? 

(4) Read the following expressions: (a) 2 a?b’ct, (b) 5 a7b4, 

(6) 9 eye. 

(5) Can you tell what the product of n? and nis? Try it; 
then check your answer by reading further. 

nm? means (n)(n); n? means (n)(n)(nm). Hence n?  n? means 

(n)(n) X (n)(n)(n) or n°, That is, n? X n? = n5. 

(6) Use the same reasoning in finding the following products: 

a xX ¢,.a>¢e, x a a <a), 2 X27, 10 x 1. 

(7) Do you see a short-cut rule for multiplying such numbers? 

To find the exponent of the product of two (or more) 

powers having like bases, add the exponents of these 

bases. 

Thus, a? X at = a® and a X a? = a. In the language of 
algebra the rule is: 

a” X gt = qmin 

A common error made by pupils is that 2? « 23 is 45. If 2 

is taken as a factor twice and then again as a factor three times, 

is it 4 or 2 that is taken as a factor five times? 2? x 2? means 
(2)(2) & (2)(2)(2), which is 2°. 

Exercises 

Multiply as indicated: 

1. a* < a 4. (a)(a) 7. (— b)(— d) 

2. n® xX nt Ga20" <0 8. b(— b) 

3. b x Bb 6. b? x D3 9. (— a5) (a?) 
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10. (x)(— x?) 13. (a) (a?) (a3) 16. axb 

11. (— y*)(y?) 14.3 xX2p 17. (a°)(a?)(b) 

12. (— y*)(— y’) 165 -p* X p 18. at Xa 

19. (x°) (x?) (x) 25. (3) (3) (3) 
20. (— a)(— a)(— a) 26. (4?)(43) 

21. (— a)(— a)(— a)(— a) 27. (5)(5") 
220 250 2" 28. (2?) (8?) 

a. x3 29. (22) (2!) 

24. (2) (2?) (2°) 30. a" x G* 

31. a**-a Bon a are 35. 3" - 3” 

32. 37-3? 34. (a*)? 36. x+y? 

Multiplying a Monomial by a Monomial 

Multiplying a monomial by a monomial depends upon the 
principles ab = ba and abe = (ab)c or a(bc) or (ac)b. That is, 

in multiplication the order in which the factors are taken makes 

no difference in the result. Neither does it make any difference 
which of the factors are associated. 

Study the following example to make sure you understand 

these statements: 
2X3xX4xX5xX6 = 720. 

Now change the order of the factors in any way you please — 

for example, 

2x6x5x8 x 4—and the product is still 720. 

Now associate any two or three or four of the factors — for 

example, 

(2 x 3) x (4x 5) X 6 = 6 X 20 X 6— and the 

result is still 720. 

Also2 x (4 X 8) X (6 X 5) = 2 X 12 XK 30 = 720. 

Or (2x3 x4) X (5 X 6) = 24 X 30 = 720. 

Try other combinations. 

ll 
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From the preceding principles we get the rule for multiplying 

monomials: 

To multiply two monomials, change the order of the 

factors so that those factors which will combine may be 

associated. Then combine these factors by multiplication. 

EXAMPLES. 

(a) 5 X 2ab = (5 X 2) X ab = 10 ad 

(b) a X 2ab = 2 X (@ Xa) Xb = 20% 

(c) 36 X 2ab = (8 X 2) Xa X (OX D) = Gal? 

(d) (2a?b) (—4a°b*c) = (2X —4) (aX a?) (b XB*) (c) = — 8arbic 
(e) Find the product of 2a? and 3ab?. Check your result. 

SOLUTION. 2a? X 3 ab? =(2 X 8)(a? X a)(b) = 6 a*b. 

Since a and 0 are any numbers, this should check for any values of 
a and b you choose. Let a = 2 andb = 3. 

CHECK. 2a? X 3.ab® = 2(4) X 3(2)(27) = 8 XK 162 = 1296 

6 a°b®? = 6(8)(27) = 1296 

(Note that number 1 should be avoided in checking examples 
with exponents. If youleta = 1, then a’, a’, a4, etc., all equal 1 

and you cannot tell by this means whether there has been a 
mistake. in. exponents.) 

In multiplying monomials, the intermediate step which we 

have shown is usually omitted; that is, the association of the 

proper factors is done mentally. Are the following examples 
correct? 

2xX3a=64 20 X 3a? = 6a* 

ax3a=3.a7 a <X38a@ = dat 

—-2x3@=-6a a x—3ab =— 8 a'‘'d 

Exercises 

Multiply as indicated: 

1.236 3. @ Kab 

2bx35b 4. b x ab 
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(+ 2)(+ 56) 
ere aay 

(— a)(— 56) 

- (+ 6)(+ 56) 

- (— 6)(— 56) 

jay xXy 
.387Y"x¥ 

2a 2 ~o x? 

~ —32-522 

. —8x4--—52 

(7 n) (4 n) 
. (4n’)(— 2n) 

- (2a)(-— 3b) 

. (3 bc) (4 6) 

- (—32)4) 

- (—32)(4y) 
. (— 4a%x)(— 5a’) 

. (— 4a*)(— 2 ab) 

. (8a) (ab) 

. (a*b) (ab?) 

. (ab?) (ab?) 

26. 6 ab - a 

27s 

28. 

29. 

30. 

SH 

32. 

33. 

34. 

35. 

36. 

Sle 

38. 

39. 

. (22)(— 323) 

. (10 p)(— 3p’) 

. (—2y)(— wy) 

. (a)(— a)(a)(— a) 

. (—2)(—82)(—4y) 

. (42)(0) 22) 

. (— 2°)(— 5)(— 5) 

. (2 28)(— 2 2)(y’) 

. (4n)(4 mn?) 

eos 

—Anry by 

(6 ab) (a) 

(5 ab?) (4 a2bc?) 

(4 a*)(— 1) 

(2 a)(— 3b) 

(— 52)(—4 y) 
(ab’x)(— abc) 

(83 b)(2 68) 

(— 7a)(2a) 

(— 5 2)(42) 

(3 1) (6) 
(4 2°) (5 x2) 
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Distinguish carefully between 2(ab) and 2(a + 6). What 
is the answer to each? 

50. What is the value in cents of 2m quarters? of (2 + n) 

quarters? 

51. What is the cost of 3 » dozen eggs at 4 p cents a dozen? 

52. How far will an auto travel in 5 ” hours at a rate of 3” 

miles an hour? 
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Multiply as indicated: 

53. (— 2 2°)(— 4 2°y) 59. (3 ab?)(— 5 a*b?) (— 6 ab?) 

54. (— c)(— ab)(— abc) 60. (7 a*y?)(3 ary) 

65: O27) Or) 61. (a”—1b) (a2b”) 

56. (1.4 %)(5 y’) 62. 4c*- = 6c 

57. (0.4 ab?)(— ab)(— ab) 63. (x*)? 

58. (5 a*b)(— 3 ab?) (a*d) 64. (— 3”)? 

66.) (1a) (= (yl) 

Raising a Monomial to a Power 

Just as s? means s X s X s, (2s)? means 2s X 28 X 28 OF 

8s’. Note that the 2 as well as the s has been cubed or raised 

to the third power. When an exponent appears outside a 

parenthesis, it applies to every factor of the expression within the 

parenthesis. Thus, (3 x?y)? equals (3 x?y)(8 xy) = 9 aty?. 

Raise the following to the indicated powers: 

(az)? (7)? Gree (04), (b4)* (64) teeyt, (ee ferys 
The answers are respectively a‘, a®, x°, b8, bl, 5, cl, eld, ¢30, 

Do you see that an easy way to do examples like these, in 
which you have to raise a number with an exponent to a power, 
is to multiply the two exponents? 

To raise an indicated product to a power, raise each of 

the factors to that power. To raise a number with an 

exponent to a power, multiply the exponent by the index 
of the power. 

EXAMPLE. (— 2 a?b3ct)? = — 8 a%h% 

Note that (ab)? is the same as ab? but (a + 6)? is not the same 
as a? + b%. Check this statement with any values of a and b 
you please. ab is an indicated product, while a + 6 is an 
indicated sum. The above rule does not apply to indicated sums. 

Exercises 

Raise the following to the powers indicated: 

1. (n*)? =. (nm)? 8. (C2? a. (e*)® CG. (we)? (ae) 8 
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7, ()* 15. (— 8 ab)? 23. (4 a%b%c)3 

8. (— n?)? 16. (— 8 ab?)3 24. (4 a?b%c)4 

9. (— n?)§ 17. (2 a*b)? 25. (— 5 abc)? 

10. (2 x)? 18. (— 2 a2) 26. (— 3 atbc*)® 

11. (8 xy)? 19. (2 ab)? 27. (x2)” 

12. (— 2s)3 20. (— 2%) 28. (a*)n 

13. (— 2s) 21." (2 xy")? 29. (a) 

14. (— 3 6)? 22. (4 abc)? $0. (a?)**4 

31. What is the value of each of the following? Do each 
example in two ways: (1) by evaluating what is in the paren- 

thesis and then raising your answer to the indicated power, and 
(2) by raising what is in the parenthesis to the power first and 

then evaluating your answer. 

(a) (8 x)? when x is 5? 2? 4? 

(b) (3 xy)? when x is 1 and y is 3? 

(c) (2 .a?b)? when a is 2 and 6 is 4? 

(d) # xr? when x is #7 and r is 3? 

(e) (2 x%y?)? when z is 5 and y is 3? 

Raise to the indicated powers and then multiply: 

sm. 22°)38 27)" 38. (x?y)?(38 x2y?)8 

33. (— 5y’)(y’)® 39. (a?b*) (ay)? 

34. (xy’) (xy)? 40. (— 2)°(0)(8)? 

35. (a*b)*(ab) 41. (2 x)2(3 x)(0)(— 1)? 

36. (2 xy)?(5 xy)? 42. (5 xy)(2 ab) 

37. (2 ab)2(5 ab)? 43. (3 x)?(2 x)? 

Evaluate the following: 

44, 2(10)3 47. 10? - 10 50. 1.2(10)? 

45. 3(10)4 48. 2-10?-10 51. .75(10)8 

46. 1.3(10)? 49. 5(10) 52. 1.354(10)* 
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Multiplying a Polynomial by a Monomial 

You learned at the beginning of this course that a(6 + c) = 
ab + acand you have made use of this fact many times in simple 

eases. For example, 2(83+4) =6+8or3(a@—b) =8a—3b. 

State in words what a(b +c) =ab-+ ac means. It means, 
“Tf you multiply one number by the sum of two other numbers 

you will get the same result as if you multiply the first by the 

second, then the first by the third, and then add these two 
products.” 

This same principle applies, no matter how many numbers 
you have or what numbers you have. Thus — 

abt+e+d+e+--:)=ab+ac+ad+ae+-:-- 

(The dots mean “‘and so forth.’’) 
In words, the rule may be stated: 

To multiply a polynomial by a monomial, multiply each 

term of the polynomial by the monomial and add the 
results. 

EXAMPLE. 2 a2b(a — b) = 2 0% — 2 ah? 

Exercises 

Multiply as indicated: 

1. 8(a + b) 13. 3(2? + 2 y?) 

2. 3(a — b) 14. — 3(@? — 2 y?) 

3. 3(— a — b) 15. x(a? + 2 y?) 

4. — 3(a + b) 16. y(a? — 2 y?) 

5. — 3(a — bd) 17. 4(2f — 372) 

6. — 38(—a — b) 18. 5(6x — 4) 

7. a(a — b) 19. 6(2% — 8) 

8. — a(a — b) 20. — T(x — 3) 

9. b(a + b) 21. a(a — 8) 

10. — b(a + b) 22. x(x — 4) 
11. 5(2 2 — 3) 23. — x(2x% — 8) 

12. — 5(8 — 22) 24. — p*(p — 2) 



25. 

26. 

27. 

28. 

29. 

30. 

31. 

32. 

33. 

34. 

35. 

36. 

37. 

38. 
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a(a? — b) 

— a(a? — b) 

2x(3 x — 5) 

y(2y — 3) 
3(38 — 2?) 

x(x? — x) 

— 2y(10 — 5y) 

— xy(x — y) 

xy (x — y) 
5 a(1 — 2?) 

2 ab(a — b) 

p(1 — p*) 

pir — 3) 

2 ab(a + 5) 

39. 

40. 

41. 

. (2 — 8) 

. 2(— 32) 

A? — 2 ay?) 

ee) 

. 5x3(a? — y?) 

. ov? — x —1) 

pip —4 — s) 

- —8 ye —-2y + x) 
- 2m(5 m? — 6m + 2) 

. —8a5¢ —6a+4+7) 

. da+b-—c) 

2 ab(ab) 

x(x + 3) 

x(3 x) 

Multiply as indicated and then combine similar terms: 

53. 

54. 

55. 

56. 

57. 

58. 

71. 

72. 

2x2 + 3(4 — 2) 

2x — 3(x — 2) 

2x2 —3(—2+2) 

22+ 3(—2x+ 2) 

4n — 3(2n+ 5) 

4n+3(2n — 5) 

59. 

. 5682 —7) —2 

. —5(382 +7 -2 

. —5(7 —82) —52 

. 2a+36—-—5bd(a —bD) 

. 2a—86+4+55(6 —a) 

4n+8(—2n — 5) 

65. 2(2a+ 36) — 88a — 2b) 

66. —2(2a —86) + 3(8a+25) 

67. 2a(a — b) + 8a(2a + b) 

68. 2a(a — b) — 8a(2a + BD) 

69. —2a(a — b) + 38a(2a — D) 

70. 2a(a —b) —3a(—2a+6) 

x? — 3(x? + 1) 

x? + 3(a? — 1) 

73. 

74. 

a? — 3(— 2 + 1) 

x? — 4(— x? + 1) 
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Find the values of the following expressions for each of the values 

of the letters given. (Evaluate the parentheses first.) 

75. 22 +3(¢ — 2); x = 3, — 2,4 

76. 24 —3(@ — 2); x =— 4, 3, 25 

17. 24 —3(—2+ 2); x = 5, — 3} 

78. 532 —7) —2; x = 6, — 14 

79. —5(82+ 7) —2; x =—1,0.6 

80. —5(7 —32) —5%4; + = 8, -—2 

81. 37% —4(a — 2); x = 7, —5 

82. (8x —4)(x —2); x =7, —5 

Solve and check the following equations: 

83. 3(2z% — 9) — 5(10 — x) = 0 

84. 8(5”% — 2) +2(4 —5) —5x2 =8 

85. 482+ 7) —2(4 —5) —Tx =-1 

86. 9n —2(11+4n) =7 

87. 4(5n — 6) — 2(n — 7) + 5(—3n+2) =0 

88. —82x+2(527 —3)+7x =+ 8 

89. 6(2 — y) — 8(y — 4) — 5(8 — 2y) =1 

90. 4(2x% — 3) — 5(a@ — 1) + 6(22%41) = 24 

Multiplying a Polynomial by a Polynomial 

If you were asked to multiply (6 — 4 + 2) by (8 + 2), you 
would combine the terms within the parentheses and then 

multiply. But if your two polynomials were x? — 2 xy + y? 
and x + y, you could not combine the terms. You would have 
to find some other way to multiply these two numbers. By 
analyzing the first example, we shall see how to do the second. 

Suppose the numbers in (6 — 4 + 2) and (3 + 2) are general 
numbers that we cannot combine, and that we wish to multiply 
them. Instead of combining terms within the parentheses and 
then multiplying (giving 4 x 5 = 20), we multiply each term 
of (6 — 4 + 2) first by 3 and then by 2, and add the results. 
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This gives (18 —12+6)+ (12 —8+4) =12+48 = 20) 
which we know is the correct answer. 

This suggests the method of multiplying a polynomial by 
x+y. First multiply each term of the polynomial by z, then 
by y, and add the results. In algebraic symbols the method is 
shown as follows: 

(e+ y)@ —2ay+y’) = x(a? —2ey+ y) + y(a? —2ry + y’) 
You already know how to carry out the multiplication and addi- 
tion on the right-hand side of this 
equation. = Dye yr 

es & 2iSy 
A convenient form for the multipli- 33 —9 ey + xy 

cation and addition is shown at the ay — 2ay? + 43 
right. Place the two polynomials as 3s — yy — zy? + 8 
indicated; first multiply by x and 

then by y, placing like terms in a column. Then add the 
columns. 

In this example x? — 2 zy + y? is the multiplicand and x + y 

is the multiplier. 
If the terms of the multiplicand and the multiplier are given 

to you in a hit-or-miss order, they should first be arranged 

according to descending (or ascending) powers of some letter. 

For example, 3x2 + 1272+ 16+ 32% should be arranged as 
3 23 + 122? +32 +16 (descending order of powers of x) or 

as 164+ 32+122?+ 3-23 (ascending order). The multipli- 
cand and the multiplier should be in the same order, either both 

ascending or both descending. 

(1) Multiply as indicated: 

(a) 2a? —3ab+ 50 (b) 3% —5 (c) a+b 
3a —2b 2%+3 e+d 

To check, use any values of the letters you wish. The value 

of the multiplicand multiplied by the value of the multiplier 

should equal the value of the product. 

To multiply one polynomial by another polynomial, 

multiply each term of the first one by each term of the 

second one and add the results. 
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Exercises 

Multiply as indicated: 

1. (x + 3)(a — 4) 16. 

2. (24+ 35)(a — dD) 172 

3. (2a — 5)(8a + 2) 18. 

4. (a+ b)(e + d) 19. 

5. (a — b)(e + d) 20. 

6. (2%+ 3)(8 2 — 2) yas 

7 (a+ 8)(a + 2) 22. 

8 (x —3y)(2r%+4+ 3y) 23. 

9. (a — b)(c — ad) 24. 

10. (a + b)(c — d) 25. 

11. (8b —4c)(80+4c) 26. 

12. (36 —4c)(2c+ 8d) 27. 

13. (4% — 5)(4x%+ 5) 28. 

14. (Tn — 8)\(7n + 8) 29. 

15. (824 —4)(82 — 4) 30. 

(224+4y)(% —3y) 

(n + 7)(n — 5) 

(2a —3b)(a — 45) 

(62 —3y)8x+4y) 

(a + b)(a + B) 

(a + b)(a — b) 

(a? + b)(a? — 26) 

(a? + b?)(@? — 2 6?) 

(2? — y?) (x? + -y”) 

(m? — 2 n?)(m? — 2 7?) 

(4s — 8)(2s? + 8) 
(a* + b*)(3 a3 — b3) 

(2 ay — 1) xy + 1) 
(2 — 3)? 

(22% +3 y)? 

31. What is the difference in meaning between the two 
expressions below? Find the value of each when x = 4. 

(b) 22 —3(8x+4+4) (a) (2% —3)8x + 4) 

Find the values of these expressions when n is 3, — 3, 24, and 

— 24. (Evaluate the parentheses first.) 

35. 

36. 

' 32. 3n — 2(n+ 5) 

33. (3 n — 2)(n + 5) 

34. (n + 4)(n — 8) 

Multiply as indicated: 

38. (7? —22+1)(% —1) 

39. (2? +22+1)(¢+4+1) 

37 

41 

n + 4(n — 8) 

(8 n — 2)? 

(2n + 3)(2n — 8) 

(v? —-22%+1)(2+4+1) 

(7? +2 % + 1)@— 1) 
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42. (—6xyt+9y’)(@—3y) 46. (x? — ay + y2)(e@ + y) 
43. (x? — 6x + 8)(x + 2) 47. (x? + xy + y’)(x — y) 
44. (?—Tay+12y)(x-38y) 48. (2-—3a@ — a)(a — 1) 

45. (n? —5n?+ 2)(n? —2n) 49. (€C -224 3)(2 + c) 

50. (2? +2+1)(@ —2x+1) 

S51. @? +3224 22 —1)@~— 1) 

62. (x§ —32?+ 32 —1)(@ —1) 

53. (5 y? — 2 — 3y)(3 — y) 

54. (8a? + 2 — 5a)(4a — 8) 

55. (a —5+ 2a — 8a*)(2 +a) 

Expressions Involving Multiplication 

of Binomiais 

It is easy to make mistakes in signs in working with the 
expressions below. Study the example so that you will know 

how to avoid these mistakes. 

Multiply as indicated and combine like terms: 

5a — (2x+ 8)(82 — 4) 

This expression says that you should subtract the product 

of the two quantities in parentheses from 5x. To do this, first 

multiply (22 + 3) by (82 — 4). Then, when you have found 
the product, put it in a parenthesis and substitute it in the 

expression in place of the indicated product, (2 x + 3)(8r — 4), 
in order that the expression may say the same thing now as it 

did originally. Thus: 

5a — (224+ 3)82—4) =52 —- 62 +2 —12) 
=5x-627—x4+4+12 

= —62?+427+12 

To check, substitute any number you wish, say 2, for x in 

the given example and in the answer. 

CHECK. 5x2 —(22+3)(3x —4)=10 —(7)(2)=10 —14=—-4 

—6e+4274+12 = —24+8+4+12=-4 
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In similar expressions where you have to add or subtract the 
product of binomials, perform the operations in the following 

order: 

1. Carry out the indicated multiplications. 

2. Substitute the product thus found in a parenthesis. 

8. Perform the additional operations indicated. 

Exercises 

Multiply as indicated and combine like terms: 

a ee — ee ee ee ao fF Oo De OS 

nop eF » &» Fe 2 Ol Ome eC 

$0.5 ae Coe a ee Oe 

5n — (2n — 3)(8n — 2) 

. 5n+ (2n — 3)(8n — 2) 

5n+2n — 38(8n — 2) 

5n+2n+ 88 — 2) 

182+ (2x2 — 5)(5a — 2) 

182 — (2% — 5)(52 — 2) 

182 —22+ 5(5a — 2) 

. 2a— (a+ 3)(a —3)+a@ 

. 2a+ (@ — 8)\(a+ 8) + @& 

. (2a+8))(a —7b) + 9ab 

. (2a—30))(5a+7b) —9ab 

. 8a(2a — b) — 5a(a+ 5) 

. 8a(2a — b) + 5a(a+ BD) 

» (& ~3)@4+ 2) 4+ @ +4) —O 

(¢ — 3)\@ +2) —-@+4)@—-7) 

5(8 x — 4)(a + 7) 

(2x —3)(2x +8) — (44 —5)(4z + 5) 

(22 —1'+ (22+1) 
(2% —1)? — (24+1)? 

x—38x-+ 2a + 4)(x — 7) 

. 86 —22)(4 —52)— 2(7 —22) 
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22. 2b(3a — 6b) —8a(a+ 2b) 

23. (82 — 4)? + (8a — 5)? 

24. (8x — 4)? — (8a — 5)? 

25. (2a + b)(2a — b) — (a + b)(a — BD) 

26. (7x —2y)(6x — 5y) —38a(x —4y) 

27. Ap — 3)(8p + 5)2p — 7) 
28. (R + 7r)(R — 1) — (R — 1)? 

29. 4ab — (a + 25)? 

30. (a + 6)? 

31. The width of a rectangle is 3 inches less than the side n 
of a square; the length is 5 inches more than the side of the 
square. The area of the square is 7 square inches more than 

the area of the rectangle. Express in terms of n — 

(a) the length and the width of the rectangle. 

(6) the area of the square. 

(c) the area of the rectangle. 

(d) Write the second sentence of the problem as an equation. 

(e) Solve the equation to find the dimensions of the square 
and the rectangle. 

Exponents in Division 

You have learned to perform multiplication like n* x n* by 

adding the exponents. Since division is the inverse of multipli- 
cation, you can easily see that if n* x n> = n8, then n’ + n> = n3 

or n§ + n? = n°. 

Another way to analyze this division example is shown below. 

8 _ MON! N'N _ 43 

n* MH HH 

(1) Using either of the above methods of reasoning, find the 

following quotients: 

ne n' n' 25 @o* o5 OF @F 
(2) Can you write a short-cut rule for dividing such numbers? 
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To find the exponent of the quotient of two powers 
having like bases, subtract the exponent in the divisor 

from the exponent in the dividend. 

Thus, M = n? and m =n, Stated algebraically, the ruleis: 

a™ 

a” 

(8) hs 20+ 25 = 22 [ep 2ieen22 9147 Ishi oar 
Explain your answers. 

If you continue your study of algebra, you will learn about 

logarithms. By means of logarithms difficult multiplications 

and divisions are done by simply adding and subtracting 

exponents. In such work a table of powers of 10 is used. (See 

the table of powers of 2 at the top of the next page.) 

ti PEL 

Exercises 

Divide as indicated: 

ree hy 6 ae 11. a’ + (— a’) 

2+ y'! 7. 65 +6 12. —n*+(—n) 

3. c +e 8; 35 =3 13. 7 = 7? 

4. 2° + 23 9. d’ + dé 14. 7 + x5 

5. 35 + 3 10. b> + (— b?) 15. x8 + x3 

cé b? 6b 3! 32 
16. — 20. — 24, — ._= -_= o? b aie! Stag are 

n> b3 25 105 103 
17. — 21. — 25. — 29. =—— —— een b 2 iors 6 ego 

né — at 28 28 10° 
ig, SS 225 — i see a = 26. 5 30. 5 34. Fo: 

a> b3 a’ 104 47 
19. — 23r 27, — -_=— -_ > 

a3 —b at a 10 =f 45 

86. a°* + a? 39. 34 + 34 42. c™-3 + (2 

87. a? + a? 40. a* + a 48. 3¢ + 3 

88. 07-1 + 6 41, grt? + grt 44. 5? +5 
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A table such as the one below is useful in multiplication and 
division. 

2 =2 2‘ = 16 2’ = 128 2 = 1024 

2=4 © = 32 $ = 256 2" = 2048 
2 = 2° = 64 2° = 512 22 = 4096 

EXAMPLE 1. Using the table, multiply 128 by 16. 

128 = 2’, 16 = 24; 27.2! = 2u = 2048 

Hence, 128 x 16 = 2048. Check your answer by multi- 
plication. 

EXAMPLE 2. Divide 4096 by 256. 

A096 = 2%, 256 = 28, 2% = 2? = 2! = 16 

Hence, 4096 + 256 = 16. Check this answer by division. 

Using the table: 

(a) Multiply 256 by 8; 32 by 128; 512 by 8. 

(b) Divide 2048 by 256; 4096 by 128; 4096 by 382. 

Dividing a Monomial by a Monomial 

You have learned that a = a(2) or (¢) b. (Try this with 

ot This means that any sine in the numerator of a 

fraction may be divided by any factor in the denominator. For 

example, to divide 6 a'b? by 3 a’, write it as S“*, then divide 
6 by 3, a? by a*, and b? by b. Thus, ue = 2.00. 

(1) Are the following examples correct? 

(a) 96% = 3 ab (c) 82% — 6 ab? 

6 a3b? _ 15 xy’ _ 5 0 (b) ae 6 a*b (d) 5 ay? 5 x2 

Remember that any example in division may be checked by 

‘multiplying the divisor by the quotient. The result should be 

-the dividend. 
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Divide as indicated: 

1.10% +2 

2.107% +2 

3. xt = x3 

4. 52x* + x3 

5. 15a? + 5 

6. 15a? +a 

7. Sey +65 

8. 5ay +2 

9. Day +52 

— 32 p? 

Sil 
4 p 

a2b3 
32. en 

an WAS 
33. 

2 a 

1 a4? 
————— 

— 3 xy? 

FIRST-YEAR ALGEBRA 

Exercises 

10. 5xy + xy 19. 

11. 102 +22 20. 

12. —15274*+32 oT 

13. 20y° +4 y? 22, 

144 220 p' ho po eas 

15. —12n7 +47n' 24. 

16. 1825 +32 25. 

17. — 1621 + x 26. 

18. —1627'+—4 23 YY 

28. a2b? + ab? 

29. mn? + mn 

30. 24 stt? + (— 3 s*t) 

— 18 x 
35.0 = & ky 39 

— 4a‘b%c 
36. ——_—__ E 

— 2a%b3 = 

4 eu 

ma W fe : : 
9 xy? oe 

20 arty? 
38. Soa 42. 

Perform the indicated operations: 

43 

44. 

6 ab 

4 ab(7 a2) 
" — 14 a'3 

4 ab?(— 5 ab?) 
19 a?b? 

45, (— 8 ab?)? 

24 a? + 643 

8a’ + 2a 

8 a’b + ab 

8 a?b + 2a? 

8 ab + 2 a2 

(—5a’) +-1 

ryt + x5 

—5n'=+5 

54 p? +— 6p 

(5 x)? 

35 x + 14 xy 
rate: 

ag, (8.0b7)?(— 6 a%b) 
(3 a®b?)? 

— 20 ab) (5 ab)?( 47. - 
ab 

48 (a*t1)2q2n 

qint2 
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Dividing a Polynomial by a Monomial 

Use several values of a and 6 to check the correctness of the 

sah? = =a 8. This principle gives us the 

rule for dividing a polynomial by a monomial. 

following statement: 

To divide a polynomial by a monomial, divide each term 
of the polynomial by the monomial and add the results. 

(1) Find two mistakes in the following. Tell what is wrong. 

(a) 22489 _aiay (c) Ptettietes 

@) 29+? Wat @ Bt _a+y 

Check division by multiplying the divisor by the quotient. 
The result should be the dividend. 

Thus, “+ * =2¢--ingee +1) = 2 + x. 
7 

In the following set of examples you will find division of 

monomials by monomials as well as polynomials by monomials. 

Be sure to distinguish between the two kinds of examples. 

Exercises 

Divide as indicated: 

1. (2a +66) +2 11. (56+ br) +b 

2. (2a —6b) +2 12. (6% — 12) +6 

3. (ax + ay) +a 13. vets 

4, (abe + ary) +a i an ie 

5. 6a +2 : 3 

6. 6Ga+4 15. a4) 

7. (bx? + by’) +b 
3 ab 

8. (- ba + by) + 6 16. gt 

9, Ga+ —i2 mn = Bab 

10. 3ab +b =i 
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18. =3® 32. wrens 

19. 9a —4ab 33. a—a 

a a 

20. ga” 34. a+2a 
a 

21. Baty go, Ut ee te 

29. 157 - 10 y 36. ak? — xr? 

Tv 

gg, 20-8466 37. —e +20 —% 

24. oa — 304 6e 38. =e 

25. tet yas — 21 39. ae 

8x —6y-—2 ab? — ab? 
26... 2 9 40. ah 

27. —Htte-s i ee 
= a 

gg, $2 —2e 42. ieee 

ih ele a3, Tye — wy" + ry 
2h a — xy 

30. 18 a* + 6 at a4, Vx y — 5 ary? 

a 3 a : ax’y 

31, 22y — 8 x 45, 2-80 — 2.1 ab? 
oe ; 7a 

ss, Uo 4O 48242 
0.1 

47. 15 ab? — 10 a2b3 + 25 ashe 
oa 5 ab? 

ag, 39 atyz’ — 65 xy28 — 78 ay?2? 
13 xyz® 
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Dividing a Polynomial by a Polynomial 

Long division in algebra, like long division in arithmetic, 
will cause you no difficulty if you remember that it is really 
a series of subtractions. 

To divide 17 by 5, you could subtract 5 from 17, 
then subtract 5 from the remainder, and so on 

until the remainder is less than 5. In this case, 

you subtract 5 three times and the remainder is 2. 
Hence 17 + 5 = 82. 

In this example, you subtracted the divisor only 

once on each subtraction. With larger numbers this 

procedure would take too long so that the divisor is 
subtracted several times on each subtraction. For 
example, let us divide 3924 by 27. You say, “27 

goes into 39 once.” This really means that “27 goes 
into 3924 one hundred times.”’ You then subtract 

one hundred times 27 from 3294, as shown at the 

right. The result is the same as if you subtracted 

27 separately one hundred times from 3924. You 

now have 1224 left of your original number and 
you keep on subtracting. “27 goes into 122 four 
times;”’ that is, “27 goes into 1224 forty times.” 

You subtract 40 * 27 or 1080 from 1224 and have 

144 left. “27 goes into 144 five times”’ and you sub- 
tract 5 & 27 or 135 from 144. The remainder is 9. 

17 
> 
12 

rolex -alen 

100 
27 | 3924 

2700 
1224 

40 

a | 1224 

1080 
144 

5 

27 | 144 

135 
9 

Putting these three steps together, your work looks like 

this. In all you have subtracted 27, 100 + 40 + 5 times 
and the remainder is 9. Hence 3924 + 27 = 1455% 
or 1454. Ordinarily you do not put in the zeros as 

you divide and you do not “bring down” numbers 
until you need them. They are put in here to make 

it plainer to you that long division is a series of sub- 

tractions. You keep on subtracting until the re- 

inainder is less than the divisor. 

You should now be able to understand the method 

of dividing a polynomial by a polynomial. Like 

long division in arithmetic, it consists mainly of a 

succession of subtractions. 

ad 

+) 

40 
100 

27 | 3924 
2700 
1224 
1080 
144 
135 

9 
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EXAMPLE 1. Divide 62? + 22 —12%+8xby2z2—-1 

(1) Put your work in the following form: 

2x%—1/6e+2? —127+8 

(2) Divide the first term of the dividend by the first term of 
the divisor: 6x? + 22 =372%. This tells you how many times 

to subtract 2x — 1 from the dividend. Find 3 x? times 2% — 1 
(It is 6 x? — 3 2?.) and subtract. The remainder is 4 x? — 122 

+8. Put 3 2 as the first term of the quotient. 

3 4 

2x—-1\/6e2+4+ 2-—-1224+8 
6 «3 — 3 x? 

42?°—122+8 

(3) Now consider the remainder 4 x? — 127+ 8 as a new 
dividend and proceed as before. Divide the first term of the 

remainder by the first term of the divisor: 422 +22 =2¢2. 
Subtract 2 x times 2x — 1 (Itis 4 2? — 2.) from the remainder; 
this gives — 10x + 8 asthe new remainder. Put + 2xasthe 
second term of the quotient. 

eee 

2x—-1)6234+ 2? -—-1227+8 
eat pas moe 

ear bck 

AVL — Re 

—107+8 

The remainder, — 10x + 8, is what you have left of the 

original polynomial after subtracting the divisor (3 x? + 2 2) 
times. 

. (4) Proceed as before. —10x2+22=—5. Subtract —5 
times 2x — 1 from the remainder. Put — 5 as the third term 
of the quotient. Soe at F 

22 —-1/625+4 v’—122+8 
62° — 3 x? 

4x? —12x%+8 
4x — 22 

—10%+ 8 
—102+5 

3 
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(5) Since the remainder, 8, no longer contains the first term 
of the divisor, you know that the division is completed. The 

answer is 3227+22—5+4+ pase that is, the divisor has been 

subtracted from the dividend (8 x2 + 2% — 5) times with a 
remainder of 3. 

To check, multiply 3 2? + 22 — 5 by 2x — land then add 3 
to the result. 

Note that while in arithmetic you can write a remainder next 
to the quotient as 32, without any sign between, in algebra the 
plus sign is necessary. Why? 

EXAMPLE 2. Divide — 7x — 20+ 622by4+4+ 82. 

We first arrange the terms of the dividend and the divisor 
according to some regular order, in this case according to the 
descending powers of x. 

2x — 5 

82+4\/62?— Tx — 20 (1) How do we get the 2 x? 
627+ 82 (2) How do we get 6 x? + 8 x? 

— 152 — 20 (3) How do we get — 15 2 — 20? 
— 152 — 20 (4) How do we obtain — 5? 

Check this solution by multiplication. 

Divide 6 x? — 7x — 20 by 2x — 5. Compare this exercise 

with the preceding example. 

Exercises 

Divide as indicated: 

1.@¢+6a+8bya+4 

. &+8b4+15byb+3 

ce —3c—28byce—7 

nm? —12n —28byn+2 

eta —-2ybyx-—y 

62? — 282+ 30 by 2x —6 

100? —116+3by26—-1 

ew? —12%7%+4+40 by x —6 

6a? —1384a+7by2a—83 oP APRA Pw pw 
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10. c® —c—20byc+4 

11. p? —p — 30 by p+ 5 

12. a2 —6ab+9b? bya — 3b 

13. 80 + 7ab?+30°+5b3 by 3a4+26 

14. 6a? —12 —-2a+a* by & —2 

In the dividend of Ex. 21 below there is no x? term. Write 
the dividend as x? + 0272+ 62z-+4 and proceed as usual. 

Whenever a term is missing from the dividend, you should write 

it in with a zero coefficient. 

15. 2°+62+4byr+2 19. 4-—622+32byxr+5 

16. 2 +42—3byx+5 20. «7? —8byx —2 

17. 2 —62?+1byx42 21. p? —125 by p —5 

18. 5x+6272—-—4by2x—1 22. 8x3 —1lby2x2—-1 

Meaning of Literal Numbers’ 

In the last three chapters you have for the most part been 

working with letters without substituting arithmetic numbers 
for them. In this kind of work it is easy to lose sight of the 

fact that letters in algebra are numbers. If you are to continue 

your study with real understanding, you must remember this 

fact, and also that the letters sometimes represent ‘‘any num- 
ber”? and sometimes ‘‘some number” or ‘‘some numbers.” 
The exercises that follow in which the letters are used in equa- 

tions should help you to a fuller appreciation of these facts. 

Carry out the exercises in the following manner: 

1. State what each equation says in words. 

For example, the equation in Ex. 3 says in words: ‘If I have 
two numbers, add them, subtract the second from the first, 
and then multiply the one result by the other, I will get the 
same number as if I squared both numbers and then subtracted 
the second square from the first square.”’ Reading the state- 
ments in words should help you to remember not only that 
the letters are numbers, but should show you how much more 

‘TO THE TEACHER. See Note 17 on page 461. 
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briefly and simply general statements about numbers can be 
made by using algebraic symbols. 

2. Choose numerical values for the letters, substitute 

them in the equations, and decide in which equations the 
letters may be “any numbers.” 

If you find that you can substitute any value you please for 

the letters and the equation still remains true, you have the 

situation in which the letters represent ‘‘any numbers.” 

If you find that the algebraic statements are true for only a 
few numbers or for only one number, you have the case where 

the letters represent ‘‘some numbers” or “‘some number.” 

3. Perform the operations indicated on the left side of 
each equation to see if you get what is on the right side in 

order to tell in which equations the letters may be “any 

numbers.” 

In 2. above, substituting only a few numbers is not sufficient 
to show that an equation is true for all numbers. It might 

be true for just a few numbers and not for others. You can 

readily see that it might take a long time by this method to 

determine whether or not an algebraic statement is true for 

all numbers. The procedure of (3) will give you a more 

practical method of doing this. 
If you perform the operations indicated on the left side of 

an equation and get what is on the right side of the equation, 

you know that the algebraic statement is true in general and 

that the letters may be “‘any numbers.” If the left side of 

the equation does not turn out to be the same as the right 
side, you know that the statement is not true for all numbers. 
Some of these equations may be untrue in general unless some 

or all of the letters are zero while others may be true only for 

“some numbers” or ‘‘some one number.” 

CAUTION. Some statements are true for all values of the 

letters except a special few. For example, = = =a+b 

unless a = b. If a = 6, both the numerator and the denomi- 

nator are zero and the value of the left side of the equation 

cannot be determined. 



218 FIRST-YEAR ALGEBRA 

Exercises 

1. 7Ta+2a-—-5a=4a 4. a(b —c) = ab — a 

2. 3a+ 6) =3a+56 5. a—(b+c) =a—b+e 

3. (a + b)(a — b) = a? — B 6. a —(b-—c) =a—b+e 

-% a+b(e+d) =a+be + bd 

8. (a + b)(c + d) = ac + be 4+ ad + bd 

9. (n+4)(n+3) =n? +4n+4+18 

(NoTE ON Ex. 9. If you tried n = 2 in this equation, with- 

out further investigation, you might be led to believe it is 

true for any number. If, however, you try any other number 

you will find it is not true. When you multiply n + 4 by 

n + 8, you will show in another way that the statement is 

not true in general. This is a case where the letter means 

“some number.” It is true only for n = 2.) 

a+b_a Git — CO. ee ae 
10. 3 resent 12. ai saa 313 3 

11. ab = (4.a)(45) 13. (a+ bd)? =a@+2ab4 8 

14. (n+ 5)\(2n — 3) =2n2°+7n —15 

WVw+3n—5 _ 5 
15. eo Le BD adag 

(Is this statement true for n = 2?) 

16. (a + b)(@ — ab + 3?) = a? 4+ 3 

17. (a — b)(a2 + ab 4+ 0B?) = a? — 83 

Chapter Summary 

This chapter has broadened your knowledge of multiplication 
and division of algebraic numbers by showing you how these 
processes work when you are dealing with exponents, mono- 
mials, powers of monomials, and various combinations of mono- 
mials, binomials, and polynomials. 

You should review the rules developed for multiplying and 
dividing these expressions and go back and do at least one 
typical example in each set of exercises. 

- re 
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Chapter Review 

. Read each of the following in two ways: n?2, n’, ab?, a°b2. 

Does n? meann+n+norn Xn Xn? 

Does 3 mean 8 times n,n ++, orn Xn” X Nn? 

Does 5 6b? mean 5 times} +0+0,56x5b 5b, or 
5 X b xb > bf 

5. Does (5b)? meand5bxX5bx5bor5xXbdxbdx 0b? 

6. Explain by using the meanings of x* and x? why it is that 
x-x3is 28. Also why x + 2x3 is 22. 

7. Does 2? x 23 = 45? Explain. 

State each of the following in words: 

o. 2" 7? = 7 10. a X 0.= 0 

9.5a8i= 2 = 7? 11. a + 0 is impossible 

Multiply as indicated: 

12. a? x at 15. 65x B® x BP 

13. —a@ x a3 16. 23 « 24 

14. —ax -—-@ 17. 107-4 x 103-6 

Divide as indicated: 
78 54 ed n® 

=— a 22 18. = 20. 2 ee 
a? 37 larg 

19, a1. &, 23. 7 

24. What are the steps in multiplying 2 a*b?c by 3 ab??. What 

principles of multiplication are involved? (See page 195.) 

Multiply as indicated: 

25. (+ 2)(7 6) 29. (— 5 ab) 

26. (+ b)(7 5b) 30. (5 xy)(— 8 xy’) (x?) 

27. (3 a)(b) 31. (— 7 xy?z)(— 4 xy%2°) 

28. (3 ab)? 32. (3 a?)?(— ab) (9 abic?) 

33. State in words: a(b+c+d) =ab+ac+ ad. What 

is the rule for multiplying a polynomial by a monomial? 
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Perform the indicated operations: 

34. 

35. 

36. 

5(2a +35) 37. — 3a(a? — b?) 

— 5(2a — 3b) 38. 2 a(a’b) 

— 5(— 2a — 3b) 39. a(a? — 2ab + 6?) 

40. x(x? — x2 + 4 — 1) 

41. 2 mn(5 m? — 3 n) 

42. 3x4 + 2(6% — 5) 

43. 3x” — 2(6z% — 5) 

44. —3(827 —4y) 4+ 5(42 —38y) 

45. x2(x? —24%)— x3(x — 1) 

Perform the indicated operations: 

46. (a + b)(c + d) 51. 3x2 —4(22 + 8) 

47. (a —2b)(2a+ 36) 52. (82 —4)(22 + 8) 

48. (8% —4)(82 + 4) 53. (2? — y?)(a + y) 

49. (5a — 2b)? 54. (a? — 2 b2)(8 a2 + 5 B?) 

50. (a + b)$ 65. (2 +22%+1)(22 — 8) 

56. Tn — (8n+ 2)(8n — 2) 

57. (2% — 3)(8x2 — 2) — S5(x 4+ 2)? 

58. Does (a — b)? = (6 — a)?? How do you account for your 
answer? 

Divide as indicated: 

59. 

60. 

61. 

62. 

63. 

64. 

65. 

8a+2 66. — 24 a°b’e + — 6 be 

8a+a 67. 24 a%b’ec + — 6 abe 

8a+4a 68. 6a —12b 

24 a?b +a 3 

24 a? + ab gna al 
24 ab + 6a? : abc + abc? 
— 24 a°b’c + abc ; abc 
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CUMULATIVE REVIEW! 

The purpose of the cumulative reviews in this book is to 
keep you refreshed on the various processes that have been 
used and to cause you to go over again the ideas that have 
been presented in the course. As you work the exercises, 
turn back to the text and review anything on which you are 
hazy. We make newly learned things a part of our permanent 
mental capital only by fixing them firmly in memory and re- 
viewing their relationships in the larger way that our advancing 

_ knowledge makes possible. 

Evaluate each of these expressions for a = 3 and 6b =— 2, 
(Use x = 22. 

1L a ras 
1. 5 ab 4, 3 +b as 3 

2, 2+? 5, 208 8. ra(a + b) 
b = 9. 7a2b 

ats ty 10. «(a — b)? 

Find the value of each of the following when ais 5 and bis — 4: 

11. 2ab 16. 2a’b 21. 4(3a — 2b) 

12. 2a+56 17. 22 abe 
a2, 2+ 

13. a+2b 18. a(a + b) 5 

14. a? + 0? 19. a — (a — dD) os a+b 

15. (a + b)? 20.5b-—7 “2a—5b 

Find the value of each of the following for the values given: 

24. a? +200; a=—7,b6=3 

25. x+3(¢+2); x =9 

26. (c+ 3)(ex +2); x =9 

a7, 2443?) g=2,b=9 

b oo b= 8, C= 1 28. c 

1TO THE TEACHER. See Note 18 on page 461. 
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29. What is the value of 3? — 23 + 3(2?) — 13? 

30. Match the word phrases at the left with the formulas at 
the right. Then cover the right-hand column and write the 
formulas which correspond to the word phrases. 

(a) Area of a rectangle 1.A=4bh 
(b) Volume of a cylinder 2. p=3a 
(c) Perimeter of a triangle a =e? 
(d) Distance formula re ea 
(e) Area of a circle 5. p=20+w) 
(f) Perimeter of an equilateral 6 po fb te 

triangle 7 Wy tik 

(g) Area of a parallelogram , qa 
(h) Perimeter of a rectangle S. ik 
(7) Circumference of a circle 9. A = lw 
(j) Perimeter of a square 10 p= 2s 
(k) Volume of a cube 11. A = bh 
(l) Area of a triangle 12, A = 3 
(m) Volume of a rectangular solid 13. ¢ = prt 
(n) Simple interest formula 14. V = arh 

(o) Area of a square 15... 6 = Zar 

31. What is the perimeter of a triangle whose sides are 54 ft., 
3? ft., and 34 ft.? 

32. What is the perimeter of a rectangle whose length is 
6.7 ft. and whose width is 4.3 ft.? 

33. Find the area of a rectangle whose length is 6.7 ft. and 
whose width is 4.3 ft. 

- 34. What is the area of a rectangle whose length is 8.5 ft. and 
whose width is 4.8 ft.? 

35. What is the area of a triangle whose base is 124 in. and 
whose height is 41 in.? 

36. What is the area of a triangle whose base is 124 ft. and 
whose altitude is 7# ft.? 

37. How many cubic yards of earth will it take to fill a 
rectangular ditch 15 ft. long, 2 ft. wide, and 8 ft. deep? 
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38. What is the volume of a cube whose edge is 2.5in.? Give 
the answer to the nearest tenth. 

39. Which of these formulas. states the rule for finding the 
interest on any principal for one year at 6%? 

: 6 . , ) @)i-f2 Wi=6p (i=06p Mi-skp 
40. What is the value of 7 in the formula 7 = prt, when 

p> = 150, r = .045, and ¢ = 3? 

41. What is the interest on $460 for 2 years at 6%? 

42. How long will it take $1000 to earn $500 interest when 
it is invested at 6% simple interest? 

43. Write as a formula: The total surface S of a cylinder is 
equal to 2 rr times the sum of the radius r and the height h. 

44, Write a formula for changing f ft. and 7 in. to inches. 

45. Write a formula for changing p lb. and n oz. to ounces. 

46. Make a formula for the number of gallons of water that 

may be placed in a rectangular tank / ft. by wft. byhft. (1 cu. 

ft. = 74 gal.) 

47. A certain club asks an initiation fee of 50 cents and dues 
of 10 centsa month. Write a formula for finding C, the cost in 

dollars of membership in this club for any number of months n. 

48. How many cents are there in a quarters, b dimes, and 

c nickels? 

49. If Madge earned $4 in hours, what did she earn in 

1 hour, assuming that she earned the same amount each hour? 

50. How far will a train travel in 1 hour if it travels m miles 

in h hours? 

51. If the perimeter of a square is n ft., what is the length of 

each side? 

52. If the area of a square is n sq. ft., what is the length of 

each side? 
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53. How many yards are there in x ft.? 

54. The price in dollars of a sweater isc. At a discount of 

25% what will it cost? 

55. How many factors has 3 abc? If you wished to multiply 
this expression by 6, how many factors would you multiply by 6? 

56. How many terms has 3a +26+5c? If you wished 
to multiply this expression by 6, how many of the terms would 

you multiply by 6? 

57. In order to multiply an indicated product by 3, multiply 
_?_ factor(s) by 3. 

58. In order to multiply an indicated sum by three, multiply 

_? addend(s) by 3. 

59. The value of 6 x — 10 depends upon _?_ 

60. The distance Fred can ride on his bicycle at an average 
rate of 5 miles an hour depends upon the _?_ he spends riding. 

61. From astudy of the temperature graph at the bottom of 
the page answer the questions below. 

(a) What was the temperature at 9 o’clock? at 11 o’clock? 
at 4 o’clock? 

(b) At what hours was the temperature 8°? 
(c) When was the temperature the highest? 
(d) Does temperature depend upon the time of day only? 
(e) Would this graph serve as a picture of temperature condi- 

tions every day of the year? for a particular date every year? 

HOURLY TEMPERATURE GRAPH 

eg ac ECE 
ped 

i (2) SRSRSADo SRRERERELACE Re 
DASE E AUARERAZN ESSERE 
BASLE USNBEREEeGe ease 
peel ea bebe br sia eae eee 
BRSERMARR ARBRE aoe 

Abi bt 

Temperature in degrees 
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62. The area of a square depends upon the _?_ of a _?_ 

63. The volume of a cylinder depends upon its _?_ and upon 
the _?_ of the circular base. 

64. The formula A = zr? shows that the area of a _?_ 
depends upon its 

65. If a = b — c and ¢ increases, a __?_. 

66. Does the value of 2a + 36 — 5c increase or decrease 
when ¢ increases? 

67. The number of yards of wallpaper pores needed to go 
around a rectangular room depends upon the _?_ and _?_ of 
the room. 

68. The graph at the right, below, shows the interest for one 
year on the number of dollars invested at 4%. 

(a) What does the horizontal scale on this graph show? 

(b) Complete the following 
sentence by supplying the miss- 

ing word: One large space on 

the vertical scale represents 
dollars. 

(c) Use the graph to find 
how much interest you would 

get per year on $300; on 
$250; on $200; on $150; on 

$350; on $50. , 

(d) Use the graph to tell 0 em sey ‘i poe ae 500 
how much a man would need 
to invest at 4% to get $8 interest per year; $10 interest; 

$6 interest; $2 interest; $18 interest. 

(e) Use the interest graph to complete the following table. 

Copy the table. Do not write in the book. 

Interest in dollars 
onan 
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69. Make a table which contains pairs of corresponding 

numbers for the formula A = h + 10 when h is 2, 4, 6, 8, 10. 

70. Copy and complete the table, using the formula 

p=2a+3. 

a pee 1s: 4) 5 

5 11 

71. Make a table for the formula F = 2C + 32, using the 
values C = 0, 10, 20, 30, 60, 80, 100. 

72. Write an equation from which each one of the following 
tables could be obtained. Make a graph for each. 

Os lee eas 1 |.o-] sti 

iS |e 11 | 13 : 1/419 | 16 

73. Make a graph of the formula A = 10h. 

74. Make a graph of the formula p = 8a+2. Using the 
graph, find the value of p when a = 2.5 and the value of a when 
p = 4, 

75. Doubling each side of an equilateral triangle multiplies 
the perimeter by _?_. 

76. Doubling each side of a square multiplies the area by _?_. 

77. The formula F = $C + 82 is used to change centigrade 
degrees to Fahrenheit degrees. Does F increase or decrease 
when Cincreases? Is F trebled when C is trebled? 

78. If the length of a rectangle is 4 inches more than the 
side s of a square, and the width is 3 inches less than the side 
of the square, what is the area A of the rectangle in terms of s? 
its perimeter p in terms of s? 
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79. Write a formula for 7’, the total cost in dollars of n pounds 
of butter at c cents a pound and p dozen eggs at d cents a 
dozen. 

80. Copy and fill in the following table: 

(a) What is the difference between any two successive num- 

bers in the first row? Are the differences constant or 
variable? 

(6) What is the difference between any two successive num- 
bers in the second row? Are the differences constant or 
variable? 

(c) In the third row are the differences constant or variable? 

81. What is the simple interest on $500 at r% for 3 years? 

82. What is the area of the circle shown 

here? of the square? of the shaded surface 

between the circle and the square? (Note 
that the radius of the circle is r.) 

83. If 8 a’b%ct is the dividend and 2 a*bc 

is the divisor, what is the quotient? 

84. Divide x? — 2x2 — 24 by x — 2. Check your answer. 

85. Divide a? — a —10ab? —6b? by a—4b. Check 

your answer. 

86. Divide 4 —722?+ 723 —4x2byx-—1. Check. 

87. Divide a? — 8b? by a — 6. Check your answer. 

Solve and check: 

88. Tx — 3(4 — 5) = 31 

89. 5(2% + 5) —2(82 —2) =5 

90. (6x —4)(22+ 8) — (4x — 3)(8% + 2) =— 28 



U. S. Weather Bure 

Forecasting the weather is no longer a matter of proverbs or local signs. It 
is the science of meteorology with mathematics even more advanced than 
algebra behind it. For aviation it must be as exact as possible. Take up 
a book on advanced meteorology and you will find that in solving problems 
‘connected with the weather, as in the solution of problems in all other fields 
of science, equations are constantly employed. 

i) bo oo 
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CHAPTER IX 

EQUATIONS 

The human mind unaided is sufficient for thinking through 
quantitative problems when they are simple enough. For 
example, if a merchant buys a suit of clothes for $28 and wishes 

to sell it at a price that is a 25% advance over the buying price, 
he can determine the selling price at once. On the other hand, 

in this world of complex business, of machines and new ways 

of communication, of research into the nature of matter and life, 

quantitative relationships are often far more difficult. In 

handling them, the world has become dependent upon mathe- 

matics beyond arithmetic. 

For solving these quantitative problems of modern life, the 
equation is the master tool. With its algebraic symbols and 

definite methods of solution it is a powerful aid for the use of 

number. 

Some Facts about Equations 

Some equations are satisfied by any values of the letters. 
Others are satisfied by only particular values. Equations 

which are satisfied by all values of the letters are known as 

identical equations or identities. Equations which are true for 

only particular values of the letters are called conditional equa- 

tions or simply equations. 
If an equation has only one unknown number and this number 

occurs only with the exponent 1 and does not occur in the 

denominator of any fraction, it is called an equation of the first 

degree in one unknown. 

You have already learned that an equation of the first degree 

in one unknown is satisfied when you have found the value of 
229 
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the unknown which makes the two sides of the equation equal 
and that this value is called the root of the equation. 

Identical equations may be thought of as declarative sen- 
tences. They declare a fact; for example, (n + 3)? always 
equals n? + 6”+9. Conditional equations may be thought of 

as interrogative sentences. They ask a question. When you are 
asked to solve the equation 3 + 4 = 9, you are asked, “For 

what value of n is this equation true?”’ 

The equations you have solved so far have had the unknown 

on one side of the equation only. The other side has consisted 
of a single number, an arithmetic number. Before you can 

solve equations with the unknown on both sides, you must 

analyze more carefully what is done when you solve an 
equation. 

Before you proceed, review pages 34-36 on “Solving Equa- 
tions.”’ Be sure you understand inverse processes. 

Analyzing the Method of Solving Equations { 

When you solve the equation w + 5 = 25, you say to your- 

self, ““5 has been added to w. To find w, I must subtract 5 

from 25.” You make the subtraction and get w = 20. You 
subtracted 5 from the right 

side of the equation. Has 

it occurred to you that you 

have also subtracted 5 from 

the left side of the equation? 

We can illustrate the 
solution of the equation 

w-+65 =25 by using the 

picture at the right, where 

(w + 5) pounds on the left 
side balances 25 pounds on the right side. You do not know 
how many pounds there are in the bag and wish to find out. 

If you take the 5-pound weight from the left side, you have 
only the bag (w pounds) left. Now the scales are out of bal- 
ance. To restore the balance, you must take 5 pounds from 
the right side also. The bag now balances the 20-pound weight 

An equation is like a balance. 
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and you know that it weighs 20 pounds. To find w, you have 
taken 5 pounds from both sides. 

Now let us apply this thought to the solution of w + 5 = 25. 
You wish to have w alone on the left side. You have 5 more 
than you want; so you subtract 5 and have w left. (How much 
is 5 from w + 5?) Now your equation is out of balance. To 
restore the balance, you must subtract 5 from the right side 
also. The right side then becomes 20 and you have the solution 
w = 20. 

In symbols our explanation looks like the following: 

SOLUTION. w+5 =25 

Subtracting 5, an 

RESULT. Ww = 20 

You have subtracted 5 from both sides of the equation. 

(1) If two numbers are equal, how will the results compare 
if — 

(a) the same number is added to both of them? 
(b) the same number is subtracted from both of them? 
(c) they are both multiplied by the same number? 

(d) they are both divided by the same number? 

(The results are equal in all these cases.) 

(2) What must I do to the left side of the equation w — 5 = 25 

to have w alone? (5 has been subtracted; so to get w I must 

add 5 to w — 5.) 

(3) If I add 5 to w — 5, the result is w. 

(4) If ladd 5 to the left side of the equation, what must I do 

to the right side to keep the balance? (Add 5 to the right side.) 

(5) Write the solution of w — 5 = 25, showing what you do. 

SOLUYION. w—5 = 25 

Adding 5, 5 = 5 

RESULT. w = 30 

(6) What must you do to the left side of the equation 2 = 10 

to get m alone? (n has been multiplied by 2; so to get n I must 

divide 2 n by 2.) 
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(7) If I divide the left side of the equation by 2, what must 

I do to the right side to keep the balance? (Divide the right 

side by 2 also.) 

SOLUTION. Pik == 1) 
aiaer 2n 10 

di PA — = — Dividing by 9 5 

RESULT. a 

(9) Analyze the solution of 5 = 10 in the same way. 

SOLUTION. = = 10 

Ae: 2n 
Multiplying by 2, ea 2(10) 

RESULT. 7), == VAY) 

The important thing that you have now learned is that 

equations are solved by operating on both sides of the equation. 

You first decide what you should do to one side, and then you 
do the same thing to the other side. 

The Equation Axioms 

The principles you have just used are stated as follows: 

If the same number is added to both sides of an equa- 

tion, the results are equal. 

If the same number is subtracted from both sides of 

an equation, the results are equal. 

If both sides of an equation are multiplied by the same 
number, the results are equal. 

If both sides of an equation are divided by the same 

number, the results are equal. (Division by zero is 
excepted.) 

These are the equation axioms. They may all be summarized 
thus: 

Doing the same thing to both sides of an equation 
does not destroy the equality. 
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Exercises 

1. I have the equation 5b = 30. What do I do to both 
sides of the equation to get b = 6? 

2. I know that n + 7 = 21. What do I do to both sides 
of the equation to get n = 14? 

3. I have the equation 4 = 8. How do I get from it the 
equation n = 16? 

4. How do I get 2 = 10 from the equation 2n +1 = 11? 

5. Suppose you know that n — 4 = 8. What do you do 
to get n = 12? 

6. How do you get 5 x = 15 from the equation 5 x — 2 = 13? 

7. Ifa? +2243 = 15, how much is 22+22? How did 

you get your answer? 

8. If 8322 —42 —7 = 2, how much is 3x2 —42? How 
did you get your answer? 

9. If 6x2 -+ 4x2 = 10, how much is 322 +22? How did 
you get your answer? 

10. If 9227 + 62 = 12, how much is 3272 +22x? How did 

you get your answer? 

11. If 7? +22 =1, how muchis222+ 42? 

Solve and check the following equations. Be ready to state orally 
what you did to both sides of each equation in solving tt. You 
should be able to work from right to left us well as from left to right. 

12) 27 =-2 20. +% =9 

13. n+4= at 4 —6 = 1 

14. 32 = 22. 3y =8 

x 23. 8y=3 

eae SSE eee 
16. 4y=7 25. a+ 8 = 20 

TS ty = 26. a+24 =5 

16.4510 = 52 OT, bee 12 

19. l=y-—T7 28. 4a =2 
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99. 12% = 5 41. 2 Sill 
30. 2a =38 f : 

42.2% —-s¢ =3 
Sime? = 1 7 

32. 5n =8 43.25 

33. (n =4 44, 21 =27 — 11 

$4. 3n =5 45. pox = 7 

36.40 3:2. .9.6 46. tet 25. =,3.7 

36. y — 4.7 = 9.3 47. 4=2-—+4 

37. y+ 4.7 = 9.3 48. y+18 =34 

38. p—4 =4 49. « — 34 = 23 

39. p — 3 = 33 50-2.—5=4 

40. 2=y-—5 51. x —62=58 

Two-Step Equations 

The solution of the equations below are not different from the 

solutions you have already carried through in previous chapters 
except in the more careful way that you should think about 
each step. 

(1) Solve2x +5 =9. The left side consists of two terms. 
You wish to keep on that side only the term containing n. To 

do this, you must “get rid” of 5. Subtract 5; because of some 
of your future work you should think of it as adding — 5. 
What is the result of adding — 5 to 2 +5? (Result, 2 n.) 

_ To restore the balance, you must add — 5 to the right side 
also. Now you have 2n = 4. To solve this equation, divide 
both sides by 2. 

SOLUTION. 2n+5=9 

Adding — 5, i SS el 

Dividing by 2, n = 2 

CHECK. 4+5=9 

(2) Analyze the solution of 2” — 5 = 9 in the same way 
that the preceding solution was handled. 
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(3) Solve ry = 5. Here we shall get rid of the 3 and the 2 

on the left side by two separate steps. The 2 7 has been divided 

by 3; hence multiply both sides by 3. How much is an x 3? 
(Itis2n.) You now have 2n = 15. 

SOLUTION. cae 5 

Multiplying by 3, Zn sd 

Dividing by 2, n = 74 

CHECK. 2(7y) _ 15 _ 5 
3 3 

This equation could have been written 2” = 5. on and 2” 

mean the same thing. Check this by using several values of n. 

Each side of an equation should be simplified as much as 

possible before you begin to solve it. 

Exercises 

Solve and check these equations. Be ready to state what you did 

to both sides of each equation as you proceeded from step to step. 

at op = 17 12. 52+3-22=18 

2 2p—3=9 13. 7x —-5+22=19 

a ate 14.8462—-5-=17 
Ano 4-2 1 = 42 

15.022 24 6.17 =5 +32 ae 

7 24+3=14 = nas 

8 Tx—1=15 Sep 

9. 2x+32 = 30 reas Can ot ee 

10. 42+-72 —22 = 36 4 

11. 7x —224+32=12 19. #x%-1=4 

20. 84 n+ 384n — 52n = 108 

21. 42n —$n — 26 n = 24 

22. 64x —5¢2+15 = 21 
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23. 0.7y —O.1ly+0.7 = 13 

24. 0.52 +0.7x — 0.6 = 3.0 

25. 8n — 44 = 52 27. 84—-1$4+227=7 

26. 8n +14 = 64 28. 5a — 22 — x = 54 

Equations Involving Negative Numbers 

(1) Solve n + 6 =— 4. You wish to have n alone on the 
left side. To get rid of + 6, add — 6 to both sides. What is 

n +6 —6? How much is — 4 — 6? 

SOLUTION. n+6=-—4 
Adding — 6, n =— 10 

CHECK. —10+6=-4 

(2) Solve 2n —7 =— 10. First add +7 to both sides. 
What is 2n —7+ 7? What is —10+ 7? You then have 

2n=— 3. 

SOLUTION. 2n—7T =—10 
Adding + 7, Di = 
Dividing by 2, n=—14 

CHECK. 2(—14)-—7 =-—3-—7 =-10 

(3) Look at all the following equations: 

(a) —-n=5 (c) -n+1=8 (e) —-2n—-8 =-—5 

() —-n=-5 (dd) -—n-5=-2. (f) -2n+7=8 

In all these equations the coefficient of » is negative. To 

make it positive and therefore easier to deal with, multiply both 

sides by — 1. You will then have respectively: 

(a) n=—5 (c)n—-1=-8 (e) 2n+3=5 

(b) n=5 (d)n+5=2 (ff) 2n-—-T=-8 

Check the correctness of these statements. 

Exercises 

Solve and check the following equations: } 

1 =.6 3. —2n=-—8 

2 —-n=—7 4. —3n = 24 

1If you have difficulty in checking these equations, do again the exercises 
on page 184, 
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2n—5n=12 35 

—3n—4n =—- 21 36 

5e =— 30 37 

(ve =— 85 38 

“ Saae 40 

. —382 =-15 Pr 

—52xr =— 20 

= 2 cs 
ae meee 43 

We 44 
-n—-6=— 

t—4=+4 a 
; - 46 
.t—-4=-A4 

47 
.-x4—-8 =-12 

—10=+4 = 
Fi = 49, 
. —62 =-18 

50. 
— 9x =— 36 

51 
—2y7=A4 

—1lz =88 Teh 
. art=—-9 

53. 
. 122 =— 

3 fo — / 54. 

. 82 =— 20 55 

—7»+3=-—7 58. 

=e een 59. 

_-—-n-—-38=T7 60. 

g-4+-12=8 61 

237 

pt+bi=—-38 

—6¢@ = 15 

—5z2=-138 

—3z2=-17 

2%=-—8 

52 == 

—8x=-1 

—2x=-1 

—52=7 

= 

t+12=-8 

%—8=4 

y—2=4+2 

yt2=—2 

8-—-n=— 

—-8-n=-2 

r+5=65 

fe a7 

St = 5 

~~ 

—22r=3 

ee 

—34=-2 

2%+5= 

32+T7T=1 

32—-1=-10 

. 44-5 =- 21 

~-44%-1=-7 
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63. 6% —5 =— 20 77. 2(x — 3) =— 10 

64. 2%7+9=-2 78. 2(¢ —5) =—8 

66. 834+7=-—4 79. 3(¢ + 5) =9 

66. 3 -—-2z2%=8 80. 44 + 7) =8 

67. 5 —32=11 81. 2(2 — 5) =3 

68. 5-—2x%=-1 82. 4(4 —7) =1 

69. 3-—5x=-7 83. 3(222+1) =1 

70. —x+5=2 84. 233% -—1) =7 

711. —x-—5=-83 85. 452 +7) = 185 

7. —x+7=-—5 86. 5x —3(4 + 2) =4 

73. —«x#—li=1 87. 4x2 —3(4 — 2) =- 41 

74. —2x4+3=-7 88. 82+ 5(4+ 2) =-—6 

75. —2x—-5=9 89. Tx —3(82%+1) =-1 

7%. —324—T=4 90. 524+ 211 —42) =1 

Equations with the Unknown on Both Sides 

(1) Try to solve the equation 5n —2 =2n+18. 

Many equations in one unknown have the unknown on both 
sides of the equation and each side may have many terms — 

not just two as in the example above. All of them can be 

simplified, however, to the point where they do not have more 

than two terms onaside. The only new thing for you to learn, 

therefore, is to solve an equation like the one above. 

(2) Solve 5n + 2 =16—2n. The new thing here is the 

— 2n on the right side of the equation. You do not wish it 
to be there; so add + 2 » to both sides of the equation. (What 

is5n+2n+2? Whatis16 —2n-+2n?) You then have 
cn + 2 = 16; 

SOLUTION. 5n+2=16-—2n 
Adding + 2 n, Tn+2=16 
Adding — 2, Tin = 14 
Dividing by 7, iS 

CHECK. Left side: 5n+2 = 5(2)+2 =104+2= 12 
Right side: 16 -2n=16 — 2(2) = 16 —4 = 12 
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After a little practice you should be able to do steps such as 
adding + 2 and — 2 in one step. 

(3) Solve and check: 8(n — 2) +5n =9n+124n. 
First simplify each side as much as possible. You will get 

8n —6=10"+12. (Check the correctness of this.) 
What number on the right side do you wish to get rid of? 

What number on the left side do you wish to get rid of? What 

do you do to get rid of 10 n? What do you do to get rid of — 6? 

SOLUTION. 8(n —2)+5n =9n+124+7 

Removing parenthesis, 38n—-6+5n=9n+124+%0n 

Adding like terms, 8n —6=10n4 12 

Adding — 107, —2n—6=+12 

Multiplying by — 1, 2n+6=-—12 

Adding — 6, 2n =— 18 

Dividing by 2, n=—9 

CHECK. 
Left side: 3(n—2)+ 5n=3(—9 —2)+5(—9) = -33—45=—78 

Right side: 9n + 12 + n= 9(— 9)+12+(—9) =— 81412 -9 
=— 78 

(Note that it would have been helpful to divide both sides 
by — 2 instead of multiplying by — 1.) 

Exercises 

Solve and check the following equations: 

1.692n+1=7+4 12. 3n+2=T7-2n 

2.5n—-1=327+3 13. 5n—3 =9n —19 

8 4n—5=2n+5 14.5n+2=3n+7 

4.n+2=10-n 15. 6n—-1=2n+8 

56 Tn —2=4n+1 16. 7n —3 =4n+7 

6. 3n-—6=14-n 17. 5n+6=3n+4+7 

7. n—-6=18—3n 18. 5n+7=3n+6 

8 2n+4=n-2 19. 5n+7=8n+2 

9 3n—4=n-—10 20. 6n+8=2n-1 

10, 5n+7=2n—-8 21. 72+2=-427+11 

11. 8n-—5=74+9n a2. Tx —-2=427+410 
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23 

24 

.Ten+2=24 —4e 

~1e¢—-2=20 —42 

2—T7x =4%4+ 24 

Cel fal aa Bb 

—3x—-—8 = 8-2 — 30 

-5y—-6=9y+42 

—60+4+11 =2060+4 48 

. £— 20 = 50 —62 

. 14 =2y + 20 

. —-Ta+4=8a-41 

. —24%-T=-—82-19 

. 5y—-—8 =8y-16 

so oy = 0 

. 0=4%27+ 20 

. on —12=2n 

. d5n—-8=2n 

-38n+9=Nn 

Pin = 3°20 

Pete Oo = 12 

. “2-38 =-12 

. —~“x-3=-12 

. —#— 38 = 12 

4 tp Ore Lo 

. 2% +5 == 138 

. —4242+5= 18 

—224+5=-13 

. 2a foe 18 

2%-—-5=— 18 

—2x%-—5= 13 

—2x—5=- 13 
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53. 2y—-5+8y=114+7T7y 

. llx—-T-—42% =52¢ -19 

~2%4—-84+5¢ =224+7 

.76-4+6=36-10 

.18-54+7=3-22 

.9+ue-624 =524+421 

. 8n+ 3) = 12 

38(n — 3) = 12 

. 4, — 2) =9 

. an+l=5 

5(n — 1) = 18 

282+ 5) = 15 

. 28” —5) =—15 

OA +1) = 1 

. 2(¢ +10) = 42 

5(y — 2) = 15 

. 8(226 —4) = 18 

Te — (« —4) = 25 

—5y-—(2-y) =18 

. — (6 —22) = 24 

. 16 = (22+ 4) 

. Ge sya 17 

. 42 +5(e +2) = 46 

. 3(m — 1) = An 42) 

. 22n +1) = 8m —5) 

. (n-—5 =22n+4+6) 

- 5n4+3 = 2(n —-1) 

. 438n+1) =38(2n+4+1) 

. §m%+1) —15 =2n—-10 

. 6(n — 4) — 15 = 8(n — 8) 
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83. 2(n+1)—-3n=38(22n+38) 87. —7b+4(2b —8) =16 

84. 2 — 3) + 3(@ —2) =8 88. 56-84-25) =26442 

85. 56+ 2(4 — b) = 32 89. 6(x —3) —4(~+2) =4-2 

86. —3x+ 6(@ — 4) = 9 90. 7(6 — 2) -284+b) =0 

91. (x +3)(@ —3) = 27°+32-6 

92. (2% + 3)? = (#4+ 5)(42 — 8) -1 

Different Forms of the Same Formula 

It is often convenient to use a formula in a different form 
from that in which you learned it. For example, if you knew 
the length and width of a rectangle and wished to find the area, 

you would use A = lw. But if you knew the area and length 
and wished to find the width, it would be more convenient to 
use another form of the same formula. 

Which of the formulas below would you use if you knew 

the area and length of a rectangle and wanted to find the 
width? 

If you knew the area and the width and wanted to find the 
length, which formula would you use? 

(a) A =lw @) 1=4 (c) w = 

The three formulas above really express only one relation be- 

tween the area, length, and width of arectangle. They are differ- 

ent forms of the same equation and you could probably decide 

quite accurately what changes you could make in it because it 
is simple and you are familiar with the relations expressed by it. 

However, some of the formulas which you will later meet in 

science, mathematics, industrial arts, and general reading are 

too difficult to be changed about by a “common-sense judg- 

ment.” Fortunately mathematics furnishes you precise tools 

that make it possible for you to write all the forms of a formula 

provided that you know one form only. These tools are the 

axioms which you have already studied in connection with equa- 

tions. You will now see how useful the axioms are in changing 

the forms of formulas. 
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Changing Formulas into Other Forms 

(1) We say that the formula A = lw is solved for A; the 

formula | = a is solved for 1; the formula w = ; is solved for 

w. Read each of the formulas below and state for which letter 

each is solved: 

(a2) p=a+b+ec (b)a=p—(b+c) (c) c=p—(a+t+b) 

(2) Solve the formula A = lw for J. Think as follows: 
What has been done to the 1? (It has been multiplied by w.) 

How shall I get J alone? (Divide lw by w. Why do I divide, 
instead of subtract?) If I divide one side of the equation by w 
I must divide the other side of the equation by w. How do I 
write A + w? 

Arrange the work vertically. 

SOLUTION. A= le 

Prat A_l 
Dividing by w, - me 

A (oma A 
w w 

(The second step may be done mentally and not written.) 

(3) Solve the formula S = M+ C for M. What has been 
done to the M? How shall I get M alone? If I subtract C 

(or add — C) from one side of the equation, what must I do 
to the other side of the equation? 

SOLUTION. S=M+C 

Adding —C, S—-C=M+C-C 

S—C=M,orM =S—C 

(4) Solve the equation p = 21+ 2wforl. First, you wish 
to have all terms containing / (in this case only one term) on 
one side of the equation and all other terms on the other side. 
To get rid of 2 w, add — 2 w to both sides. 

SOLUTION. p=21+2w 

Adding -—2w, p—2w=2l 

Dividing by 2, poe =lorl = po 
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(5) State what has been done to each side of the equation in 
changing the form of each of i following: 

mole — 4 then d = 

(6) IfA => h then bh gl 

(c) epepayens thew o = 4p 

(dq) Ifp = 2b —2h, thn2b=p4+2h. 

(e) Ifa —b=c,thene+b=a. (Note that this state- 
ment indicates a check for subtraction.) 

(f) If : =c,thenbe =a. (This indicates a check for 

Exercises 

1. Divide each side of the formula lw = A by 1. What 
new formula do you obtain? 

2. Divide each side of the formula V = lwh by lw. What 
new formula do you obtain? 

3. Multiply each side of the formula A = > 2 by 2. What 

new formula do you obtain? Solve it for db. 

4. Subtract 6 from both sides of the formula p = 2a + b. 

Then solve for a. 

5. Divide each side of the formula c = rd by z. 

6. What has ee done to the formula A = bh to obtain 

the formula h = 4 

7. What must be done Uy both sides of the formula d = 

to obtain the formula r = 4d? 

8. What axiom has been used to change the formula 

S =a+) into the formula a = S — 6? 

Solve the following for x: 
of 

9. rz =d 12, —=n 
m 

10. x+m=n 13. 2arx = S. 

11. x—m=n 14) Pa V 
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Using Formulas 

When you use a formula by substituting numbers for all but 

one letter, there are two ways to find the value of the desired 

letter. (1) You can substitute the numbers in the formula first 

and solve the resulting equation, or (2) you can solve the formula 

for the desired letter first and then substitute the numbers. 

Exercises 

Using the formula given, evaluate the letter as indicated: 

TA =o: A = 36 sq. ft. l =i yw = 

9, A=lo: A = sq. in, o = 2.5in., fs 

8 p=atbtep=19ft..@=Tit..c=bi_b== 

oe ae p = 213 yd., b = 94 yd., c = 6% yd., 
fae 

5. p=2a+6; » =20 cm., 6 = 4 cm.,a¢= _7_ 

6. p=2a+56; p = 183 yd., db = 44 yd., a = _2 

7 p= 20-0; p = 26in., a = Sin. b= = 

89°99 = 2.0.-+- bispr= 2.84 The = ont Ore eee 

9. 7p = 7b; p= 24,6 =48 7 = _ 2 | 

LOse ==) 70: 9) = 20, 0 = Oe Oe 

11 = 10380 =" 10, te one 

12. p =1b; p = 160, r = .03,b = _2 

13: V = lwh; V = 42.3 cu. in l= 7.2%in., kh = 24hine 
w = _?_ (to the nearest tenth) 

14. V=Ph; V = 96 cu. ft. | = 5.6 ft., h = _*_ (to the 
nearest tenth) 

15. V = «arth; V = 125 cu. in., r = 6.2in., h = _1_ (to the 
nearest tenth) 

16. A=t¢ha+b); A=48,a=3,b=4,h =_2 

17. A=$h(a+b); A=60,h =8,a=3,b=_2 

18. C = np; C = 40, n= 12, p = 2 

19. V = Ph; V = 96, t= 4 hi = 
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Literal Equations 

In the early work of this chapter you were dealing with 
numerical equations of the first degree in one unknown; that is, 
ones in which only the unknown number is represented by a 
letter. For example, 3x = 9 and 2x — 5 = 10 are numerical 
equations where only the unknown number is represented by 
a letter — in this case, 2. 

Literal equations are ones which have at least one number in 
addition to the unknown represented by a letter. Thus, 

3x2 =b, 2x —c = 10, and 2x2 —c = k are examples of literal 

equations. Literal equations are solved in the same way as 
formulas. 

Exercises 

Solve each equation for n. You need not check. 

1n+a=b 18. n—a=b-+e 

o.-6n-=.b 19. 2a+2n=b+e 

Se n—-a= 
20. ae aay 

4,7 = 
21. —n=—4b 

a 

5. a= 

6 2n+t+a=b 
23. —n+a=bD 

7. 2an = b 
24. an+ac =) 

26. 2(n +a) =b 

27. a(n — b) =c¢ 

28. a(b —n) =C 

29. 5(n +2) = 11 

14.2n—b=5a 30. 3(n + 6) = 12= 14 

15. nt+ta=b+e 31. 3(38n—1) =4(2n+1) 

16. an =b+e 32. 8(2n+1) =4n 

noe ies 
a 

10. n—p=394q 

11. 3at+n=56b 

12. 6a+2b=2n 

13. n—5a=4 

7, =b+6¢ 33. 
a 
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Historical Note 

Algebra, as we know it, had its beginnings in the seventeenth 
century. In crude form, however, it was known to the ancient 

Egyptians. It was greatly improved by the Arabs through 
whom it was introduced into Europe largely through the Moorish 

universities in Spain. Like arithmetic (and unlike geometry), 

it is based on counting and numbers, and the literal numbers 
are a great advance over the particular numbers of arithmetic. 

The first known record of an equation solved is contained 

in an old papyrus manuscript of about 1700 B.c. which was 

copied from one written about 200 years earlier. The title 

of this papyrus is Rules for Enquiring into Nature, and for 

Knowing All That Exists, Every Mystery, Every Secret. This 
is one of the oldest books on mathematics left to us. In it, 

what little symbolism is used is crude and the method of solution 

of equations is clumsy. Most of the solutions are written out 
fully in words. You can solve equations now much more 

simply than could the greatest mathematicians of ancient 

times. 
Little was done to improve the notation of algebra or the 

method of solution of equations until the time of Diophantus 

of Alexandria, who lived about 275 A.D. He introduced a 

symbolism that was far superior to any used before, and he 
was able to write equations much as we do. Although his 

methods of solving equations were decidedly in advance of 

those used earlier, they were still awkward as compared to 

present methods. The definite recognition of the use of the 
axioms in simplifying equations is attributed to Arab writers 

-— among them Al-Khwarizmi, who lived about 825 A.p. 

Chapter Summary 

A first-degree equation in one unknown is one in which the 
unknown number occurs only with the exponent 1 and does 
not occur in the denominator of any fraction. Such an equa- 
tion may be either an identical equation or a conditional equa- 
tion. An identical equation is one that is true for all values of 
the unknown number. A conditional equation is one that is true 

wand 
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for only particular values of the unknown number. Solving 
‘wn equation is finding the value of the unknown which satisfies 
the equation; that is, the value or root which makes the two 
sides of the equation equal. 

In this chapter you first analyzed the methods you had 
previously used in solving equations with the unknown on one 
side only. You saw that to solve an equation you must operate 
on both sides of the equation. If you add a number to one side of 
an equation, you have to add the same number to the other side 
in order to keep the balance. This is true for the other opera- 
tions: subtraction, multiplication, and division. Knowledge 
of inverse processes is valuable in indicating which process to use 
in solving an equation. 

This analysis helped you to learn how to solve equations with 
the unknown on both sides, by using the axioms of the equation. 

By means of the addition and subtraction axioms you can get all 

the terms containing the unknown on one side of the equation 
and the arithmetic numbers on the other side. Then by means 

of the multiplication and division axioms you can complete the 

solution. Ability to operate with signed numbers is indispen- 

sable in solving many equations. 

Formulas may have several forms, all of which state the same 

relationship between the variables. Itis necessary to remember 

only one of the forms. The other forms may be obtained from 
the one you remember by use of the equation axioms. In 

solving for one unknown in a formula when the others are given, 

you have a choice of substituting the values first and then solv- 

ing the resulting equation or solving for the unknown letter 

first and then substituting the given values. 
Literal equations are solved by the same methods as numerical 

equations. 

You should know the meaning of these technical terms: 

Equation of the first degree in one unknown 

Identical equation Equation axioms 

Conditional equation Literal equation 
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Chapter Review 

1. State four equation axioms. 

2. Is 8(a +1) = 3a-+8 an identical or a conditional 

equation? 

3. Is 8(a +1) =2a+2 an identical or a conditional 

equation? 

4. Is 84 +1) = 8a+2 a true statement for any value 

of a? 

5. When is an equation satisfied? 

6. Is5arootof7n+3 =4n — 2? Explain. 

7. State what you do to each side of the equation in pro- 

ceeding from step to step in the solution of 2” + 7 = 5n — 10. 

8. What is the root of 2” + 3 = 9? Add any number you 
please to both sides of the original equation. In this new 
equation, substitute the root you found. What do you dis- 

cover? Multiply both sides of the original equation by any 

number you please. Again substitute the root. What do you 
discover? 

9. What must you do to both sides of the equation 4 2? + 
12“2+ 8 = 2(¢ +1) to obtain222?+6x+4=2+1? 

10. What is a convenient first step in solving — 2n —5 = 8 
in order to make the coefficient of ” positive? 

11. What two steps do you take in solving an = 7? 

"12. What should you do first in solving 6n +3+2n—5 
(Heo ae 

13. What should you do first in solving 2(n + 8) —4 = 5 
—%1(2n —1)? 

14. In checking a problem, should you substitute your 
answer in the equation you have used to get the answer or 
should you see if the answer checks in the original problem? 
Explain. 
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15. Which of the following equations are equations of the 
first degree in one unknown? 

(a) 2n—3=n+8 

(b) 2x+3y = 42 

(c) 2 -—382x+2=0 

@) z4n=5 
n 

(e) 2(n — 3) + 4 = 15 

Solve and check the following equations: 

16. n—T=-—2 22. —2n =—8 

17. —n+7=-2 23. 2n+5 = 
et Se 24. 2n—5= 

19. 2n =3 25. 32 = 4 

20. 3n = 2 2. 8n+5=n—7 
21. —2n=83 27. 5n—-1=2n+5 

28. 4n+54+2n=74+%7-—5 

29. 2(2m — 3) —5(2n+ 3) =10n—-—5 

30. 5(n + 1) —3n = 3(2n + 8) 

Solve the following equations for n: 

31. n—b=a 36. 2bn =a 

32. bn =a4 37. 3n—b=a 

reg te yg 38. 3(n + 6) =a 

a 39, 2% — ae a 

34. 7=5 
Me 40, 28 = g 

35. 8n+b=a n 

41. Ifp = 21+ 2w, p = 42, and / = 10, what is the value 

of w? 

42. If V = arth, V = 628, andr = 5, what is the value of h? 

(Use r = 22. Record answer to nearest tenth.) 



Westinghouse Electric & Mfg. 

This engineer finds his problems in the vacuum tubes with which he works. 
He must be able to discover relationships and formulate equations to express 

. them. Your study of the analysis and solution of verbal problems is direct 
training for attacking problems in this same way. 

250 
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CHAPTER X 

VERBAL PROBLEMS AND THEIR 

SOLUTION 

Verbal problems are problems that are stated in words. They 
are introduced into the course in algebra because the solution 

of them gives practice in discovering relationships between 
quantities and in expressing the quantities and their relation- 

ships algebraically. In the solution of verbal problems we 

translate the statements that are made in words into the lan- 
guage of algebra. Then we express the statements in the form 

of equations and by solving the equations we arrive at the con- 

clusions that can be drawn from them. In other words, we solve 

the problem by means of algebra. This is what the persons 

do who use mathematics in commerce, industry, engineering, 

architecture, and so on. 
With the general procedure used in solving verbal problems 

you are already familiar. In this chapter a more careful analy- 

sis of the method used will be made and practice in the use of the 
method will be given so that you can attack problems with 

increased confidence. The three skills needed in problem solu- 

tion are the ability to — 

1. Express one quantity in terms of another, 

2. Formulate equations that express relations between 

quantities, 

3. Solve equations. 

Before going into the methods of problem analysis, you need 

further practice in the first two of these skills to make sure you 

have mastered them. 
251 
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Expressing One Quantity in Terms of Another 

1. Let n represent a certain number, and then express the 

following quantities in terms of n: 

(a) 7 times the number 

(b) 7 more than the number 

(c) 7 less than the number 

(d) the number divided by 7 

(e) 7 more than twice the number 

(f) 7 less than twice the number 

(g) 7 more than one half the number 

2. Let 2 n represent a certain number, and then express the 
quantities in Ex. 1 in terms of n. 

3. Let n + 6 represent a certain number, and then express 

the quantities in Ex. 1 in terms of n. 

4. If n represents a man’s age now, what represents his age 
10 years from now? 10 years ago? m years from now? 

5. If 3 represents a man’s age, what represents his age 
5 years from now? 

6. If m + 3 represents a boy’s age, what represents the age 
of the father, who is twice as old? 

7. If — 3 represents a girl’s age, what represents the age 
of her mother, who is 1 year more than twice as old? 

8. If clover seed is 20 cents a pound, what represents the 

cost in cents of » pounds? 

9. What represents the cost in cents of (n — 2) postage 
stamps at 8 cents a stamp? 

10. What is the value in cents of nm dimes? of 3 n dimes? 

m quarters? 2 nickels? 4 half dollars? (2 + 3) quarters? 

11. A train runs for t hours. Express the distance it will 
cover at the rate of — 

(a) 85 miles an hour (c) (r + 6) miles an hour 
(b) m miles an hour (d) 57 miles an hour 
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12. A soda clerk sold 200 drinks, some at 5 cents and some 
at 10 cents each. Represent the number of drinks at 5 cents 
by n. Express the following in terms of n: 

(a) The number of drinks at 10 cents 

(6) The number of cents received for all the 5-cent drinks 

(c) The number of cents received for all the 10-cent drinks 

(d) The total number of cents received 

13. A stenographer worked 100 hours, part of the time at 

40 cents an hour and part at 60 cents. Represent the number 

of hours at 40 cents by nm. Express the following in terms 
of n: 

(a) The number of hours at 60 cents 

(6) The number of cents received for all the 40-cent hours 

(c) The number of cents received for all the 60-cent hours 

(d) The total number of cents received 

14. A father is 9 times as old as his son. Would you repre- 

sent the father’s age or the son’s age by n? (Choose the one 
which will make the work easier; in this case, the son’s age.) 

Represent the following in terms of n: 

(a) The father’s age 

(b) The son’s age 8 years from now 

(c) The father’s age 8 years from now 

15. A, B, and C receive a certain amount of money. B 

receives $100 less than A and C $200 more than A. Which 

of these amounts would you represent by n? (Choose the 

one which will make the work easiest; in this case, A’s amount, 

because as the statement is written it is least dependent upon 

the others.) Express in terms of n the amounts received by 

the others. 

16. A man gave a certain amount of money to each of three 

sons. The first received twice as much as the third and the 

second received $100 more than the third. Represent one of 

the amounts by n and express the other amounts in terms of n. 
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Expressing Relationships as Equations 

Verbal problems are solved by means of equations, but the 

equations are not given to you. You have to make your own 

equations from the relationships given in the problem. In 

making equations from statements that are given, be sure to 

analyze the statements carefully. For example, to write the 

equation for the statement, ‘‘a is 8 more than b,” think: Which 
is the larger, a or 6? In this case it is a. With this answer 
clearly in mind you may express the relationship in one of 

three ways: 

1. If you subtract 3 from a, the result will equal b. 

a—3s=b. 

2. If you add 3 to 3, the result will equal a. 

a=6+3. 

3. If you subtract b from a, the result is 3. 

a—b=8. 

Exercises 

Write the following statements of Exs. 1 to 28 as equations: 

1. ¢is 10 more than s. 5. nis 6 less than 3 n. 

2. 2nis 3 more than n. 6. 2n —3 is 6 less than 4 n. 

8. 2n—38is6morethann. 7. bis 5 less than a. 

4. ais 5 less than 6. 8. 3 nis 6 less than n. 

9. 4nis 6 less than 2n — 8. 

- 10. The difference between a and 6 is 8 (a being greater). 

11. The difference between 2 and n is 3 (2m being the 
greater). 

12. The difference between 2» — 3 and nis 6 (2 n — 8 being 
the greater). 

13. The quantity 4 n + 4 is equal to the quantity 3(n + 4). 

14. The result of subtracting 7 from 8 n is the same as adding 
§ to n. 
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15. ais 5 times b. 16. n + 15 is 4 times n. 

17. The quantity 2» + 3 is 3 times the quantity 2 -- 3. 

18. The quantity 2 n + 5 is 6 less than the quantity 4 — 3. 

19. ais 4 more than 3 times b. 

20. The quantity 7 — 4 is 4 more than 8 times n. 

21. Twice the quantity n — 3 is 5 more than n. 

22. Add 11 to2 mn + 2, then subtract 8 from n, and state that 

the results are equal. 

23. 3n — 4 exceeds n + 2 by 6. 

24. The sum of a, b, and ¢ is 150. 

25. The sum of n, n — 100, and 2 — 600 is 4000. 

26. a exceeds twice b by 12. 

27. Twice n added to twice the quantity n + 2 is 36. 

28. 15% of the quantity n + 2 is 42 more than 12% of n. 

29. The length of a rectangle is 5 inches more than the width. 

Express the length and the width in terms of n. Write an 
equation stating that the perimeter is 48 inches. 

30. Ais6timesasoldasB. Express both ages in terms of n. 
Express the age of each in 20 years. Write an equation stating 

that in 20 years A will be twice as old as B. 

31. Express the value in cents of — 

(a) n nickels (c) (n + 5) quarters 
(b) (3 — n) dimes (d) (12 — n) half dollars 

State algebraically that the total value is $6.95. 

32. Aslow plane travels at the rate of r miles an hour; another 

plane travels 80 miles an hour faster. Express algebraically — 

(a) the rate of the fast plane 

(b) the distance passed over by each in 5 hours 

(c) the fact that the sum of the distances covered by the 

two planes in this time is 1900 miles 

33. Thesum of two numbers is. 20. What is the first number 

if the second is n? Write an equation stating that the second 

number is 4 more than the first. 
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34. There are 36 pupils in a mathematics class. How many 

boys are there if there are n girls? Write an equation stating 

that the number of boys is 2 less than the number of girls. 

35. What is the cost in dollars of ~ pounds of butter at 

38 cents a pound? of (48 — n) pounds at 50 cents? (State that 

the total cost of both kinds is $24.00.) 

36. A farmer has 100 pounds of a mixture of clover seed and 

bluegrass seed. 

(a) Express algebraically the number of pounds of clover 
seed if there are m pounds of bluegrass seed; the value of 

the bluegrass seed (n pounds) at 15 cents a pound; and 

the value of the clover seed at 20 cents a pound; 

(b) State by an equation that the value of both kinds 

together is $19. 

37. A mother’s age is 20 years less than 5 times her daughter’s 
age. Express (a) their present ages in terms of n and (b) the 

age of each 2 years ago. State by an equation that 2 years 

ago the mother’s age was 4 times that of the daughter. 

Analysis and Solution of a Problem 

The solution of any verbal problem solved by means of one 

unknown consists in (1) analyzing it to recognize the relation- 

ships between the numbers in it, (2) using these relationships 
to express all the unknown quantities of the problem in terms 

of one unknown and to write an equation, and (8) solving the 

equation for the values of the unknown numbers. The method 

of carrying out these processes is illustrated below. 

’ ExamMpLe. A grocer has two kinds of tea, one kind selling 
at 80 cents a pound and the other at 60 cents a pound. How 

many pounds of each kind must he use to make 50 pounds that 
he can sell at 72 cents a pound? 

First, make sure that you understand what the problem is. 
Go through the motions of what the grocer has to do. He has 
two containers full of tea and an empty container. He takes 
some tea from the 80-cent container and puts it into the empty 
container. He does the same thing with tea from the 60-cent 
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container. But he has to take just the right amount of each 
to make 50 pounds worth 72 cents a pound. 

Would it be right to take 1 pound of the 80-cent tea and 
49 pounds of the 60-cent tea? 1 pound of the 60-cent tea and 
49 pounds of the 80-cent tea? Give reasons for your answers. 

First make a guess at your answer and check to see if you are 
right. Suppose it would take 40 pounds of 80-cent tea. 

There would then be 10 pounds of 60-cent tea. Why? 
The 40 pounds of 80-cent tea is worth 3200 cents. 
The 10 pounds of 60-cent tea is worth 600 cents. 

The total value of the two kinds together is 3800 cents. 

Since the value of the mixture should be 3600 cents, our guess 
is incorrect. But we see just what to do to solve the problem. 
Instead of guessing 40 pounds of 80-cent tea, we can write n 
pounds of 80-cent tea and work through the same relationships. 

As you gain experience in problem solving, you should be 
able to make the analysis without the first step of guessing or 

trying a number. Whenever you are in doubt about the 
method, this first step will help you. 

The quantities we work with are listed below. 

Number of pounds of 80-cent tea |n 
Number of pounds of 60-cent tea | 50 —n 

Total value of 80-cent tea 80 ” 

Total value of 60-cent tea 60(50 — n) 
Intended value of the mixture 3600 

Copy this list. Let the number of pounds of 80-cent tea be 
n and fill in the spaces at the right as is done above. (If you 
have difficulty in doing this, refer to your method of checking 

your 40-pound guess.) If 7 is to be the right number to fit the 

conditions of the problem, 80 n + 60(50 — ») must equal 3600. 

(This is the final relationship you saw in checking your guess.) 
Make the equation and solve. 

SOLUTION. 80 n + 60(50 — n) = 3600 
80 n + 3000 — 60 n = 3600 

20 » = 600 
% = 30 50 — n = 20 

ANSWER. 30 pounds of 80-cent tea, 20 pounds of 60-cent tea. 
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CHECK. 30 pounds of 80-cent tea plus 20 pounds of 60-cent tea 
should have the same value as 50 pounds of the mixture at 72 cents 
a pound. 30(80) + 20(60) = 2400 + 1200 = 3600 

Below is a summary of the steps in problem solving as you 

have been using them. They represent a general method of 

solution applicable to many types of problems. Their value is 

that if you follow the plan outlined you do not have to learn a 

new method for every particular type of problem which you 

encounter. 

Step 1. Read the problem until you are sure you know 

what it means. If it is a type of problem new to you, it 

is helpful in this connection to assume an answer and 

check to see if you are right. In the checking you will 

discover while working with arithmetic numbers just 

what the quantities are that you must work with and the 

relationships between them. 

Step 2. Make a list of the quantities with which you 
will work. 

Step 3. Find as many relationships between these 

quantities as there are quantities. For example, if there 

are three quantities, there must be three relationships 
in order to get a solution. 

Step 4. Select the quantity in terms of which you can 

most easily express the other quantities. Represent 

this quantity by n or some other suitable algebraic expres- 

sion. 

Step 5. Express the other quantities in terms of this 

quantity by means of the relationships in Step 3. In 

doing this you will use all but one of the relationships. 

Step 6. Using the remaining relationship, write an 
equation. 

Step 7. Solve the equation. 

Step 8. Check by making sure that your answer 
fits all the conditions of the problem. 
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Exercises 

a. (OF three numbers, the first is 3 times the second and the 
third is 5 more than the second. The sum of the first and third 
is 41. Find the three numbers. 

2. Of three numbers, the first is 5 less than 3 times the third 

and the second is 10 more than the third. The first is 2 less 

than the second. Find the numbers. 

3. A is 2 more than B. If A is multiplied by 25 and B is 
multiplied by 50, the sum of the resulting numbers is 500. 
Find A and B. 

4. The first of two numbers is 3 times the second. If 15 is 

added to each, the first result is 2 times the second result. What 
are the two numbers? 

5. A father is 9 times as old as his son. In 9 years he will 
be only 3 times as old. What is the age of each now? 

6. The length of a tennis court for singles is 3 feet shorter 
than 3 times its width. Find the length and the width of the 
court if the perimeter is 210 feet. 

7. A boy paid 48 cents for 20 stamps; some cost 2 cents 
each, and the rest cost 3 cents each. How many of each did 

he buy? 

8. A’s present age is twice B’s age; 10 years ago A’s age 
was 3 times B’s age. Find the age of each now. 

9. A’s present age exceeds B’s age by 25 years. In 15 years 

he will be twice as old as B. Find their present ages. 

10. A purse was found that contained 20 coins, all nickels 

and dimes. Find the number of each if the combined value 

was $1.60. 

11. The length of a rectangle is 2 inches more than the width. 
The perimeter is 40 inches. Find the length and the width. 

12. The perimeter of a triangle, ABC, is 52 inches. AB is 

6 inches less than BC and BC is 8 inches more than AC. Find 

the length of each side. 



260 FIRST-YEAR ALGEBRA 

13. Divide $920 among A, B, and C so that A receives 

5 times as much as C and 3 times as much as B. 

14. A man is now 45 years old and his son is 15. In how 

many years will he be twice as old as his son? 

15. I received at a candy counter twice as many dimes as 

quarters and 6 more nickels than the dimes and quarters 

together. How many of each coin did I receive if the value of 

all was $7.50? 

16. Eighteen coins, all dimes and quarters, amount to $2.25. 

Find the number of each kind of coin. 

17. A is now 17 years old and Bis 50. In how many years 

will A be one half as old as B? 

18. The value of 36 coins, all dimes and quarters, is $6.60. 

Find the number of coins of each kind. 

19. A collection of nickels, dimes, and quarters amounts to 

$4. There are 10 more nickels than dimes and 2 less quarters 

than dimes. Find the number of each. 

20. A man is now 40 years old and his son is 14 years old. 

In how many years will the father be twice as old as his son? 

21. One hundred pounds of bacon, part at 27 cents and part 

at 35 cents, cost $31.48. How many pounds of each kind are 
there? 

22. A father’s age is 32 years and his daughter’s age is 
2 years. He is now 16 times as old as his daughter. In how 
many years will he be only 4 times as old? 

__ 23, A newspaper boy paid a bill of $6.80, using nickels, 

dimes, and quarters. He used the same number of each kind 
of coin. How many coins did he use in all? 

24. How many pounds of tea at 60 cents a pound must be 
added to 30 pounds of tea at 75 cents a pound to make a mixture 
worth 70 cents a pound? 

25. A storekeeper wishes to mix two kinds of candy which he 
ordinarily sells at 30 cents and 45 cents a pound so that he can 
sell the mixture for 40 cents a pound. How much of each kind 
should he use to make 60 pounds of the mixture? 
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Time-Rate-Distance Problems 

The following exercises will help you in analyzing problems 
concerning time, rate, and distance. The method of solution 
of such problems is, of course, the same as the one you have 
been using on the problems of other types. 

In solving time-rate-distance problems, drawing lines as is 
done below will often aid you in the analysis. Read (1), (2), 
and (3) below and then decide to which of them each statement 
at the bottom of this page from (a) to (f) applies. 

(1) A freight train leaves point A at 1 o’clock; a passenger 
train leaves the same point at 3 o’clock, going in the same 
direction. The passenger train overtakes the freight train 

at 7 o’clock (that is, they both reach a point B at this time). 

Freight train Freight train 
leaves at 1 o’clock arrives at 7 o’clock 
———$<$—$<—————— > 

A|————- ——__. —- 8 

Passenger train Passenger train 
leaves at 3 o’clock arrives at 7 o’clock 

(2) A freight train and a passenger train leave point A 
at 1 o’clock, going in opposite directions. At 7 o’clock they 

are 450 miles apart. 

(3) A passenger train leaves point A at a certain time. 

Three hours later a freight train leaves the same point, going 

in the same direction. When the passenger train reaches a 

point B, the freight train is 450 miles behind. 

(a) The difference between the distances is 450 miles. 

(b) The distances are equal. 

(c) The sum of the distances is 450 miles. 

(d) The time traveled by each is the same. 

(e) The time traveled by the freight train is 3 hours less than 

the time traveled by the passenger train. 

(f) The time traveled by the passenger train is 2 hours less 

than the time traveled by the freight train. 

(4) Now study the example on the next page and explain 

each step. 
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EXAMPLE. Two auto trucks 200 miles apart travel toward 

each other at rates of 24 and 16 miles an hour. The slower 

truck has a breakdown soon after starting and is delayed an 

hour. In how many hours will they meet? 

Read the problem carefully. Draw a line to help you see 

the distances and direction of travel. 

Faster truck Slower truck 
24 miles an hr. 16 miles an hr. 
—————eEE a 

na 
200 miles 

You have the following relationships in the problem: 

(a) The distance of the slower truck equals its rate times its 

time. 
(b) The distance of the faster truck equals its rate times its 

time. 

(c) The time the slower truck is traveling is one hour less 
than the time the faster truck is traveling. 

(d) The sum of the distances is 200 miles. 

SOLUTION. Time of faster truck n 
Time of slower truck n—1 
Distance of faster truck | 24 n 
Distance of slower truck | 16(n — 1) 

24n + 16(n — 1) = 200 
24n + 16n — 16 = 200 

40 n = 216 
n = 546 or 52 

n—1 = 42 

ANSWER. 5 hours, 24 minutes 

CHECK. 
Faster truck travels 52 hours at 24 miles an hour 
Slower truck travels 42 hours at 16 miles an hour 
Both trucks travel 1293 + 702 miles 

1293 miles. 
702 miles. 
200 miles. 

Note how picturing the quantities we have on a straight line, 
as was done above, helps to make clear the relationships that 
should be stated in the equation. From the diagram you should 
see at once that the distance both trucks travel is 24 n + 
16(n — 1) = 200 miles. This is the equation needed to solve 
the problem. 
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Exercises 

1. Two trains leave Chicago at the same time — one east- 
bound, the other westbound. The eastbound train travels 
10 miles less in an hour than does the westbound. Express — 

~ (a) the rate of each 

(b) the distance traveled by each in 4 hours 
(c) the fact that the trains were 440 miles apart at the end 

of four hours 

2. A freight train traveling at the rate of 30 miles an hour 

is followed 2 hours later by an express train traveling at the 

rate of 50 miles an hour. In how many hours will the pags 
train overtake the freight train? 

3. Two automobiles start at the same time at the same place 
and travel in opposite directions. One travels at the rate of 

45 miles an hour and the other at the rate of 40 miles an hour. 
In how many hours will they be 255 miles apart? 

4. In Ex. 3, if the two automobiles travel in the same direc- 

tion, in how many hours will they be 40 miles apart? 

5. Two boys start from the same place at the same time, 
riding bicycles. One rides at the rate of 8 miles an hour and 

the other at 5 miles an hour. They go in the same direction. 

In how many hours will they be 15 miles apart? 

6. If, in Ex. 5, the faster boy starts 1 hour later than the 

other, in how many hours will he overtake the slower boy? 

7. One car running 40 miles an hour left a certain place 

4 hours later than another car running in the same direction: 

at the rate of 30 miles an hour. In how many hours will the 

faster car overtake the other? 

g. A and B start from the same place and travel in opposite 

directions. A’s rate of travel is twice B’s. In 4 hours they 

are 150 miles apart. Find the rate of travel of each. 

9. A plane leaves a certain port at 10 o’clock, flying due 

north. Another plane starts from the same port at 12 o’clock, 

flying due south. At 2 o’clock they are 1200 miles apart. 

Determine how fast each travels, if the rate of the first is one 

half that of the second. 
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10. A left a town 4 hours after B left. They traveled in 
opposite directions. A traveled at the rate of 12 miles an hour 
and B traveled at the rate of 20 miles an hour. In how many 
hours will they be 272 miles apart? 

11. A bicyclist had been traveling 15 miles an hour for 
8 hours when he was overtaken by an automobile that had left 

the same starting point 5 hours after he left. Find the rate of 

speed of the automobile. 

12. Two autoists 240 miles apart start toward each other 

at the same time. The faster one travels 50 miles an hour and 
the slower one travels 35 miles an hour. How long will it be 

before they meet if the faster is delayed 2 hours on the trip? 

13. A starts from a certain place, traveling at the rate of 
4 miles an hour. Five hours later B starts from the same place 

and travels in the same direction at the rate of 6 miles an hour. 
In how many hours will B overtake A? 

14. An airplane is 75 miles directly behind a ship sailing a 
straight course. The rate of the plane is 120 miles an hour 
and that of the ship is 20 miles an hour. How long will it 
take the plane to overtake the ship? 

Problems Involving Per Cents 

Many problems involving per cents are made easier by the 

use of equations. The analysis is in general the same as for 
other problems. 

(1) 24 is what per cent of 62? Assuming an answer and 
checking to see if you are right will show you what to do. 

Suppose the answer is 40%. To check, you will find 40% of 

62 to see if you get 24. Does .40(62) equal 24? To solve the 

problem, then, simply say that n% of 62 must be 24. (n% is 
written .01 n.) 

SOLUTION. 01 (62) = 24 
SOI = 24. 
62 n = 2400 

n = .387 or 88.7 % to the nearest tenth 

CHECK. (.387)(62) = 24.0 correct to tenths 

= 
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(2) 75 is 24% of what number? You know in this problem 
that 75 is 24% of some unknown number, which we may call n. 
This problem, then, says that 24% of n is 75, and this relation- 
ship can be stated as an equation. 

SOLUTION. 4 0 
24 n = 7500 

n = 312.5 
CHECK. .24(312.5) = 75 

(3) Bill Wilson bought a second-hand bicycle and then sold 
it for $6.93. He said he gained 26% on the cost. What was 
the cost? 

The known values in this problem are the selling price of 

$6.93 and the gain of 26% over the cost. The unknown value 
in the problem is the cost. Let c be the cost. 

The selling price of $6.93 is equal to the cost plus 26% of 
the cost. This relationship can now be stated as an equation. 

SOLUTION. c + 26c = 6.93 
100 c + 26 c = 693 

126.0693 

Co—25250 

The cost is $5.50. 

CHECK. .26(5.50) + 5.50 = 6.93 
2 1.43 + 5.50 = 6.93 

(4) An airplane engine that develops 500 horsepower at sea 

level has 345 horsepower at 10,000 feet. What is the per cent 

of decrease? 

Exercises 

Solve the following equations: 

1. .20x = 180 8. p+ .04p = 520 

2.).a0¢ = 10.50 9. p+ .05 p = 16.80 

3. 049 = 32 10. x — .50 x2 = 18.75 

4. 2+ 062 = 3.18 11. x — .20% = 25.60 

5. c+ .10c = 495 12. 2—8x%-—.5%=7 

6. m— 15m = 21.25 13. 1.752 —42% = 1000 

7 2+ 0382 = 412 14. 80+ 207 = x 
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15. 64 is 15% of what number? 

16. 17 is what per cent of 73? 

17. 405 is what per cent of 225? 

18. What per cent of 37 is 25? 

19. 73 is 24% of what number? 

Solve the following problems: 

20. Find the cost of an article sold for $165 if the gain was 

10% of the cost. 

21. What number increased by 75% of itself equals 154? 

92. After deducting 15% from the marked price of a table, 
a dealer sold it for $21.25. What was the marked price? {i 

23. A dealer made a profit of $3690 this year. This is 18% 

less than his profit last year. Find his profit last year. 

24. A number increased by 12.5 % of itself equals 248. What 
is the number? , 

25. A shoe dealer wishes to make 45% on shoes. At what 

price must he buy them in order to sell them at $4.35 a pair? 

26. A furniture dealer was forced to sell some damaged goods 

at 14% less than cost, and sold them for $129. How much did 
they cost? 

27. A man sold a suit of clothes for $40.25. What per cent 
did he gain if the clothes cost him $25? 

28. The enrollment in our junior college this year is 44, an 
increase of 10% over last year’s enrollment. What was the 
enrollment last year? 

29. During the last five years the house in which Mr. Wilson 
lives has depreciated in value 30% of the price he paid for it. 
If it is now worth $7700, what did he pay for it? 

30. A rug cost $47.20 after a 20% discount on the original 
price had been deducted. What was the original price? 

31. A watch cost a jeweler $28. What must the selling price 
be if he is to sell it at a gain of 40% of the selling price? 



VERBAL PROBLEMS AND THEIR SOLUTION 267 

iw ata Santee siege OS gees pee ee Sore ere : 

As early as 2000 B.c. the Babylonians had developed a system of banking. 
The temples of Babylon were also the banks. One ancient document reads 
as follows: ‘‘ Two shekels of silver have been borrowed by Mas-Schamach, 
the son of Adadrimeni, from the sun-priestess Amat-Schamach, daughter of | 
Warad-Enlil. He will pay the Sun-God’s interest. At the time of the 
harvest he will pay back the sum and the interest upon it.” 

Interest Problems 

Since interest on any principal for a year is usually a certain 
per cent of that principal, interest problems are special cases of 

problemsin per cents. Many of them can be solved more easily 

by algebra than by arithmetic. Remember that the interest 

formula is i = prt, 

where 7 is the interest, p is the principal, r is the rate per year 

expressed as a decimal, and ¢ is the time in years. 

Exercises 

1. A man borrowed a sum of money at 6%. Express 

algebraically: the interest for 2 years; the fact that the interest 

for three years was $48. 

2. What principal must be invested at 6% to yield an 

annual income of $57? 

3. What is the interest on P dollars at 5% for t years? 
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4. What is the interest for one year on (450 — m) dollars 

at 6%? on (1000 — n) dollars at 35%? 

5. Multiply as indicated: 

(a) .04(850 — n) (b) .085(900 — n) 

6. Solve the following equations: 

(a) .05n + .04(400 — n) = 18 
(b) .035 n + .06(1200 — n) = 60 

7. A man invested part of $1000 at 4% and the remainder 
at 6%. The annual income on the 4% investment exceeded 
the annual income on the 6% investment by $20. Find the 

amount invested at each rate. (Part of the solution follows.) 

Amount invested at 4% n 
Amount invested at 6% 
Annual income from 4 % investment | .04 ” 
Annual income from 6 % investment 

Before writing the equation, state in words the relationship between 
the annual incomes at the two rates. 

Chapter Summary 

In this chapter you have used in simple problems the same 
general method that is employed in all verbal problem solutions. 

You have practiced the skills required for problem solving; 
that is, (1) to express one quantity in terms of another, (2) to 
formulate equations that express relations between quantities, 

and (8) to solve equations. You have followed the steps in 
the analysis and solution of a problem as they are set forth on 

pages 257 and 258. You have seen how the method is applied 
in the solution of a number of kinds of simple problems, includ- 
ing age problems, coin problems, time-rate-distance problems, 
problems involving per cents, and interest-problems. 

Technical problems of engineering, science, shopwork, con- 
struction, etc., have not been introduced because their unfa- 
miliar terms and new ideas would be confusing. The important 
thing is the method of solving the problems, and the method 
you have used is the one employed in solving the mathematical 
problems of the world. Review the chapter and make sure that 
you know how to attack a verbal problem and how to carry out 
the various steps by which the problem can be solved. 
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Chapter Review 

1. The difference between two numbersis 6. If 3 times the 
larger is subtracted from 52, the result is the same as when 56 
is subtracted from 7 times the smaller. Find the numbers. 

2. If I paid a bill of $2.75 with quarters and half dollars, 
using two more quarters than half dollars, how many of each 
coin did I use? 

3. What must be the selling price of an article that cost 
$1.80, in order that the gain may be 25% of the selling price? 

4. On March 1, Mrs. Jones invested $1250 in a building lot. 

On the fifteenth of the following September she sold the lot for 
$1750. What was the per cent of gain? 

5. An airplane has been traveling east from Chicago, flying 
150 m.p.h. for 5 hours. It is overtaken by another plane that 
left Chicago 2 hours after the first plane left. At what speed 
is the second plane traveling? 

6. Two bombers set out at the same time from two bases 
840 miles apart and fly toward each other with speeds of 
200 m.p.h. and 220 m.p.h. respectively. After how many 

hours will they meet and how far has each one flown? 

7. Two planes start from the same airport at the same time 
and fly in opposite directions. After 4 hours of flying, the 

planes are 1320 mi. apart. If one plane flies 30 m.p.h. faster 

than the other, what is the rate of the slower one? 

8. Part of $1200 is invested at 5% and theremainder at 7%. 

The total amount of income yearly from the two investments 

is $67. What was the amount of each investment? 

9. A 5% investment yields annually $5 less than a 4% 

investment. Find the amount of each if the sum of the two 

investments is $800. 

10. The number of posts required for a fence is 85 when they 

are placed 18 ft. apart. How many would be needed if they 

were placed 12 ft. apart? (SUGGESTION. How long is the 

fence?) 
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View in the engineering room of the Boeing Aircraft Company. The 
engineers here have to solve many equations of such a nature that graphing 
is the easiest method of solution. The elements of the method are shown 
in this chapter. 
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CHAPTER XI 

GRAPHING EQUATIONS 

We graph tables of statistics to make the meaning of the 
numbers more easily understood. For the same reason the 

mathematician makes graphs of the equations with which he 

deals. A graph to him is a picture of an equation; from the 

graph he can tell at a glance how one variable in the equation 

changes with another. Furthermore, engineers use graphs 

constantly to solve equations that are difficult or impossible 

of solution in other ways. Aviators use graphs in solving many 

kinds of problems. Meteorologists and statisticians employ 

them constantly. Graphing of equations holds an important 

place in the modern mathematical and industrial world. 

In connection with the work on formulas you have already 
learned how to plot points and draw graphs when all the num- 

bers involved are positive. Now you will extend that work 

to include the graphing of equations in which the numbers 
may be negative as well as positive. At first a study of the 

graph of a familiar formula will acquaint you with the method 

used in graphing signed numbers. Following that, we shall take 

up the method in detail. 
We shall in this chapter deal almost entirely with equations 

of the first degree that contain two unknowns, or variables. In 

your study you will learn the special characteristics of equations 

of this type, the graphs of which are always straight lines. 

Graphs of equations of higher degree than the first are curved 

lines. For example, the graphs of equations of the second 

degree are circles, ellipses, parabolas, and hyperbolas. 
271 
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Graph Showing Relationship of Fahrenheit 

and Centigrade Readings 

Below is a graph of the relationship between Fahrenheit (F.) 

and centigrade (C.) thermometer readings. The formula for 

the relationship is F = 3.C + 82. 

(1) Where on the graph is the. point corresponding to C = 

20°, F = 68°? toC = 10°, F = 50°? toC = 0°, F = 32°? 
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- (2) How can — 10°C. and — 20°C. be distinguished from 
10° C. and 20° C. on the horizontal scale? 

(3) How can — 10°F. be distinguished from 10° F. on the 
vertical scale? 

(4) Where is the point corresponding to C = — 10, F = 14? 

(5) Where is the point corresponding to C = — 20, F = — 4? 

(6) Refer to the graph and complete: 10°C. corresponds 
to _1_F.; 5°C. corresponds to _?_ F.; — 10° C. corresponds 
to! F.; 54°F. corresponds to —?_ C. 
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Equations with Two Variables 

There is an important difference between the two equations 
2x+3=4 and 2x+3y=4. The first equation contains 
one unknown and there is only one value of that unknown that 
will satisfy the equation. The second equation contains two 
unknowns. You cannot solve this equation and find only one 
value of x and y that will satisfy it, for there are an unlimited 
number of such values. Since the values of these unknowns 
may vary, we call them variables. 

(1) If I should tell you that I am thinking of two numbers 

whose sum is 10, could you be sure that you could guess the 

ones I am thinking of in 100 guesses? in 1000 guesses? I might 
be thinking of 1,000,010 and — 1,000,000. What is the sum 

of these numbers? Or I might be thinking of 44% and 53%. 
How many pairs of numbers satisfy the equation x + y = 10?. 

(2) Which of the following pairs of numbers satisfy the 
equation 2x + y = 10? 

@)x=4,y=2 @d)x=—-3,y=16 Gg) @,4) 
(6b) +=6,y =—2 (€) t+ =5,y=5 (h) (— 8, 4) 

(c)x=0,y=0 (f) =23,y=5 () (5,0) 
(When a number-pair is written as (a, b), the first number is 

the x-value and the second is the y-value.) 

(3) If in the equation 2x+ y= 10, xis1, whatisy? What 

is yif xis — 2? ifxis10? ifxis —3? Whatis zif y is 6? 

From Ex. (3) you see that you can give x (or y) any value you 

please and then compute the corresponding value of y (or 2). 

This shows that there are an unlimited (or infinite) number of 

pairs of values of x and y which satisfy the equation. Some 

of these pairs of values can be shown by means of a table. 

EXAMPLE. Make a table of corresponding values of the 

variables for the equation 2x +y=10. Usex=—5, —4, 
ee ee ast 

Ifzis... | —5 

then yis | 20 | 18 | 16 | 14 

—4 
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From this table you get the number-pairs (— 5, 20), (— 4, 18), 

ete., which are the basis for graphing the equation. You will 

remember that in the graphing of equations numbers are repre- 

sented by lengths of lines and number-pairs by points. 

Locating Points on a City Map 

Locating points on graph paper is like locating points on a 

city map in relation to some central point. Using the map 

following, answer the questions below it. 

South (-) 

(1) If you start at O and walk two blocks east and then three 
blocks north, where will you be? two blocks west and two 

blocks north? one block west and three blocks south? three 
blocks east and two blocks south? 

(2) Tell how to locate in this same way the points E, F, G, 
and H. 

(3) If now we agree to use positive numbers for directions 
east and north and negative numbers for directions west and 
south, and agree also always to state the east-west direction 
first, we can locate A by writing the pair of numbers (2, 3); we 
can locate B by (— 2, 2), C by (— 1, — 8), and D by (8, — 2). 
Similarly indicate the location of E, F', G, and H. 

~ »~ tlt oe 
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Locating Points on Graph Paper 

; The first step in locating, or plotting, points on graph paper 
is to draw two number scales at right angles to each other, just 
as you did when graphing 

formulas. This time, how- 

ever, you must make pro- 
vision for the negative part of 

the scale as shown in the 
figure. The horizontal line 

XX’ (read “XX prime’) is X 
called the X-axis. The verti- 

cal line YY’ is the Y-axis. 

As you know, O is the origin. 

When the axes have been 

drawn and lettered and the 

scales have been numbered, 

you are ready to plot points. 

Y 

We agree that distances from 
the Y-axis measured along the X-axis (also distances measured 

parallel to the X-axis) shall be positive if they are to the right 

and negative if they are to the left. 

the X-axis measured along 

the Y-axis (or parallel to the 

Y-axis) are positive if upward 

and negative if downward. 
The point B on the chart 

at the right represents the 

number-pair (6, 5,) meaning 

x=6,y=5. ThelengthOA 

represents 6 units and the 

length AB represents 5 units. 

The point B is 6 units to 
the right of the Y-axis and 

5 units above the X-axis. 

Similarly, distances from 

Describe the location of the following points in a manner 

similar to that employed in the preceding paragraph: 

(- 5, 3), 7, — 2), (8, — 6). 

These are the points D, F, and H. 
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Use the chart at the right 
in the exercises that follow. 

ERERUSRRDE EERE SES 
BERESELRAP EEE TAN 

RECEP BRAHAREEE 
BES, SESE IRE SEAR 

(1) Find the points (8, 4), a aa aannen 

Fo on arc onatnt FELLA REE RRREEEET (3, — 4) on this chart and ex- EEE CE Cae 

plain how they were located. aes =~ 

(2) What number-pairs are 

represented by A, B,C,and D? 

The x-distance of a point 

(its distance from the Y-axis 
measured along the X-axis or 
a line parallel to it) is often 
called the abscissa of the point. The y-distance of a point (its 

distance from the X-axis measured along the Y-axis or a line 

parallel to it) is the ordinate of the point. The two distances 

together are the coGdrdinates of the point. Thus for the point 

(8, — 4), 3 is the abscissa and — 4 the ordinate; 3 and — 4 are 
the codrdinates of the point. 

| 1 ee 
PERCE De 

EGRSBREtS 

(8) What are the codrdinates of the origin? 

(4) What is the x-distance (or abscissa) of any point on the 
Y-axis? 

(5) What is the y-distance (or ordinate) of any point on the 
X-axis? 

(6) What are the codrdinates of points A, B, C, and D on the 
preceding graph chart? 

Exercises 

Draw axes and plot the following points on graph paper: 

ke (Gaye 5. (0, 0) 9. (— 8, 0) 
20(— 5,1) 6. (0, 3) 10. (8, 5) 
Cee eae ra) 7.-(0, — 8) 13-:-(10,2-54) 
ay (bv) 8. (3, 0) 12. (—8, 7) 

18k a6 ep) 15. (— 8.5, 7) 
14, (2.5, 4) 16. (— 1.5, — 5.5) 
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17. Have one of your classmates place points on a graph 
chart so that you can practice stating their codrdinates. 

18. If the x-distance of a point is 0, on what line is the point 
located? 

19. If the y-distance of a point is 0, on what line is it located? 

20. What is the x-distance of any point on a line parallel to 

the Y-axis 3 units to the right of it? 4 units to the left of it? 

21. What is the y-distance of any point on a line parallel to 
the X-axis 5 units above it? 2 units below it? 

Graphing an Equation of the First Degree 

with Two Variables! 

An equation with two variables is of the first degree if — 

1. Each variable has the exponent 1. 

2. No variable is in the denominator of a fraction. 
3. Not more than one variable is in any term. 

The method of graphing such an equation is shown in the 
following example. 

EXAMPLE. Draw the graph of the equation 2x + y = 6. 

(1) Solve the equation for y. Then you have y = 6 — 2x. 

(2) Choose values for x and by substitution find the corre- 
sponding values of y. 

(3) Make a table of these corresponding values of x and y: 
= 

—2|;-—1; 0 

10 8 6 

x — 3 

y 12 

1 

4 

2 3 

2 0 

(4) Plot the points (—3, 12), (— 2, 10), (— 1, 8), etc., on 

graph paper. 

(5) Using a ruler, draw a line through these points. This 
line is the graph of the equation 2z + y = 6. 

(6) Label the graph 2 « + y = 6 as shown on the next page. 

1JTo THE TEACHER. See Note 19 on page 461. 
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In higher mathematics it is shown that — 

The graph of every equation of the first degree with two 

variables is a straight line. 

Hence, to draw the graph of such an equation, it is necessary to 

plot only two points and then draw a straight line through them. 

You should, however, plot 

another point as a check. 

For the sake of accuracy in 

drawing the graph the points 

should not be too close to- 

gether. 

Equations of the first de- 
gree with two variables are 

often called linear equations 

because their graphs are 

straight lines. 

Notice that the equation 

of the first degree with two 

variables takes the form y=ax+b after you solve for y. In 
such a linear equation x and y are the variables and a and b 
are constants which remain the same — that is, they do not 
vary but remain “constant” —for a given equation. 

To find the value of one variable when the other is given, 

it is advisable to solve for it in terms of the other. You will, 

therefore, find it helpful to practice solving for y in the equa- 
tions given in the following Exs. 1-19. 

Exercises 

Solve the following equations for y: 

1 acy =s 8. 22%+3y=7 

2 8x¢+y=4 4.3¢47+2y=5 

5 Solve for y: 7x —y=5. (SUGGESTION. First mul- 
tiply both sides of the equation by — 1 in order to make the 
coefficient of y positive.) 
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Solve the following equations for y: 

6. 22—y=3 . se —2y =4 

7 384—-—y=4 10.27 sy=—7 
8 5x -—y=-—6 lt, bt — (y= 12 

Solve the following for y, then find the value of y in each equa- 

tion when x equals, respectively, — 3, — 2, — 1, 0, 1, 2, and 3: 

12. 32+y=2 16. 3% +2y=8 

13. 2x7+y= 17. 2% —8y=4 

14. 32 -—y=- 18. 54-—2y=-1 

15. 5% -—y=-— 19. 1a —4y = 0 

Draw the graphs of the following equations after making a table 

containing three pairs of corresponding values of the variables: 

20. y=x2+2 26. 27—y=5 

21.y=x-3 27. 32 + y= 6 

22 y= ar — 2 28. 2x+y=-—838 

23. y=527+6 29. de -—y=-—2 

24. y=32-4 30. y =42 

25. ¢+y=A4 31. 44 —y =0 

Draw the graphs of the following equations. Many integral 
values of x will give fractional values of y in these equations. Try 

to choose values of x that will give integral values of y. 

$2. 22+ 3y = 12 34. 44 +5y = 14 

33. 3% —2y = 12 35. 4x —5y =-—838 

Studying the Graph of a Linear Equation 

Consider the equation 3x — y = — 38 and its graph on the 

next page. 

(1) Locate any number of points on the graph. Read their 

coordinates. They may be, for example, (1, 6), (— 2, — 3), 

(— 5, — 12), etc. Substitute the x-distance of each point for 

x in the equation and the y-distance for y. Is the equation 

satisfied by the codrdinates of these points? 
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(2) Even if you take points on the graph with fractional 
and decimal codrdinates, you will still find that the codrdinates 
satisfy the equation. For instance, what is the y-distance of 
a point on the graph if the x-distance is 3.2? Does xz = 3.2 and 

y = 6.6 satisfy the equation? 

(8) Now take any number of points not on the graph, say 

(6, 3), (— 7, 4), (— 8, — 5), ete. Do the codrdinates of these ~ 
points satisfy the equation? 

(4) Substitute any number of values for x (say 6, 3, — 4, 
— 7) in the equation and find the corresponding values of y. 

You now have several pairs of values of « and y which satisfy 

the equation. Plot these pairs of values on the graph paper. 

Do these points lie on the graph or not? 

(5) Choose several pairs of « and y values which do not 

satisfy the equation. Plot these pairs of values on the graph 
paper. Do these points lie on the graph or not? 

The exercises above make evident the truths about the 
graph of an equation given at the top of the next page. 
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The graph of an equation is the line, straight or curved, such 
that the four statements below are true: 

Any point on the graph of an equation has codrdinates 
that satisfy the equation. 

Any point not on the graph has coérdinates that do not 
satisfy the equation. 

Any pair of values that satisfy the equation represent 
a point on the graph. 

Any pair of values that do not satisfy the equation 
represent a point not on the graph. 

Exercises 

1. On what line is every point whose x-distance is 3? Draw 

this line. The equation of this line is x = 3. 

Draw the graphs of the following equations: 

2 = 5 4,x%=0 6. o= 4 

3. a2=-—2 5 x =—6 peony 

8. On what line is every point whose y-distance is — 2? 

Draw this line. The equation of this line is y = — 2. 

Draw the graphs of the following equations: 

9. y=3 11. y = 0 13.9 set 5 

10. y=-—5 12. y=-—4 14. y=6 

15. Find the area enclosed by the lines whose equations are 

2=3,y =—2,andy = 10 —2~2. 

Curved Graphs 

You should not be led to believe from the work in this chapter 

that the graphs of all equations in two variables are straight lines. 

This is true only when the equation is of the first degree. 

(1) Make a table for the equation y = * choosing values 

for x as — 10, — 8, etc., to 8 and 10. 

-2 —6 | etc. 

y 

8 

6.4 

10 

10 

6 

3.6 

— 8 

6.4 

— 10 

10 3.6 | 
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(2) Plot the pairs of values in your table and draw a smooth 

vurve through the points. 

Saeeeeaee dae 

as re 
: seeeerttarits 

Exercises 

Draw the graphs of the following after making a table for each: 

—= ye Ly-i+s3 3. y == 4 

i ie Spl 

an 10 

Slopes of Straight Lines * 

(1) Which line in the draw- 
ing at the right seems to you 
to be ‘‘steepest’’? (If they 

represented hills, which would 

be the hardest to climb?) 

(2) Which has the most 

gentle slope? 

Ee ey eee 
SDR eee sn 
Ht} + +} 4A 

a 
a 
aly 
mYZs 
7 

The purpose of this section ga 

is to show you a method of 

indicating what the slope of 

a straight line is. 

TSmmaDENOSC: 
peril Weel ST eas a 

LAT 
<= 
a 
ci 
if 
a 
iS 
fe co aaa 

In Fig. 1 on the opposite ERE AG NB Beh 
page, if you start at any 

point on the graph and go one unit to the right and one unit 
up, or two units to the right and two units up, or three units 

to the right and three up, etc., you will be back on the graph 
again. (Be sure to try this.) 

*The star indicates optional material. 
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Fic. 2 RiGana: 

In Fig. 2, however, if you go one unit to the right of any point 

on the graph you must go two units up, or if you go two units 

to the right you must go four units up, etc., before you reach 
the graph again. 

What is the case in Fig. 3? 

We can say that the slope of the first line is 1, that the slope 
of the second line is 2, and the slope of the third line is 3. 

(83) On graph paper draw a line whose slope is 4. To do this, 
place a point anywhere on the graph paper, then go one unit 

to the right of it and four units 
up to place a second point (or 

go 3 units to the right and 12 

units up, for greater accuracy). 

Draw a line through the two 

points. 

In the figure at the right, if 

you start at any point on the 

line and go 1, 2, or 3 units to 

the right, you must go 3, 6, 

or 9 units down to reach the 
graph. Such a line hasa slope 

of — 3. 

(4) Draw a line whose slope is — 2. Place a point anywhere 

on the graph paper, go 4 units to the right of it and 8 units 

down, and place a second point. Draw a line through the two 

points. 
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We may have fractional slopes, also. For example, to draw 
a line with a slope 2, place one point, go 3 units to the right ot 
this point and 2 units up, and there place the second point. Ta 
draw a line with slope — 3, place one point, then go 2 units to 

the right of it and 3 units down. 

For all slopes: The denominator indicates the number of units 
to the right of a point and the numerator indicates the number of 

units wp or down from tt. 

To determine the slope of a straight line, (1) start at any 
point on the line and go any number of units to the right, — 

(2) determine the number of units you will have to go to reach 
the line again; then the slope is: 

number of units up or down, 
number of units to right 

If you have to go up to meet the graph after going to the right, 
the slope will be posztive; if you have to go down to meet the 

graph after going to the right, the slope will be negative. 

Exercises : at is the slope of each of the lines on this chart? 

ARSE 
Hai 

I | 

VA 
a 

siae cance fos 
SAT o| 

2. Draw lines whose slopes are as follows: (a) 4, (b) 2, 
(c) UN (d) 7 5, (e) wr 3, (f) —s 1; (g) +, (h) 4, (2) 4, (9) 3, 

Th) a ts'o 
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Slopes and Linear Equations * 

At the right you see the graphs of y = 2% +5,y = 2 x, and 
y = 22-83. Note from the graph that the slope of each 
line is 2. Note also that the 
coefficient of x in each equa- 
tion is 2. 

(1) Draw the graphs of 
y=3x2+4, y=832, and 

y = 32x — 5o0n thesame axes. 

Note that the slope of each 

line is 3 and that the coeffi- 

cient of x in each equation 

is 3. 

(2) Draw the graphs of 
y=424+5, y=42 —1, 

and y = 4x — 7onthesame 

axes. Note that the slope 

of each line is 4 and the coefficient of x in each equation is 4. 

(3) Draw the graphs of y=—22+3, y=—24%, and 
y =— 2x —5 on the same axes. The slope of each line is 
— 2 and the coefficient of x in each equation is — 2. 

(4) If you drew the graphs of y= %2+5, y=#2+4, 

=—t2+2, and y = xz —6, you would find that the 
slopes were respectively #, 3, — 4,and#. Note the coefficients 
of x in the corresponding equations. 

When an equation is in the form y = ax + b, where u can 

be any number except zero and b can be any number, the coeffi- 

cient of x gives the slope of the graph of the equation. For 

example, in the graph of y = 5x + 7, the slope is 5. Since 

the coefficient of x is 5, y must increase 5 times as fast as z. 

In the graph of y = — 2x +6, the slope is — 2. Since the 

coefficient of xis — 2, y must decrease twice as fast as x increases. 

As you have seen, two lines with the same slope are parallel. 

(5) What is the slope of the graph of each of these equations? 

(a)y=8ex-5 ()y=8-2e (CC) y=3x+9 
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Exercises 
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What is the slope of the graph of each of the following equations? 

1 y-= 22 9 y=—424-5 

2 y= oe 10. y=6—22 

38. y¥=52 11. y=—T7-—32 

4.y=32-4 12. y=—22 

5. y=6x+42 13. y=8x+7 

6 y= 22 —5 14. y=22-—3 

7. y=— sz 15. y=8 —42 

8 y=—224+38 16. y=42 

17. What is the slope of the graph of 2x + 3y = 4? 

SOLUTION. You must first change this equation to the form 
y = ax + 6 by solving for y. 

2 CeO 

3) = 4a 2G 
_ a= 2 

e 3 
y= 3-— 3x 

2 The slope is — 4. 

What ts the slope of the graph of each of the following equations? 

18. 3%7+5y=7 22. 4% -—-5 =—6y 

19. Te —y=4 23. Te +tay=a 

20.52 —3y=8 24.2r+5y =2 

21.674+7=3y 25. x—ty=0 

State how you would draw lines having the following slopes: 

26. 7 29. —6 32. — 

Bind 30. 1 33. — 

28. — 2 31. —1 34, 2 

tooo exito 

35. 3 

36. — 4 

37. —4+ 
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Graphing by Slopes * 

What you have learned about slopes makes it very easy for 
you to graph a linear equation with two variables. All you 
have to do is to find the coérdinates of one point on the graph 
(letting x = 0 is usually the easiest way to get one point), and 
then, because you know the slope of the line, you can get as 
many other points as you wish. 

EXAMPLE 1. Draw the graph of 

y=6-—32. When x =0, then 
y = 6. Plot the point (0,6). The 

slope is — 3. From (0, 6) go 1 

unit to the right and 3 units down. 
Place a point. Continue this process 

until the first and last points are far 

enough apart for an accurate graph. 

EXAMPLE 2. Draw the graph of y=2-2. If x = 0, then 
y = 0. Plot the point (0,0). Theslopeis2. To get another 

point, start at (0, 0), go 1 unit to the right and 2 units up. 
Place a point. Continue the process and draw the graph. 

y= pee Ws 24, When z=0,y = 2. Since y is fractional, 

it cannot be plotted accurately. Look for an integral value of 

x that will give an integral value of y. When x = 1, pol, 

Plot (1,1). The slope is — 3. From (1, 1) go 3 units to the 
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right and 2 units down. Place there another point. Continue 

the process until the first and the last points are far enough 

apart to give an accurate graph. 

Exercises 

1. In y = 82, the y-increase is _’_ times the x-increase. 

2. In the following equations, how does y increase as x 

increases? y=62,y =52,y=T72,y =2%. 

3. What are the slopes of the lines in Ex. 2? 

4. Tell how you can draw lines whose slopes are, respec- 

tively, 2, 4, 5, and 1. 

5. Draw the graphs of the following equations, using the 

same axes for all of them: y =3%7,y =52,y=72,y =7. 

6. What have all the graphs of Ex. 5 in common? How 

can you tell from the equations that all the graphs pass through 
the origin? 

7. Draw the graphs of the following equations on the same 
axes: y= 2a,-y=22+4+3, yu 2e—5. 

What have all these linesin common? Could you have given 
your answer by looking at the equations without the graphs? 

8. Draw the graphs of the following equations on the same 
axes: y=22e-+5, y= 4245, y=o25. 

What have all these linesincommon? Could you have given 
your answer by looking at the equations without the graphs? 

9. Write four equations of the form y = ax + b, whose 
slopes are 3. 

10. Draw the graph of y = 32 — 2. Place any point on 

the graph. Substitute the x-distance of this point for x and 

the y-distance for y in the equation. Do the codrdinates of 
this point satisfy the equation? 

Graph the following equations: 

11. y=382+4+2 14. y=22—7 17. y= 

12. y=52%—-—1 15..4¥ =2% —1 18. 4 =. 

18. y=42-—3 16. y=x+2 19. y=-2 
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In the following equations tell how y increases as x increases: 

19. y=22—7 22. y=%24+38 

20. y=—224+5 23. y=—32-—2 

21. y=$2-1 24. y= 22 

25. State the slope of the graph of each of the equations in 
Exs. 19-24. 

26. Tell how you can aay — with the following slopes: 

s = 4,1,4.4,¢, 3 — $, — $. 

27. Draw the graphs of the equations in Exs. 19-24. 

28. What have the graphs of the following equations in 
common? 

P32, PHB YH 2k, Y =F 

29. What have the graphs of the following equations in 

common? 

y=3nr, y=3u—2, y=3x4+5, 2y=62r+10 

30. What have the graphs of the following equations in 

common? 

y=224+7, y=—82x247, y= Huet, 2y=38244+14 

31. Draw the graphs of the following equations on the same 

axes: y= iz, y=—i2, y=tat+l, y=—Fe—-T. 

32. Draw the graphs of the following equations on the same 

axes: y= 32-4, y=-—382+4 y=3u, y=- 8%. 

33. What is the slope of the graph of y= 3 — 22? Draw 

the graph. 

Draw the graphs of the following equations: 

34. y= 4-32 35. y=—-54+4%2 36. y= 2-52 

37. Graph y = x — 2 and y = 6 — «x on the same axes. 

What are the codrdinates of the point where they intersect? 
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Graph the following equations, first solving for y: 

38. 34 -+-4y =1 41. 3x -—y=6 

89. 2x—y=5 42. de+y=5 

40. 2x4+y=9 43. 2x+y =2 

Draw the graphs of the following equations: 

44, 2x%—3y=4 46. 54 —8y=-A4 

45. 3x —2y=8 47. 3x%-—5y=-4 

Chapter Summary 

A single equation with two variables is satisfied by an unlimited 
number of pairs of numbers. It is impossible to show all of 

these in a table, since it would take forever to write down an 

infinite number of number-pairs. Even if you could write all 

of these down, you would still not have a very clear picture 
of the equation in question. However, it is possible to repre- 

sent a limited number of number-pairs as points on a graph 
chart and get a very clear picture of the equation by drawing 

a line through these points. The points do not show the whole 

graph, but they do indicate the trend — that is, whether the 

graph is a straight line, circle, or other curved line. 

The graph of an equation is a line, straight or curved, which 

contains all the points whose coérdinates satisfy the equation 

and which contains no other points. 

In this chapter you learned how to graph equations with two 

-variables when both positive and negative numbers were 
involved. You did this — 

(1) by drawing two number scales intersecting each other at 
right angles as reference lines for plotting points. The 

horizontal scale was called the X-axis; the vertical 

scale, the Y-axis; and the intersection of the two scales, 
the origin. 

(2) by arranging the scales so that distances to the right and 
up represent positive numbers and to the left and down 
represent negative numbers. 
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(3) by finding pairs of numbers that satisfied the equations. 
This was done by assigning values to x, the independent 
variable, and determining the corresponding values of y, 
the dependent variable, from the equation. This gave 
a table of number-pairs to plot. 

(4) by plotting points that represented the number-pairs 
in the table. 

(5) by drawing a line through the points plotted to give the 
graph of the equation. 

The graphs of first-degree equations with two variables 
are always straight lines. They are, therefore, called linear 

equations. Plotting two points is sufficient to determine the 
location of straight line graphs, providing that the points are 

far enough apart to make the drawing of the graph accurate. 
A third point is used as a check. 

These straight line graphs are pictures of equations of the 
type y = ax + 6b (after the equations are solved for y), where x 

and y are the variables that can have an infinite number of 
values, and a and 6 are constants whose values remain the same 

in any given equation. 

Graphs of equations with two variables and of degree higher 
than the first were found to be curved lines. 

If you studied the optional material, you learned (1) the 
meaning of the slope of a straight line, (2) that the slope of the 
graph of a linear equation is the same as the coefficient of x in 
the equation, (3) that a linear equation can be graphed, knowing 

one point and the slope. 

You should understand the following technical terms: 

X-axis abscissa 
Y-axis ordinate 

x-distance coordinates 
y-distance linear equation 
origin variable 

slope* constant 

equation of the first degree with two variables 
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Chapter Review 

1. Give five pairs of values that satisfy the equation 

2x+3y=10. How many pairs of values will satisfy this 

equation? 

2. State without graphing whether the points (3, 5) and 
(2, 1) are on the graph of 2x —y = 1. Explain. 

3. On what line are all the points whose abscissas are 0? 

3? —A? 

4, On what line are all the points whose ordinates are 0? 
5? — 3? 

5. Draw axes on graph paper and plot the points (7, 3), 

(4, uaa 6), on 2, 3), ie 5, aan a): (0, 0), (0, ay, 5), itp 0). 

6. What are the coordi- 

nates of points A, B, C, D, ——- aos UeemeeRnEe 

E, F, and O in the figure at 

the right? 

7. Without graphing, 

state at what value of x the 

graph of y = 2x — 8 crosses 

the X-axis. 

8. For what value of y 
does the graph of 24+ 3y 

= 7 cross the Y-axis? 

Solve each of the following 
equations for y: 

9 S%4+y=5 11. 224+383y=7 

10. 3% -—y=5 12. 2% -—3y=-—T7 

Solve each of the following equations for x: 

18. 82+2y=4 14. Ty —22% =—5 

What is the value of y in each of the following equations when 
x = 0? when x =— 8? whenzx = 5? 

15. Txe+y=9 17. 2%-—3y=4 

16. 3% -—y=8 18. 2x¢+3y=6 
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Draw the graphs of the following equations: 

19. + = 0 21. 2 = 4 23. y=—5 

20. y = 0 22. 2=—3 24. y=6 

Draw the graphs of the following equations: 

25. y=x-3 27. 22+y=3 29. 834+4y=—5 

26. y=32—-—T7 28. 54 —y=4 30. 84-—4y=5 

31. Draw the graph of y = 2? + 5. 

*32. Straight lines with the same slope are _?_. 

*33. What are the slopes of the lines in the chart below? 

*34. Draw lines with the following slopes: 4, — 3, 2, — 3. 

By means of slopes draw graphs of the following equations: 

35 = 3 +37, y=—$24+838 

#36. y=324+2 *38. 3x2 +4y = 12 

39. How do the graphs of second-degree equations differ 

from the graphs of first-degree equations? 

40. Draw the graphs of y = #7 —2x2+1land2x%—-y=2 

on the same axes. At how many points do these graphs cross 

each other or intersect? Read the codrdinates of the points of 

intersection and substitute these values for the variables in both 

equations. What do you discover? 
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Maintaining Skills 

(Decimals) 

1. Copy the following decimals and arrange them in order 

of size, with the largest first: .4, .06, .15, .085. 

Write the following as decimal fractions: 

2. 4 6. a5 10. 2 14, ~ 18. 3% 

3. 4 q. oe 11. # 15. 2 19. 33,5 

4,4 8. 2 12. £ is. = 20. i5 

Bas 9. 2 13. 2 17. £ 21. -3°5 

Write the following as common fractions: 

225210 25. .50 28. 315 31. .662 

OEE ll 26. .75 29. .875 32. .80 

24am Diba od WAS 30. .3834 338. .625 

Change to a decimal. In case there is a remainder, give the 
result to the nearest thousandth. 

Gyn S625 38. 375 40. 43 

See 37. $ 39. <5 41, 32 

Add: 

Ae. ly 200) 9.0,8L1.0 44. .006, .759, 8.4387 

43. 5.037, 0.919, 3.400 45. 32.03, 192.50, 73.00 

Subtract the second number from the first: 

46. 5.00, .83 Toe COonoct 48. 8.0, 0.8 

Multiply or divide as indicated: 

49. 10 x 4.32 53. 4.32 + 10 57. 86.92 « 1.05 

50. 10 x 4 54. 4.382 + 100 58. 16.675 + 2.3 

61. 100; 6.3 55. 1.6 < 0.3 59. 166.75 + .023 

52. 100 x 9.84 56. 3749 X .24 60. 16675 + .23 



CuHaPTer XII 

SOLVING PAIRS OF 
LINEAR EQUATIONS 

It is often much easier to state the relationships in a problem 
by using two unknowns than it is by using only one unknown. 

But, as you have seen, a linear equation with two unknowns, or 

variables, has an unlimited number of solutions (page 275). 
How, then, can a problem be solved definitely by using two 
unknowns? 
When two unknowns are used, two equations must be written 

with the same two variables in each. We then have a pair of 

equations and not a single equation to solve, and we must find a 

common solution for them. By a “‘common solution”? we mean 

values of the variables that will satisfy both equations. 
How many solutions has such a ‘pair of linear equations, if 

the same values of the two unknowns must satisfy both equa- 

tions? If the sum of two numbers is 10 and their difference is 
2, what are the numbers? Is there more than one solution? 

The two equations for this problem are — 

a+b=10 

a—-b= 2 

An infinite number of values of a and 6 will satisfy the first 

equation alone, or the second equation alone. What values of 

a and 6 will satisfy both equations? 

The answers to these questions concerning a common solution 

for a pair of equations are explained in the following pages, 

where you will learn how to solve a pair of linear equations, 

first by drawing graphs and then algebraically. 
295 
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Solving Pairs of Equations Graphically 

Graph on the same axes 24 —y =3 and 38x2+y=7. 

What are the coordinates of the point of intersection of these 

lines? The coordinates of every point on one graph satisfy its 

equation, and the codrdinates of every point on the other graph 
satisfy its equation. What can you say about the codrdinates 

of the point of intersection? 

Substitute « = 2, y = 1, the codrdinates of the point of inter- 

section, for x and y in both equations to see if these values 

satisfy the equations. 

Since the pair of numbers, 

x = 2, y = 1, satisfies both 

these equations, the equations 

have a common solution. 

Two linear equations can 

have only one common solu- 

tion, for two straight lines 

can intersect at only one 
point. 

ERERESRHERL CRESS S 
SERSSGRERIEZEUAEE SS: 
HEBSRERERABESNE ARR: 
BERCRRERRRVERSY. Bea - 
ERavee anes Nees Annee 

| | 
BERERESPA'ABEDL SE Salt! 
BERASERS) / RHBWAUAESS 
BRMBEBL WARGRANite tes. 
SEGS0087 60 
BSSMESEMERADSROVE AG. 
BRERBRESERBERREEEY IA 

If two equations with two 

variables have a common 

solution, they arecalled simul- 

taneous equations. 

The steps in solving two simultaneous linear equations graphi- 
cally are: 

1. Graph the two equations on the same axes. 

2. Find the codrdinates of the point of intersection of the 

two graphs. This pair of values for the variables is 

the common solution. 

3. Substitute the values found in both equations. 

Simultaneous equations need not be of the first degree. 
Thus y = # —2x4+1 and 2x —y =2 are simultaneous 
equations, only one of which is linear. In many cases both 
equations are of higher degree than the first. 
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Exercises 

Solve the following pairs of equations graphically: 

1 8 x«+y=5 7% y=x2-1 
2z—-—y=T7 82+y=11 

& wer t4 8 3x-—y=14 

rt+y=8 22 +-y =6 

8 y=32+7 9 7 = 32 —"7 
2z+y=2 y=x+6 

4. 2x¢+y=5 10. 2x+y=8 

y=32 52a—y=6 

5 «erty=4 11. 4%7+3y=6 

2%—y=8 22%—-y=- 

6. dx-—y=1 12. 8%4+4y=10 
y=2x—-—3 2%—-y=-8 

Inconsistent and Dependent Equations 

(1) Graph the equations 2% — y = 1 and 2x —y = 4 on 
the same axes. Note that the two lines are parallel and hence 

the equations have no common solution. It is obvious that 

2x — y cannot be 1 and 4 at 

the same time; that is, for FRRRORPERRk ae eee 
ERROR AISA eo 

the same values of x and y. SES ERS 

If two equations with two a 
variables have no common a 

: Gioia ft 
solution, they are called in- pee Le, BERK 4 

consistent equations. a ae fo pn 
; SESRa SSR eY WP Abewoso 

If you have studied about [[//ITTITI VI 
F ; BEE Laey, 

slopes in the preceding chap- [[[TrrrrViZ 
ter, you will see that both A 

these graphs have the slope 2. // 

If the graphs of two linear 

equations have the same 

slope, they are parallel and hence the equations are incon- 

sistent. 
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(2) Graph the two equations 2x — y = land4a4 —2y = 2. 

You will find that the same line is the graph of both. Hence 

any pair of values which is a solution of one equation is a solu- 

tion of the other, or these equations have an unlimited number 

of common solutions. Test this statement. 

Such equations are called dependent equations. One equa- 

tion is dependent upon the other in the sense that it may be 

changed to be identical to the other equation. 

If you can divide both sides of one equation of a pair by some 
number so as to get the other equation, you will know that the 

two equations are dependent. 

Algebraic Solution of Simultaneous 

Linear Equations 

The graphic method of solving simultaneous linear equations 

may sometimes be inaccurate because of inaccuracies in draw- 
ing. The point of intersection may have fractional codrdinates 
which are impossible to read correctly. Then, again, the two 

lines may be so nearly parallel that no clear point of intersection 

is shown. Sometimes a more exact solution is needed and this 
can be obtained by the algebraic method. 

We shall show you two ways of solving simultaneous linear 
equations algebraically. The first method is called elimination 

by substitution and the second is called elimination by addition. 
The substitution method is simple when the coefficient of 

either x or y in either equation is 1 or — 1. When this is not 

so, the substitution method involves fractions and is more 
difficult. 

SOLUTION BY SUBSTITUTION 

EXAMPLE 1. Find the values of x and y which will satisfy 
both equations: 

4zx+y=2 

2x+3y=-4 

Solve for y in the first equation. (We choose this particular 
variable because here the coefficient is 1.) 

y=2-42 
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Put this value of y in place of y in the other equation. 

22%+3(2 —427) =-—4 

You now have one equation with one unknown which can 
easily be solved. 

2x+6-—1227=-4 

—10x2 =-— 10 

are A 

Substitute x = 1in the equation y = 2 — 4xand get y = — 2. 

The values of x and y that satisfy both equations are x = 1, 
y =— 2. 

Check in both equations: 

4zx+y=4-2=2 
2x4+3y=2-6=-4 

EXAMPLE 2. Solve for x and y: 

4x —2y=3 

x+3y=13 

Here you would first solve for x in the second equation and 
then substitute that value of x in the first equation. You should 
carry through the solution. 

Exercises 

Solve the following equations: 

Le+@¢+)=3 5. 3(2y —2)+2y =-6 

ZY 2) + 2y = 2 6. 834—2(-5 -22) =-4 

8. 324+ 262 —3)=12 7 2y+4+y=5 

4. Tx —9(8x2 +24) =—76 8. 3(7z2 +7) +5z2=—31 

Solve the following pairs of simultaneous equations: 

9. 8x+y=7 11.¢2+y=3 

xr—-y=1 r—-y=l1 

10. 2xe¢+y=5 12. 324 —-— y=-— 24 

8x2 —y = 45 T*#—-9y =— 76 
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13. y¥=8 —2 19. x«—5y=-—2 
4x —3y =-—3 9x+ Ty = 34 

14. 324+2y = 16 202. 4a+b0= 
Tz2+ y= 19 5a+3b=3 

15. 24¢+y=11 21. 22%—3y = 12 
x—-y=-2 Tx+y=19 

16. 4% —2y =38 22) a= 236 
on —y =4 : 3a+26 = 22 

17. 2 =3y 23. y =x 
24—5y=4 38x2—5y=0 

18. y=—22 24. m+2n=8 
et+2y=9 8m—-n=8 

SOLUTION BY ADDITION 

The addition method of solving simultaneous equations avoids 
fractions in cases where the substitution method would involve 
them. To show the new method, very simple equations that 

may be readily solved by the substitution method are used in 
Exs. (1) and (2) below, but Ex. (8) will involve fractions if the 
substitution method is employed. 

(1) Solve the equations: 2%+y=5 
382 —y = 10 

If you add the left members of these equations, the result 

is 5a. The y’s have been eliminated. If you add the right 
members, the result is 15. 

Now 52 = 15, because you have added equal quantities 

to equal quantities and hence the results will be equal. 

Therefore x = 3. 

Substitute 3 for x in either equation and get y = — 1. 

Your solution is ¢ = 3, y =—1. 

Check by substituting 3 for z and — 1 for yin both equations. 

on 
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(2) Solve the equations: 82+ y = 11 

2xe+y=8 

If you added here, as in Ex. (1), you would eliminate neither 
x nor y. You can, however, eliminate y by adding after you 
have multiplied both sides of the second equation by — 1. 
Do this and carry through the solution. Check your answers 
in both equations. 

(3) Solve the equations: 2% +3y=-1 

542 —-2y=—12 

Before you can eliminate y (or x) by addition, you must 
change the equations so that the coefficients of y (or x) are 
the same in absolute value but opposite in sign. 

To eliminate y, first multiply both sides of the first equation 
by 2. Then — 

4x+6y=-2 

Multiply both sides of the second equation by 3. (If the 

coefficient of y in the second equation had been + 2, you would 
multiply by — 3.) Then — 

152 —6y =— 36 

Adding the last two equations, you have — 

19 x = — 38 
x=-—2 

Substitute — 2 for x in either of the original equations, and 

you get y = 1. 

Your solution is = — 2,y = 1. 

Check by substituting — 2 for x and 1 for y in both equations. 

In the examples we have eliminated y. Whenever it is more 
convenient, x can be eliminated instead of y. 

(4) Solve: 2x—4y= 6 
oe — ly = 11 

In this case it is easier to multiply both sides of the first 

equation by 3 and of the second by — 2. Adding then elimi- 

nates x. Complete the solution. 
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A’summary of the elimination by addition method of solving 
simultaneous linear equations is as follows: 

1. Multiply, if necessary, both sides of each equation by 

a number that will make the coefficients of one of the 

unknowns have the same absolute value but opposite 

signs in the two equations. 

2. Add the members of these two new equations so as to 

eliminate this unknown. 

3. Solve the resulting equation for the other unknown. 

4. Substitute your answer for this unknown in either of the 

given equations in order to find the value of the unknown 

you first eliminated. 

5. Check by substituting your answers in both equations. 

Exercises 

Solve by means of addition: 

fT ott y = 9 

2*e—-y=1 

2. 3% + y = 10 

22-+-y = 7 

3. 5r —s =— 23 

3r—s=—15 

4.2a+3b=-—5 

5a+3b0=1 

5 8¢4+2y=—-—7 

5a —-2y=-1 

6. 2£+3y = 4 

e—-2Zy=-1 

7 2m+3n=6 

2m—5n =2 

8. 2%4+3y=8 

sxe+y=5 

15. 

16. 

2x+y=8 
Tx—4y=18 

4x+y=16 

5x —d8y=3 

5a+y=15 
3x+2y=9 

(x2 —5y=-2 

8e+y=-—9 

4p —2q = 20 
p+5q=-17 

22+5y=18 

5x —y=18 

82+2y=17 
54—-—S3y=3 

4a+3b=-—2 

8a—2b=12 
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17. 

18. 

19. 

20. 

21. 

22. 

23. 

24. 

25. 

26. 

27. 

28. 

29. 

30. 

31. 
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22—5y=T 

8x2 —2y =-—18 

De Td =14 
Ge-- d = 2 

4x+3y=-—12 
5a +4y=—15 

5a+9b6b=53 

6a —5b = 32 

2x+y=8 

4z%—y=T7 

22+3y=14 

4x+3y=21 

4a+3b6=0 

2a—-b=—5 

bz2+3y=2 

3x2+5y=—10 

5m+9n = 61 

TIm+3n = 47 

Tx+2y =— 29 

= 92+ by = T 

2a+3b=0 

2b+3a =— 20 

5a —6y=1 
8x2 =2y — 33 

lir = 35+28 

Tr+4s= 15 

924 —2y = 24 

32. 

33. 

34. 

35. 

36. 

37. 

38. 

39. 

40. 

41. 

42. 

43. 

44. 

45. 

46. 

3a+5y = 44 
92 -+2y=7 

8x+6y = 16 
4%—3y = 12 

5Ba+4y=-—4 
Tx+2y=4 

22%+3y = 12.6 
5a —9y =— 9.6 

Bete Se t'7.8 
22—Ty =— 81.7 

ax+3y = 8a 

ax —y=4a 

Tx+tay=138a 

2x2 —ay=5a 

62+ 5y = 46 
10x%+3y = 66 

20+ Ty = 52 

32—5y = 16 

24—-Ty=8 
4y—9x=19 

4x —6y=8 

9x+6y = 96 

2%—3y =8 
82—Ty=T7 

2e+y=7 
2x—-y=5 

84+y=11 
6x+2y=-5 

2x—8y=-—14 
8a2+7Ty = 48 

303 
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Solving Algebraically Problems with 

Two Variables 

As has been stated, it is often easier to solve a problem by 

using two unknowns and writing two equations than to solve 

it by using one unknown and one equation. 

EXAMPLE. Six pounds of sugar and 3 dozen eggs cost $1.68. 
At the same prices 4 pounds of sugar and 5 dozen eggs cost $2.44. 

What is the cost of each? 

SoLUTION. If the cost in cents of 1 pound of sugar is x, and the 
cost in cents of 1 dozen eggs is y, 

then 6 pounds of sugar cost 6x (Why?) 

3 dozen eggs cost 3Y- 

4 pounds of sugar cost 4 x 

and 5 dozen eggs cost Sy 

According to the problem: 

62+ 3y = 168 

4n+5y = 244 

Complete the solution by solving these equations. Check to 
see if your answers satisfy the given problem. 

Exercises 

1. Six apples and 3 pears cost 33 cents. At the same prices 

3 apples and 6 pears would cost 39 cents. Find the cost of 

each. 

2. Find two numbers whose sum is 35 and whose difference 

age 72 

8. The difference between two numbers is 4. Three times 
the larger is 2 more than 5 times the smaller. Find the numbers. 

4, At a high school play, pupils paid 25 cents and adults 

paid 40 cents for admission. The total receipts for 90 tickets 
was $28.50. How many of each kind were sold? 

5. The sum of two numbers is 20. Twice one of them is 

3 times the other. Find the numbers. 

6. The length of a rectangle is 3 inches more than the width. 
The perimeter is 34 inches. Find the length and the width. 
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7. Find two numbers such that 4 times the first number 
minus 5 times the second number equals 100, and 2 times the 
first number plus the second number equals 8. 

8. For one day a contractor hired 5 men and 8 boys for 
$31. For another day, at the same rate, he hired 3 men and 
5 boys for $25. How much did he pay each man and each boy 
per day? 

9. John is paid $3 a week more than Helen. In 6 weeks 
Helen earns as much as John does in 5 weeks. What is the 
weekly wage of each? 

10. The sum of two numbers is 16. Twice their difference 

increased by 3is 7. Find the numbers. 

11. Five full-fare tickets and three half-fare tickets on the 

railroad cost $3.25, and four full-fare and two half-fare tickets 

cost $2.50. How much does a full-fare ticket cost? a half- 

fare ticket? 

Chapter Summary 

If two equations with two variables have a common solution, 

they are called simultaneous equations. If two equations with 

two variables have no common solution, they are called incon- 
sistent equations and their graphs are parallel. If every point 

that satisfies one equation also satisfies a second equation, the 

equations are said to be dependent equations. In this case both 
equations have the same graph, and the second equation can 

always be changed to a form identical to the first equation. 
Simultaneous equations may be solved graphically by draw- 

ing their graphs on the same axes. The codrdinates of the 

point of intersection of the graphs are the common solution. 

They may also be solved by algebraic methods, two of which 

you have studied in this chapter — elimination by substitution 

and elimination by addition. You should review these two 

methods until you understand them thoroughly. 

You should understand the following technical terms: 

simultaneous equations elimination by substitution 

inconsistent equations elimination by addition 

dependent equations common solution 
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Chapter Review 

1. How many pairs of values will satisfy both 872+ y = 4 

and3x2+y = 5? 

2. How many pairs of values will satisfy both x + y = 5 

and2x“2%+2y = 10? 

3. How many pairs of values will satisfy both x + y = 10 

and x — y = 2? 

4. Hf two equations with two variables have a common 

solution, they are called _? equations.._ If two linear equations 

with two variables have no common solution, they are called 

_? equations. Their graphs are _’_. 

Solve graphically: 

5B 6 6Ue ty =-—5 6. 32+2y = 11 

8x2 —y=9 2x—3sy=38 

Solve by substitution: 

7 y =— 2% 1. 20+ 302 
22+ 5y = 10 a—2b=8 

8 y= 2442 12. p+3q=8 
4%—y=6 2p —10q =— 40 

9 #*£+2y=—-—1 18.- 52+y=0 

34 —-2y =5 2x+4y=-9 

10. Tx —38y =-1 144. x+3y=6 

2x—y=-1 5bxr+Ty=-2 

Solve by addition: 

15. x -—2y =-18 17. 4%¢+5y=7 

r+2y=838 b2+6y=8 

16. 8at+d=A4 18. 8a+5b =— 19 

5ba+d=1 5a—7b = 45 

* Use slopes in making the graphs to solve the following pairs of 
equations: 

19. 34+2y=5 20. 5% —38y =—- 12 
2%—8y = 12 2%+3y = 12 
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Solve the following problems, using two equations with two 
variables: 

21. The sum of two numbers is 56; their difference is 14. 
Find each number. 

22. Find two numbers whose sum is 40 and whose difference 
is 20. 

23. Two girls went to the store for rice and sugar. One girl 
bought 3 pounds of sugar and 2 pounds of rice for 47 cents. The 
other girl bought 2 pounds of sugar and 2 pounds of rice for 
39 cents. Find the price of a pound of each. 

24. Mr. Black, a farmer, paid 10 men and 8 boys $84 for 
4 days’ work; later he paid 12 men and 6 boys $45 for 2 days’ 
work. The men were paid at one uniform rate, and the boys 

were paid at another uniform rate. What was the daily rate 
of each of these boys? 

25. The total value of two investments is $1100. The 

annual interest earned on one is 5% and on the other is 6%. 

The total interest is $61. How much is invested at each rate? 

26. Mr. Smith wished to invest $10,000 in 8% and 4% 

bonds to yield an income of $330 a year. How much should 

he invest in each kind of bond? 

27. An airliner carried on one trip 10 full-fare passengers and 

2 half-fare passengers, who paid $220 for their passage. On 

another trip it carried 12 passengers at full fare and 1 at half fare, 

who paid $250. How much was the full-fare passage and how 

much was the half-fare? 

28. The owner of a private plane purchased on a trip 30 gal. 

of gas and 5 qt. of oil, and on another trip he bought 25 gal. 

of gas and 8 qt. of oil. His first bill was $6.90 and his second 

bill $5.40. The prices of the oil and the gas were the same 

both times. What was the cost of the gas per gallon and of the 

oil per quart? 

29. The weight of 2 light bombs and 5 heavy bombs is 

5200 Ib., and the weight of 4 light bombs and 3 heavy bombs 

is 3400 Ib. Find the weight of each kind of bomb. 
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CUMULATIVE REVIEW! 
1. What is meant by the absolute value of a signed number? 

2. How many terms has the expression 2a + 3b — 4c? 

How many factors has the second term? 

3. What is the difference in meaning, if any, between 1 a 

and a? 

4. In the expression 3 x”, what is the 3 called? what is the 

2 called? 

5. Find the value of each of the following: 5(2 + 7); 

EOlo — 2), 9(2 — 7); — 33 — O); 2+ 5(5 + 3); 
(2 + 5)(5 + 38). 

6. If x — y is negative, is x greater or less than y? 

What is the difference in meaning between the following pairs of 

expressions (Es. 7-12)? 

70 8:0, 4° 10. (ab)?, ab? 

8. 2a+6,2(a+ b) 11. + 38(x — 2), (x + 3)(x — 2) 

Gea ee 12. a? — Bb, (a — b)? 

3 3 

13. Illustrate the meaning of each of the following terms 
in an algebraic expression: exponent, numerical coefficient, 

product, sum, quotient, minuend, subtrahend, numerator, 
denominator. 

14. What is the cost of m pounds of coffee at b cents a pound? 

15. Ifa train travels at a uniform rate of r miles an hour for 
kh hours, how far will it go? 

If p and q represent two numbers (Exs. 16-19), what will 
represent the following? 

16. The product of the two numbers. 

17. The sum of the two numbers. 

18. Twice the product of the two numbers. 

19. Twice the sum of the two numbers. 

TO THE TEACHER. See Note 18 on page 461. 
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20. A rectangle is 5 times as long as it is wide. If it is w feet 
wide, how long is it? What is the perimeter? 

21. If narticles cost c cents, how much will one article cost? 

If p and q represent two numbers (Exs. 22-24), what will 
represent — 

22. 3 more than twice their product? 

23. 3 more than twice their sum? 

24. 3 more than twice their difference (p being larger)? 

25. The sum of two numbers is s. If one is d, what is the 
other? 

26. If the perimeter of an equilateral triangle is 6a + 9, 
what is the length of one side? 

27. If 6 is greater than a, by how much does b exceed a? 

28. What number multiplied by 6 will give a? 

29. If nm represents any integer, 2 » will be an even integer. 
Test this statement by using several values of n. 

30. If n represents any integer, 2n + 1 or 2n — 1 will be 
an odd integer. Test this by using several values of n. 

31. Write three consecutive even integers of which the 

middle number is 2 n. 

32. Write three consecutive odd integers of which the middle 

number is 2” + 1. 

33. Show that the average of n + 5, n, and n — 5isn. 

34. If a man can do a piece of work in n days, what part of 

it can he do in one day? 

Write the following statements as equations (E'xs. 35-39): 

35. bis 5 more than a. 

36. bis 5 less than a. 

37. a exceeds b by 5. 

38. Twice a is 10 less than 3 times b. 

39. Three times the expression n + 5 is 4 more than n. 
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40. Write as an equation: Five more than three times 7 is 

twice as much as 5 more than n. 

41. A boy sells the News for 3 cents and the Gazette for 5 cents. 

If he sells » copies of the first and q copies of the second, how 

many cents should he collect? 

42. If the dimensions of a rectangular box are /, w, and h, 

what is S, the sum of its twelve edges? What is A, the area of 

its six surfaces? 

Subtract the lower number from the wpper number: 

43. 18 re IV. 4555 17 46. 25 
a. ais eT 12, 

Combine terms: 

aT. (9) 3) eB) ee — 10) 

A808) <7? (yt) a tao 2) te de 

49. 15 —-8+10+83 — 24 

Rewrite without parentheses and combine like terms: 

50. 15 — (7a —3)+6 51. 18x%+ (9x2 —Ty) —6y 

Find the following products: 

52. (+ 7)(+ 8) 56. (+ b)(— b) 60. 2(a + 3) 

53. (— 7)(— 8) 57. (— b)(— b) 61. 2(x — 3) 

64. (— 7)(+ 8) 58. (— a)(— b) 62. — 2(x + 8) 

55. (+ 7)(-— 8) 59. (— a)(0) 63. — 2(x — 3) 

640 2) 2a) 66. (—'S)(+ (= Da 

65. (+ 2)(— 3) 1) b) BT. (+ 6)(= 3) Cee 

Multiply as indicated and combine similar terms: 

68. 5% — 3(24 — 5) 70. —5e%+4+38(—22+ 5) 

69. 52+ 3(2a" + 5) 71. — 5x2 —38(-—22-4 5) 
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72. What is the rule of signs in multiplying or dividing signed 
numbers? 

Divide as indicated: 

7S. 10x 77. 10a 81. 38x4+6y 
5 a 3 

=< = thE Wid 

45: — 102 79. xe 83. a? a ab 

ts , 

1. = 10 x 30. = ga UV ta 
5 x a 

Solve and check the following equations: 

85. 12% =— 24 88. x —8 =—15 

86. — 7x = 35 89. «+10 = 3 

87. —8x =— 32 90. 2n+3=n+5 

Multiply as indicated: 

91. 2(n + 3) 93. (5)(2 n)(— 7) 

92. 5(2n — 7) 94. (2)(n)(8) 

Perform the indicated operations: 

95. n*®? Xv 104. (— 2n)? 

96. n XK W 105. (2n)’ 

97. (— n*)(n) 106. (— 2n)? 

98. (— n*)(— n') 107. (2.a)(8 a) 

99. (37) (3?) 108. (2 a)(3 b) 

100. (3) (3?) 109. (2a)(— 3a) 

101. (n?)? S10 e642 Ge fb) 

102. (n?)’ 1145, (2 #)°(6.2)5 

103. (2n)? 112. (— 2 2)*(3 x} 
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113. Divider? +62+8by2+44. 

114. Divide x? —52+8by 2 —3. 

115. Divide 22? —-7x+2by2+4 4. 

116. The value of x? +32 —5 depends upon the _?_. 
What is the value of the expression when zx is — 7? 

117. What is the effect upon the product abc if each factor 

is multiplied by 2? 

118. What is the effect upon the sum a + b + cif each term 

is multiplied by 2? 

119. What is the effect upon the area of a circle if the radius 

is multiplied by 3? (A = ar’) 

120. What is the area of a triangle whose base is 12 inches 

and whose altitude is 8 inches? 

121. What is the simple interest on p dollars at 4% for t 

years? 

122. The formula a = p(1 + rt) is used to find the amount 
that a given principal will yield at a given rate for a given time, 

at simple interest. What principal must be invested at 5% 
for 10 years to amount to $1000? 

123. Find the interest on $562 at 4% for two years. 

124. Find the value of 2 rr? + 2arh whenr = 3.5andh = 6. 

(Use « = 47.) 

Find the value of the following when a = 2 and b = 8: 

125. 5 ab 127. Tab—12 129. Gab —5 
126. 3 ab 128. 2ab+3 130. 4ab + 2 

131. Find the value of 4a — 5b when a = 7 and 6b =— 5: 
when a =— 38 and b = 4. 

Find the value of the following when a =— 5 and b =— 2: 

132. 3a+25b 134. a? + BD? 136. 3(a + b) 

133. 3a —2b 135. a? — Bb? 137. 3(a — b) 
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Find the value of the following when x = 5 and y = 2: 

138. 2x 140. 32 142. xy 144. x — 2(y + 3) 

139. 2? 141. 23 143. xy? 145. (x — 2)(y + 8) 

146. Find the value of a? —3ab + 4b? when a = 4 and 
=— 3. 

147. Make a table of values for x and y for the equation 

y =8+ 22 — 2 when x = — 4, — 38, — 2, —1, 0,1, 2, 3, 4. 

Solve and check the following equations: 

148. n—7=-—4 151. n+-2+n-—-5=2 

149. n+5=3 152. 8n — (n+ 5) =3 

150. 7—n=2 158. n+(8+2n) =-—838 

Solve the following equations: 

n 37 
154. 7 = 158. a = 5 

165. n+5=7 159. 5n+7n = 36 

1656. 5n =7 160. 3(n + 8) = 30 

157. Tn = 161. 2(n + 3) = 11 

Solve the following literal equations for n: 

162. n+a=b0 166. 2a+n=b) 

163. an = b 167. 2a+n) =b 

164. ~=b [ep yee 
a a 

165. n—a=b 169. an = 

Solve and check: 

170. 4(¢ —1) =3@ —2)+7 

171. 3(82 — 4) = 4(a@ — 5)— 32 

172. Solve the equation 5 x = 0. 

Solve the following equations: 

173. 324+8422-2=31 175. 8n+3=-17—-2 

174. 7n = 18+ 12 176. 3(¢ —5)=24—-4 
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State definitely how the formulas in Column A have been 

changed to the formulas in Column B: 

CoLUMN A CoLUMN B 

177. A = lw 177 w = 4 

178. C= 2 ar 178. ae: 
2a 

179. p= 21+2w 179. p= P20 

180. $1 = w 180.1 = 2w 

181, Cm Aa. 8 181 w = 2-8 

_ th _2A 182. A hy 182. h = ; 

188. p= a+b+e 183. a=p—(b+0c) 

184. The product of x and yis p+ q. Express x in terms 

of p, q, and y. 

185. If A=4xr+3y and B=42x-—3y, what does 
A + Bequal? what does A — B equal? 

186. If «2 +22 = 8, what does x? + 22 + 1 equal? 

187. Aman and a boy together earn $11 a day. How much 

does each earn if the man earns $5 a day more than the boy? 

188. A certain rectangle is 3 times as long as it is wide. If 
_ its perimeter is 64 inches, what are its dimensions? 

- 189. C is 6 times as old as D. In 20 years C’s age will be 
only twice D’s age. What are their present ages? 

190. A train traveling at the rate of 50 miles an hour covers a 

trip in 5 hours. How long would it take to cover the same 

distance if it traveled at the rate of 35 miles an hour? 

191. A grocer has two kinds of tea, some worth 60 cents a 
pound and some worth 75 cents a pound. He has 20 pounds 
more of the 60-cent kind than of the 75-cent kind. How many 
pounds has he of each if the value of both kinds is $45.75? 
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192. I bought 45 stamps for $1.05. If part of them were 
2-cent stamps and the rest were 3-cent stamps, how many of 
each kind did I buy? 

193. John has one third as many marbles as Harry. If John 
buys 120 and Harry sells 23, John will then have 7 more than 
Harry. How many had each boy at first? 

194. How far will a bicycle wheel d feet in diameter travel 
in one complete revolution? How many revolutions will it 
make in going a mile? 

195. Explain how the numbers in the following series can be 

represented by 5 1 = where n represents the integers 1 through 6: 

1 i 1 i ule i 
2 4 8 16 32 64 

196. Explain how the numbers in the following series may be 

represented by aa + by using the integers 1 through 6 for n: 

2 3 4 5 6 ne 
3 5 7 9 11 13 

197. The area of a triangle isk. Its base is’. What is the 
altitude? 

198. If the circumference of the base of a cylindrical silo is 

56 feet, what is the diameter? 

199. Write a formula for finding A, the area of 
the shaded part of the figure at the right. The 
side of the square is 2 s, the radius of the circle is s. 

Find the value of A when s is 8. 

200. If a = 2b, what is the effect upon a if 6 is multiplied 

by 4? 

201. If a = bc, what is the effect upon a if you multiply b 

by 2 and ¢ by 3? 

202. If a = b2, what is the effect upon a if you multiply b 

by 3? 

203. If a = 2b — 3c, does a increase or decrease when } 

increases? when c increases? 
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204. Inthe formula A = zr’, what is the effect upon A ifr is 

multiplied by 3? if r is divided by 2? 

205. V = arth is the formula for the volume of a cylinder. 

What is the effect upon the volume if r is doubled and h is 

tripled? 

Solve the following literal equations for x: 

206. 3x +a=x+50 209. b—2x=x-a 

207. 52 -a=2x+b) 210. 2(n —a) =x+5) 

208. —x=a-—bD 211. 3(222+a)=424-—50 

212. Mr. Clothier made a profit of 12% on the cost of a suit. 

He sold it for $56. For how much did he buy it? 

213. The length of a rectangle exceeds its width by 10 inches. 

If each dimension is increased by 5 inches, the resulting pe- 

rimeter will be 128 inches. Find the area of the original rec- 

tangle. 

214. If p represents the perimeter of a square each of whose 
sides is s, what is the perimeter in terms of p of a square each 
of whose sides is 3 s? 

215. If A represents the area of a square each of whose sides 
is 2, what is the area in terms of A of a square each of whose 

sides is 4? 

216. If the quotient is represented by q, the divisor by d, and 

the remainder by 7, what will represent the dividend? 

217. A picture twice as long as it is wide is enclosed by a 

frame an inch wide. The perimeter of the outer edge of the 
frame is 44 inches. What is the size of the picture? 



CuHaPTer XIII 

SPECIAL WAYS OF MULTIPLYING 

BINOMIALS AND FACTORING 

In any work you are doing, in school or out, in mathematics 
or in anything else, some particular bit of routine is apt to occur 
over and over again. In such cases the thing to do is to analyze 

the job to see if a way can be found to do it with fewer motions, 
in less time, with less energy spent, and with more efficiency. 

That is what is done in industry to increase production. That 

is what we are to do here with the method of handling binomials. 
In this chapter are certain short cuts and easy ways of 

carrying out multiplication of binomials, which can be used 
frequently enough to justify a special treatment of them. We 
shall in this chapter make a study also of factoring, which is 

the reverse of multiplication and consists of separating an 
expression into the different numbers, or factors, that can be 

multiplied together to form it. 

Multiplying Two Binomials 
of the Form ax + bf 

You have learned how to multiply two polynomials by placing 
one under the other. There is a much simpler method of multi- 

plying binomials of the form ax + 6. This method is so simple 

and easy that you can multiply two such binomials mentally 

and write down the product at sight. Examples of binomials 

of this form are:227+3,3y —4, -—5x2%+1,c —2,andz% +5. 

In the first example a = 2andb = 3. What are aand b in each 

of the other examples? 

+To THE TEACHER. See Note 2 on page 458. 
317 
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(1) In order to learn how to get the product of two binomials 

of the form az + 6, first multiply (a + 6) by (c + d), using the 

method you already know of placing one under the other. 

c+d 
a+b 

ac + ad + be + bd 

It is important for you to realize that the result of multiplying 
these two binomials, (a + 6) and (c + d), gives you a pattern 

for multiplying any two binomials. a, b, c, and d are any 

numbers. Hence, in particular, a + 6 could be 22+ 3 and 
c+dcould be 5a —4. Hereais2z, bis 3,cis 542, and dis 

— 4. Can you find the product of (2x +38) and (6a — 4) 
by following the pattern without reading further? 

To help in following the pattern, think of a and ¢ as the two 
first numbers, a and d as the two outside numbers, b and c as the 

two inside numbers, and b and d as the two last nwmbers. 

(2) Now look at the equation (a + b)(e + d) = ac +ad 

+ bc + bd. Using the words in the preceding paragraph, tell 
. what ac +ad-+ bec + bd means. (The product of the two 

first numbers, plus the product of the two outside numbers, 

plus the product of the two inside numbers, plus the product of 

the two last numbers.) The algebra is much more brief than 
the words. This diagram will help you. 

4 
i 

J abet 
+ Die +a) = ac + ad + be + bd 

Peter 
2 

(3) Study carefully the pattern by which the multiplication 
is done. Then apply the pattern to the multiplication of 
(2x + 3)(5 a — 4); that is, two binomials of the form ax +- b. 

{ | 
(2% +3)(5" —4)=10"-—824+152 —12 =10774+72 -— 12 
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Note that the two middle terms of the product are like terms 
and may be combined. This is always true when the two 
binomials are of the form az + b. At first you may need to 
work in two steps, but soon you should be able to combine the 
two middle terms mentally and write the final product at once. 

(4) Practice with the following. The answers are given as a 
check. Cover them as you work. 

(a) (8% +4)(52—7) =? (15 22 — x — 28) 

(b) (2% —38)(8x2+ 4) =? (6 22 — x — 12) 

(ec) (« —5)\(@ —2) =? (x? — Tx + 10) 

(d) (2 —7)(#+8) =? (v2? — 4a — 21) 

(e) (2% —3)(22+8) =? (4 x? — 9) 

(f) 62+4)(2 —4) =? (25 «2 — 16) 

(9) @r+2y)5x+Ty) =? (16 x? + 31 zy + 14y") 
(h) (8x2+4)(2y —3) =? (62y —9x+8y — 12) 

Were you observant enough to note that the last example is 

not like the others? In this example the two binomials to be 

multiplied are not both of the form az + 6. The only difference 

in the product is that the two middle terms cannot be combined. 

Exercises 

Give the following products at sight: 

1. (x +3)@ + 2) 10. (m + n)(p + q) 

2. (b+ 5)(6 + 3) 11. 8y¥+2)(4y +3) 

8. (« — 5)(x + 7) 12. (2x%4+ 5)(82+4+1) 

4. (b + 2)(b — 8) 13. (c+ 3)22+7) 

5. (a — 2)(a + 3) 14. (p + 9)(p + 11) 

6. (y — 5)(y+ 1) 15. (8% — 4)(2y + 3) 

7. (b — 7)(b + 3) 16. (m — n)(p — q) 

8. (d +4)(d — 5) 17. (b + 4)(b + 4) 

9. (22 +5)(5y + 6) 18. (n — 2)(n + 2) 
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19. 

20. 

21. 

22. 

23. 

24. 

25. 

26. 

27. 

28. 

29. 

30. 

31. 
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(62 + 3)(@ +1) 

(2f+98f+7) 

(2% — 3)(" + 3) 

(5a — 4)(a + 2) 
(7b + 2)(5 6 — 1) 

(82+ 3)(8 «4 — 4) 

(10 p + 3)(6p — 1) 
(8r — 5)(7r + 5) 

(¢ + 10)(¢ — 10) 

(42 + 5)(4x4 — 5) 

(2c —9)(8¢ — 8) 

(42+ 7)(5a4 — 3) 

(8x2 — 5)(8 x — 5) 

. (24+ 3)(22 + 3) 

. (a? — 4)(a@? + 4) 

(Pea Zi ly 2) 

. (2+34)(3 — 5b) 

a (Ay 7) y 5) 

. (Ta — 2)(a + 8) 

. 84 —5y)\(2x+3y) 
. (8c¢+2d)(5c —Td) 

. (2a + b)\(2a +4 b) 

- (p-—5qg)8p —Qq) 
. 824 —2y)(8x%+2y) 

- 22 —3y)@ + 54’) 
. (? —2s)(r? +48) 

Perform the indicated operations and combine like terms: 

(SUGGESTION. Usea paren- 
thesis in the second step to avoid errors in sign. Thus, 
62? — (8x22 — 2a — 21).) 

45. 622 — (2x4 3)(4z —7). 

46. 

47. 

48. 

49. 

50. 

51. 

52. 

a? — (a + 2)(a — 2) 

Ta — (8a+2)(2a+ 38) 

A(z — 2) + (8x — 4)(e + 2) 

(8n —7)(2n+ 8) + (4n —5)(Tn4+1) 

(2n — 5)(5n" — 4) — (8n+ 7)(2n —1) 

282+1)—-—52+4+ 82 — 2)(22 —1) 

(~@ + 2)(@ — 3) + (@& — 5)@ — 8) —22(@ + 4) 

Solve and check the following equations: 

. («+ 3) — 2) = (& — 5)(a@ — 7)- 2 

. (2n+5)8n —1) =6r+5n -2 

. &@ — 2) — (2% —l)(#4+2) =62 —22°4+2 

. (22+ 8)(22 —4) = (22 —1)(2e2 —1) — 15 
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Language Used in Connection with Special 
Binomial Products and Factoring 

Column A contains algebraic statements; Column B contains 
word statements or phrases translating the algebraic state- 
ments. Match the statements in the two columns. 

10. 

CoLUMN A 

.ft+s 

P ks 

(+s)? = 
AS OE IE oA 

. f —sP= 
ff —2fs+s3? 

(a) 

(0) 

(7) 

(k) 

CoLuMN B 

The difference between two 

numbers 

The square of a number 

The sum of two numbers 

Twice the product of two 
numbers 

The square of the sum of two 
numbers 
The sum of the squares of two 

numbers 

The difference of the squares 

of two numbers 

The square of the sum of two 

numbers equals the square of 

the first number plus twice 

the product of the numbers, 

plus the square of the second 

number 

The product of two numbers 

The square of the difference | 
of two numbers 

The square of the difference 
of two numbers equals the 

square of the first number 

minus twice the product of 
the numbers, plus the square 

of the second number 

After matching the statements, translate each of the expres- 

sions in Column A, without referring to Column B. 
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Exercises 

The letters a and b represent two numbers. Translate the fol- 
lowing into words: 

ah ge Aye Bret Aad h 

ab 7. 2ab 

C=o5 8. (a — b)? 

a? 9. (a + b)(a — bd) 

a+b 10. (a+ b)? =a@-2ab4+ B 

(a + b)? 11. a@—bP? =@ —2ab+P 

a? + b 12. (a + b)(a — b) = a — BP 

Letting a represent the first number and b the second number, 

write the following in algebraic symbols: 

13. 

14. 

15. 

16. 

17. 

18. 

19. 

20. 

21. 

22. 

23. 

24. 

The sum of the two numbers. 

The difference of the two numbers. 

The product of the two numbers. 

Twice the product of the two numbers. 

The square of the first number. 

The square of the second number. 

The sum of the squares of the two numbers. 

The square of the sum of the two numbers. 

The difference of the squares of the two numbers. 

The square of the difference of the two numbers. 

The square of the first minus the square of the second. 

The sum of the two numbers multiplied by the difference 
of the two numbers. 

25. The square of the first, plus twice the product of the 
two numbers, plus the square of the second number. 

26. The square of the first, minus twice the product of the 
two numbers, plus the square of the second number. 

Using 2 @ to represent the first number and 3 6 to represent 
the second. do Exs. 13-26 again. 
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Square of Any Binomial { 

In learning to square the sum of any two numbers or the 
difference of any two numbers, we see again the power of 
algebra. All we have to do is square a + b and a — b and 
study the result. (a and 8, of course, are any two numbers.) 

(1) @+6)?=(@+b)a+b) =? (@+2ab +B) 

(2) (@@ — b)? = (a — db) —b) =? (a? —2ad+ DB) 

(3) Calling a the first number and b the second number, what 
does a? + 2ab + b? say? (The square of the first number plus 

twice the product of the two numbers plus the square of the 
second number.) 

(4) What does a? — 2ab + b? say? (The square of the first 
number minus twice the product of the two numbers plus the 

square of the second number.) 

The rules for squaring the sum of two numbers or the differ- 
ence of two numbers may be stated either in words or in alge- 
braic symbols. Remember them in either way, whichever is 

easier for you. The rules are — 

The square of the sum of any two numbers is equal to 

the square of the first number plus twice the product of 

the two numbers plus the square of the second number. 

Stated algebraically, this rule is: 

(a+b? =@+2ab+ Bb 

The square of the difference of any two numbers is equal 

to the square of the first number minus twice the product 

of the two numbers plus the square of the second number. 

Stated algebraically, this rule is: 

(a — b)? = a? —2ab-+ B 

(5) Apply these rules to (23)?. Write it as (20 + 3)’. What 

is a? (20) What is b? (3) What is a? + 2ab + 6? (400 + 

120 + 9 = 529.) This gives youa method of squaring many 

numbers mentally. 
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(6) Square 18. (18)? = (20 — 2)? =? What is a? (20) 
Whatisb? (2) Whatisa? — 2ab + 62? (400 — 80 + 4 = 824) 

(7) Square 53. (53)? = (6+ 49)? =? 25+5+4 = 304) 
(8) Apply the rules to (2% + 3). Try it first without 

further explanation. What is a? (22) Whatis b? (8) You 
now wish to write a? + 2ab + b?, using a as 2x and 6b as 3. 

What is a?? (442) What is 2ab? (122) What is 6? (9) 
Hence (2% + 8)? = 42° 4+1227+4+9. 

(9) Square38x—4. (82% —4)? =? (92? — 24x +4 16) 

(10) Square as indicated: (21)?, (29), (65)2, (64 4 2). 

Geometrical Dllustration of the Square of 

the Sum of Two Numbers 

This figure represents any square, each side of which is a + 6 
units. From the figure you see that the 
area of the square is a? + 2 ab + 6b? square 

units. This illustrates geometrically the 
fact you have already learned, that @ 
(a+b)? =a?+2ab+0% (aand bin this 
illustration can be only positive numbers.) 

Make a drawing that will show that 2} ad | oF | 
(10 + 5)? = 10? + 2-10-54 25. 

Exercises 

a 

Write the answers to the following exercises: 

1. (32)? = (30 +2)? =? 6. (87)2 =? 

» R28)" a (S0- oy ee 7. (09 =2 

3. (19)2 =? 8. (63)? = (64 3) =? 

At Za)? =e 9 (74)? =? 

6. (43)? =? 10. (3.5)? = (8+ .5)? =7 

11. (7.5)? =? 15. ( + y)? 19. (¢ + 4) 

ee Ge ear 16. (c +d)? 20. (n + 6)? 

13. (104)? =? 17. (x + 2)? 21. (2 + 5)? 

14: (89)? =? 18. (n+ 38)? 22. (« — y)? 
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23. (c — d)? 30. (2a — 5)? 37. By +42) 

24. (x — 8)? 31. (24+ y)? 88. (10a + 2)? 

25. (*% — 2)? 32. (y + 10)? 39. (5c + 3d) 
26. (a — 5) 33. (22% — 3 y)? 40. (222 + 3 y?)2 

27. (m — n)? 34. (4 + 8)? 41. (5c? + 4 ys)? 

28. (n — 6)? 355, Ga — 2.0) 42. (a? — 3b?) 

29. (22 — 3)? 36. (3b — 5c)? 43. (xy — 5)? 

44, (x3 — 5 ys)? 49. (5c +4) = (« a uy 

45. (x + 4)? 50. (9a + 4) : 2 

46. (c + 4)" a a) 
a7. (2y +4) oa (* a 5) 55. (5b — 4)? 
48. (6b + 3) b2sdy ep) 56. (38: y = 7)? 

Product of the Sum and Difference of 

Two Numbers 

The sum of any two numbers can be represented by a + B, 
and the difference of the same two numbers by a — b. Their 

product is indicated by (a + b)(a — 6), and this equals a? — 6’. 

(Check this statement.) The rule follows both in words and 
in algebraic symbols. Remember it in the way that is easier 

for you. 

The product of the sum and difference of two numbers 

is equal to the square of the first number minus the square 

of the second number. Stated algebraically, this rule is: 

(a+ b)(a— b) =a — BW 

Note that in the product of two such binomials there are only 

two terms. 

(1) Practice with the following: 

(a) (10 + 2)(10 — 2) (ec) («a —8y)\a+3y) 

(b) (20 + 1)(20 — 1) (ff) @+ye-y 
(c) (« + 5)(x — 5) (9) Ga? — 2)(x* +2) 

(d) (86+ 4)(86 — 4) (h) (@? —2y)@ + 2y) 
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Exercises 

Find the following products: 

1. (10 + 1)(10 — 1) 

2. (20 + 5)(20 — 5) 

3. 51 x 49 = (50 + 1) 
(50 — 1) 

"22, x 18 
59 X 61 

32 x 28 

99 x 101 

wep tb) (p—70) 

. (« + 8)(x — 8) 

10. (2y + 5)(2y — 5) 

11. (2% + 8)(22 — 8) 

12. (8c+ 5d)(8c — 5d) 

13. (b +.c)(b —c) 

14. (c — 2)(e + 2) 

15. (R —r)(R +7) 

16. (2a + y)(2z — y) 
17. (5x +4y)(52 —4y) 

18. (7x —6y)(Tx + 6y) 

19. (622 —7y)(622 + Ty) 

oO ID OP 

39. (ab? — 1)(a‘b3 + 1) 

40. (4c —$d)(4c+4d) 

41. (r+ .5s)(r — .5 8) 

42. (52 —2.5y)(.5" + 2.5 y) 

20. (a? + b?)(a? — 6?) 

21. (10 + 4)(10 — 4) 

22. (50 + 3)(50 — 3) 

23. (ab — c)(ab + c) 

24. (y — x)(a? + y) 

25. (¢ — 22)($ + 22) 

26. (100 — 10)(100 + 10) 

27. (2c + d)? 

28. (8c +2d)(8c — 2d) 

29. (5y —4)(4+ 5y) 

30. (2? + y)(@* + Y) 

31. (2 — y’)(@ + y’) 

32. (2? — y?) (a? — y’) 

33. (7a? — b)(T a? + b) 

34. (22% + 8)(x + 5) 

35. (« + y)(2z + y) 

36. 29? 

$7. 327 

38. (a? + b?)(a? — Bb?) 

43. ( + 5 2\(5 - 5) 
44. (1222+ 9 y)? 

45. (102? — .1)(10 x? 4+ .1) 

© GK) 
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What Is Factoring? 

You have been finding products when factors are given. Now 
you will reverse the process and find factors when products are 
given. We find a product by multiplying factors together. We 
find factors by separating a product into the numbers that were 
multiplied together to form it. 

To factor an expression means to find two or more expressions 
whose product is equal to the given expression. 

(1) Find factors of 10. According to the definition above, to 
factor 10 you must find numbers that when multiplied together 
give 10. In factoring integers we exclude the factor 1. Hence 
the factors of 10 are2and5. 10=2x5 

(2) When you know one factor of a number, how can you 
find the other? 

(3) 3 is one factor of 8a + 36. How can you find the other 
factor? Whatisit? Wewrite: 3a+ 3b = 3(a+ Db). 

(4) 4 is one factor of 42 + 20. What is the other factor? 

4x+20=4( ? ) 

(5) 562 +156 =5b6(6+ 8). Tocheck this statement, mul- - 
tiply b + 3 by 56 to see if you get 50? +156. What are the 
two factors of 5 b? + 15 b as shown here? 

(6) 22 —4 = (x + 2)(4 — 2). Check this statement by 
multiplication. What are the two factors of x? — 4 as shown 

here? 

When you have factored an expression, you can check your 
work by multiplying the factors to see if you obtain the given 

expression. 

Removing a Common Factor 

Exs. (3) and (4) in the preceding section indicate the method 

of factoring called removing a common factor. 

Look at both terms of 3a +306. It is obvious that 3 isa 

factor of both 3a and 3b. Both terms have been multiplied 

by 3; hence 3 is one factor of the expression. Divide3a +36 

by 3 to get the other factor. 3a+36 = 3(a + b) 
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(1) What is the largest factor common to all the terms of 
each of the following expressions? 

(a) 54% + 20 (c) p> +p (e) ax + ay — aw 

(b) 8y — 24 (d) 3b? — 24b (f) 843 +122?+ 162 

(2) Divide each expression in Ex. (1) by the common factor 

that you have found and thus find the other factor. Write the 

two factors of each expression. 

(8) If you factor 16 x + 32, you might get 2(8 x + 16) or 
4(4”% + 8) or 8(2x + 4) or 16(@ + 2). Only the last of these 
sets of factors is satisfactory. You should always remove the 

largest common factor; otherwise the factoring is incomplete. 

(4) In 12 x3 + 18 2? the largest common numerical factor is 

6 and the largest literal factor is #2. Thus 1273+ 182? = 
622(2 2% + 38). 

There are three steps in factoring an expression all of whose 
terms contain a common factor. 

1. Look at all the terms to find out what the largest com- 

mon factor is. Consider literal factors as well as 

numerical factors. This is the first factor. 

2. Divide the given expression by this factor. 

3. Write the first factor followed by the second factor. 

(5) Factor 5a9b —5ab+ 56, following the rules above. 
Check by multiplying the factors. 

(6) Below are three examples of the types of error commonly 
made in attempting to remove the largest (or highest) common 
factor from a polynomial. Find the errors. 

(a) 8a+ 56 = 38(a-+ b) 
(b) 9a? + 36 ab = 3(8 a + 12 ab) 

(c) 57> —50ab+ 56 = 5 d(a? — a) 

Exercises 

Factor the following expressions: 

1. 3a4+3b 3. 3m+6n 5. 8x — 40 

2.5%—5y 4. 5a+10 6. ax + ay 

° 

s.. 
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7. 2 —2xy 11.5+10a 15. a +3@ 

8. p>? —6p 12. 3-—9@ 16. +2 

9. 252415 13. 4 -—12a 17. 2a* —2a 

10. 6} — 20? 14. pp—4p 18. e—wvtg 

19. 5ab + 5ac 27. az? —3ax+ 5a? 

20. ar? — 2arh 28. —20xy—16 xy+12 ay? 

21. 12+4@ 29. Sry — 10 2%y + 15 2y? 

22. 2ab+ 4B 30. —6ab —9ac —3a 

23. 1527 + 5 31. ab? — ab? + abt 

24. 7 — 35 p* 32. 3 x5y — ay? + 2 xy? 

25. 2-—12a+14a@ 33. a(b — c) + d(b —c) 

26. 8a7 —4a+2 34. 3x(a — b) — y(a — b). 

Factoring Trinomials of the Form ax? + bx +c 

(1) Following are several examples of trinomials of the form 
av? t+ber +e: 2224+ 1174+15,324+ 77 -2,27-22+1, 

v—32+4,and4y?+2y-—-—3. State what a, b, and c are 

in each case. 

(2) Since (x + 2)(2 +3) = 227 +52+6, the factors of 
2?+t52+6are_?_ and _?; thatis,2?+52+6= (?) 

(2). 

(3) Since (22 + 5)(x + 3) = 222+ 112% +415, the factors 
of 22? + 112+ 15are_' _and_?_; thatis,22?+112+15 

=(7)( 7). 

If a trionomial of this form can be factored, the two factors are 

binomials. The factoring is done by trial. 

EXAMPLE 1. Factor 22 —-52-+6. When a = 1 as in this 

case, finding the factors is simple. We look for two numbers 

whose product is 6. They may be + land + 6, — land — 6, 

4+ 2and + 3,or —2and — 38. At the same time, the sum of 

the two numbers must be — 5. We know then that the 

numbers must be —2 and —38. Hence x*?-—52+6 = 

(2 — 2)(c — 3). To check, multiply the two factors. 
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EXAMPLE 2. Factor x? —32—40. We look for two 

numbers whose product is — 40 and whose sum is — 3. We 

know that they must be opposite in sign because the product 

is negative. We know that the larger is negative because the 

sum is negative. They are obviously — 8 and 5. Hence 

v —3x2 —40 = (& — 8)(@ + 5). 

EXAMPLE 3. Factor 1222 —52—-—2. The factors of 12 2? 
may be x and 12 x, 2x and 62, 3 x and 4 2, or the negatives of 
these numbers. The factors of — 2 may be + 1 and — 2, or 
—land+2. Wehave to try every possible combination until 
the product of the factors is the right expression or until we 
have tried all of them and know that the expression is prime 
(not factorable). 

Try (c —2)(12%+1). This gives 12 x? — 23 x2 — 2 and is 

not correct. 

Try (2x —1)(6x+2). Here the second factor has a 
common factor 2. The original trinomial has no such common 
factor; so we know that this is not correct even without multi- 

plying. 

Try (82 —1)(42%+4 2). This is not correct for the same 
reason as the preceding one. 

Try (82+ 2)(42% —1). This gives 12 x2 + 52 — 2, which 
is correct except for the sign of the middle term. Interchange 

the signs of the second term in each factor and you have 

122 —5¢% —2 = (82 —2)(4x+4+1). This is correct. 

(4) Determine whether the following expressions have been 
factored correctly: 

(@@) 3P+7p+2= 8p+1)(p 4 2) 
(0) 3p? —Tp+2 = (8p — 1)(p — 2) 
(c) 3p? -—5p —2 = (8p + 1)(—p — 2) 
(d) 8p? +5p —2 = Bp —1)\(p+ 2) 
(ce) 6a? —184a+6 = (2a — 8)(8a — 2) 

(ff) 22+52 —12 = (22+ 8)(2 —4) 

(g) 30a — 6La+ 30 = (6a+ 5)(5a + 6) 

(h) 2 xy? + xy — 15 = (ay + 3)(2 ay — 5) 
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Exercises 

Factor the following expressions. (Some of them may be prime.) 

1. +4243 26. a + lla + 24 

27+5n+6 27. a? — 5a — 24 

3. w+4n+7 28. a® + 2a — 24 

4.@a—6a+8 29. a? — 10a + 24 

5. @ —Ta+12 30. 6b}? —9b? + 246 

6. 6b? —3b — 10 $31. a? — 14 ab 4+ 24 0? 

7. 2% —52+8 32. 22 —2ay — 35y 

8 p?—p-—6 33. 2? —122y + 357 

9. p+2p-—83 34. p? +p —6 

10. k®°+5k-—-14 35. 2 +52y+6yY 

11. 2+22r+1 36. a? — 12 ab + 360? 

12. 2 +22 37. p? + 13 pq + 86 ¢@ 

13. 3a? —60? 38. 16c? — 8cd 

14. 7+6n+9 39. 22 —8t+1 

15. b? —10b + 25 40. 5r°+7r+2 

16. 6? —10b+ 53 41. 222-—x-1 

17. e4+2-—-2 42. 3y¥+y-—2 

18. p>? —8p+12 43. 2 —7T2?+ 10 

19. a? — 1384+ 24 44. c+ 2 27? + y4 

20. 3° +78+12 45. 324+774+2 

21. r? —r +12 46. 32? —5x2—-—2 

22. yz —4y —12 47. 527-92 —2 

23. 22 +42 —12 48. 72? + 222%+4+3 

24. n?+138n+12 49, 227+18%—-—7 

25 . nt —11n —12 50. 2y7—5y+3 
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51. 8a? —10a+8 59. 422 — 20” + 25 

52. 60+4+ 7x4+2 60. 8yr +2y—-—1 

53. 4y° —10y¥+4+ 6 61. 1502 —8a+1 

54. 627+ 52% —6 62. 622 —137+6 

55. 672+ 182418 63. 6227 +138%y+6Y 

56. 1077; +7r—2 64. 62? — 35 xy —6Y 

57. 1222 —29ay + 14y 65. 622 —5ay —6y 

58. 6227 +4—-—1 66. 622 — 16zy — 6y 

Factoring the Difference of Two Squares 

You know that (a + b)(a — 6) = a? — B?, which is the differ- 

ence of two squares. Consequently, you know that the factors 

of a —  area+banda — b. First you must learn to recog- 

nize the difference of two squares. 

(1) Which of the following are squares of numbers? If they 
are squares, of what numbers are they squares? (A number 

with an exponent is a square if the exponent is even.) 

(a) 2 (d) 25 (g) 32 (j) 16 p (m) x 
(b) 4a? (e) 16 = (h) 9? (k) 1 (n) 528 
(c) 9 Cea (7) 49 p? (I) x (0) x? 

(2) Which of the following are the difference of two squares? 

Explain how you recognize them. 

(a) x2 —9 (d) 3x? — 25 (g) 49 p? —16p 

(b) 4 a2 — 25 (e) a2 — B (h) ct —9B? 

(c) x2 + 16 (f) 4n? — 25 (t) 9a — 168? 

EXAMPLE. Factor 25 x? — 9 y?. 

Note that 25 x? is the square of 52, and 9 y? is the square 

of 3y. The expression 25 x? — 9 y? is therefore the difference 

of two squares. The factors are5x+3yand52 —3y. 

252 —-9y = (5244+ 3y)(52 —3y) 

The difference of the squares of two numbers is equal to 

the sum of the two numbers times the difference of the two 

numbers; or 
a — b= (a+ b)(a — BD) 
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Exercises 

Factor the following binomials: 

1. x? — 64 11. ra + wd 

22 -—¥ 12. 25 — n? 

3. mm? — 7? 13. 4a —9 

4,1-2 14. a — 40? 

5. 8243y 15. 121 ab? —i 

6. at — @ 16. 169 — 25 a 

7. 4a — 81 17. ab? —@ 

8 vt 18. 64a? —9B? 

9. p+2p 19. R? — 7 

10. 9m? — 100 n? 20. a? — a? 

21. b? — 5 DB eet oe C2" 

a2. 48 —éP 26. 47° — 25 s#® 

33. 2527 — 27. 18?.— 12? 

24. 36a? — 49D? 28. 642 — 36? 

Factoring Trinomial Squares 

A trinomial square is a trinomial which is the square of a 

binomial. Thus 9 x? + 24x + 16isa trinomial square because 

it is (3 x + 4)?. 
To factor such a trinomial is merely a matter of recognizing 

it as a trinomial square. Let us analyze the two trinomial 

squares a? +2a0b+ 6? and a? —2ab+ 0’, which are the 

squares of a + b and a — Bb. 
We see that the first and last terms are the squares of a and b 

and that they are positive and the middle term is twice the 

product of a and b. a is the square root of the first term a’, 

and 0 is the square root of the last term b?. Hence — 

A trinomial is a square when two of its terms are 

squares of numbers and positive and the remaining term 

is twice the product of the two numbers. 
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EXAMPLE. 42? —122y 4+ 9y? is a trinomial square. The 
terms 4 x? and 9 y? are positive and are squares of the numbers 
2xor —2xand 3yor —38y. — 12 xy is twice the product 
of 2xand — 38yorof —2xzand + 3y. 

Hence 4¢°—12¢y4+9y = (22 —38y). 

Show that 42? — 12 zy + 9 y’ also equals (- 2%4+ 3 y)*. 

Study the following exercises: 

(a) «2 —14%+ 49 = (2 — 7)? 
(b) 4a? + 202” + 25 = (22 + 5)? 
(c) a —2ab+ 0? = (a — b)? 
(d) n? —18”-+ 386 = (n — 9)(n — 4) 

Tn (a), (b), and (c) two of the terms are _’_ of numbers and 
positive. The remaining term is twice the _’_ of the numbers. 

These trinomials are squares. 

In (d) two of the terms are squares of numbers and positive. 
The remaining term is not twice the _?_ of the numbers. This 

trinomial is not a square. 

To factor a trinomial square, all you have to do is to take the 

square root of the first and last terms and connect them with the 
plus or the minus sign as the case may be. Thus — 

252+ 80ay¥+9y = (524+ 3 y)? 

2527 —- 30ay+9y = (54 —8y)? 

Exercises 

Which of the following are trinomial squares and which are not? 
Be ready to state orally how you tested each one. 

1. wW+14n+4 49 9. 4 —122%+9 

2e7+624+9 10. 427 +127+9 

3. 2 —16cy + 647 11. B+9-—65b 

4.2 —5x + 25 12. n? —9n — 36 

5. p? — 10 pg + 25 @ 13. yw +10y+16 

6. @&+6a+8 14. 7% —day+4y 

7 vw —18-+ 36 15. 25a? + 70 ab + 49 

8. a — 20a + 64 16. 427 — 20x2y + 25 y 

2 
_ 
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Finding Prime Factors 

An integer or an algebraic expression is prime if it cannot be 
factored; that is, if it cannot be divided evenly except by itself 
and 1. The expression 5x — 20 is not prime because its 
terms contain a common factor 5. Neither is a? — 0? prime, 
for it is the product of (a + 6) and (a — 8). The following 
are examples of prime numbers: 3, 5, 7, 11, 18, a2 + b2,n2+7n 
+ 4, 
When you factor an expression, you should make sure that 

all the factors are prime. 

Two students factored 3 x? + 242 + 45 as follows: 

(a) 8322+ 2424 45 = (82+ 15)(e + 8) 

(6) 822+ 2424+ 45 = (x + 5)(82 + 9) 

They thought their answers were correct because each set of 

factors when multiplied gave the original expression. Note, 

however, that each term of the factors 82 +15 and 32+ 9 
has a common factor 3. They are not prime factors. The 

factoring is therefore incomplete. 

To factor this expression completely, you should note first 
that the three terms contain the common factor 3 and rewrite 

it as 3(22+82x+15). The second factor, 72+ 82+ 15, 
can now be factored easily. The factors are x + 3 and x + 5. 

Hence — 
8224+ 24274 45 = 3(4 + 8)(@ + 5). 

In factoring any expression, always look for a common 

factor before attempting any other method of factoring. 

Factor x! — y‘. This is the difference of two squares, and 

the factors are x? + y? and x? — y*. But the second of these 

factors can be factored further into (x + y)(x — y). Hence — 

teo—-y=a(P+yPe-YP)=H%+yW)e+We@ — y). 

After you have factored an expression, you should look 

at each of the factors to see if any of them can be factored 

again. 
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Find the prime factors of these expressions. 
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already prime.) 

Le 

DDO NNN DY ND FP BP BP YP BB BP BP PP pe Oar WON RF OCHO DARA RF WOW NH OS 

a a o w 

POA FAP ww 

VAS mtd] 

. 8a —30P? 

m2 — o ¢- 

3 a2 — 6B 

p? —p 

y +10 
2e+6a+4+8 

3a —3a —18 

3y2 —38y — 36 

4 a? — 36 Bb? 

. 222 -—8 

. 222+ 202 + 50 

. w—-Tn+ 25 

. 222 —127%+ 18 

. 32? — 108 

4x’? — 24x + 36 

. a — ab? 

a® + ab? 

245-82 

. 52? — 125 

- Ow 125 

.c—@ 

.1l-@ 

-lt+@ 

. 8a —2a 

wad = ab 

. 12% — 26x24 12 

. 2407 + 42% — 45 

Exercises 

27. 

28. 

29. 

30. 

31. 

32. 

33. 

34. 

35. 

36. 

37. 

38. 

39. 

40. 

41. 

42. 

43. 

44, 

45. 

46. 

47. 

48. 

49. 

50. 

51. 

54. 

55. 

(Some of them are 

a* — 64 

p* — 81 

4x? —124 — 40 

22+a4—-1 

3802 —-Tx+2 

xt — 16 

xt + 16 

bt — at 

ao? +16 —-8a 

1 — at 

1-—9a 

1-—9@ 

x2 — 4 

etd 

v—1 

2x+2y 

2ry+y 
o — 4 zy" 

8 yz — 22? 

4e+8ab+9a 

we+2e+4a 

v—6e°+ 9x 

a — 16 az 

bt + 63 + be 

atx’ + 7 a®z?--+ 12 a? 

7 ot eet 
as — ys 
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Practice in Multiplying and in Factoring 

Cover Column B and factor the expressions in Column A. 
The answers are in Column B. Then cover Column A and 
multiply the factors in Column B. 

CoLUMN A CoLuMN B 

1. 2a+4+ 14a + 24 1. 2(a + 8)(a + 4) 

2. 5y? — 45 2. S(y + 3)(y — 8) 

3. s? — st — 20s 3. s(t — 5)(¢ + 4) 

4. Ta? — 14a — 105 4. Tia — 5)(a+ 8) 

§. 3274+122+4 45 5. 3(@? +42 +4 15) 

6. 2 —62x+9 6. (« — 3)? 

7 62 —158 7. 3272 — 5t) 

8. 2 — 128? 8 2114+ 82z)(1 — 824) 

9. ab? — ab — 72a 9. a(b — 9)(b + 8) 

10. nr? +5n+4+7 10. Prime 

11. 3@+a-2 11. 8a — 2)(a+ 1) 

12. 20 —5a+3 12. (2a — 8)(a — 1) 

13. a? + 25 13. Prime 

14. g —12q — 28 14. (q — 14)(q + 2) 

15. 22? —14%7+4 24 15. 2(4 — 3)(4 — 4) 

16. yt —6y? — 16 16. (y? — 8)(y*? + 2) 

17. 49c? + 70c + 25 17. (Tc + 5)? 

18. 5a? — 80 18. 5(a + 4)(a — 4) 

19. x? —2 19. «(z@ + 1)(x — 1) 

20. a* — 16 20. (a + 2)(a — 2)(a@ + 4) 

21.1-4y¥ 21. (1 +2y)(1 —2y) 

22. 2 +4y? 22. Prime 

93. 3a? a —2 23. (3a +2)(a — 1) 
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Using Factoring in Computation 

1. Find the value of a2 + 2 ab + 6? when a = 7and b = 4. 
Factor the expression and then find the value, using the factors. 

. Which is the easier computation? 

2. Find the value of a? — 6? when a = 5.7 and b = 2.3. | 
Find the value of the expression by using its factors. Which 
is the easier computation? 

. 

3. This figure shows a large square 

whose side is a units. Within the large 
square is a small square (in any position) 

whose side is b units. What is the area 
of the large square? What is the area 

of the small square? What is the area 
of the shaded surface? 

4. Using the formula you have just 
written for Ex. 3, find the area of the 

a = 28 and b = 22. Then factor the 

expression and find the area, using the 

factors. Which is the easier computa- 
tion? 

5. A small circle whose radius is r 
units is drawn within a large circle whose 

radius is R units. What is the area of 
the large circle? What is the area of the 
small circle? What is the area of the shaded part of the figure? 

_ 6. Find the area of the shaded 
part of the figure for Ex. 5 when 
R=12andr=8. Is it easier to 

use the formula you derived first 

or its factors? (What are the 
factors?) 

7. If four circular holes (radius 
r) are cut into a large circular plate 

of radius R, what is the area of the 

remaining surface? 
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8. Find the area of the shaded part of the figure for Ex. 7, 
when F = 82 and r = 6, using either the formula you have 
written or its factors, whichever you think is easier. 

Chapter Summary 

The multiplying of certain special binomials occurs so fre- 

quently in algebra that it is profitable to perform these opera- 
tions by time-saving rules. These rules enable you to multiply 
mentally: (1) two binomials of the type ax + 6, (2) two identi- 
cal binomials (the square of a binomial), and (8) the product of 
the sum and the difference of two numbers. 

Multiplying these pairs of binomials gave you the basis for 
learning the reverse process of factoring the products of the type 

you derived in (1), (2), and (8) above; that is, (1) factoring 
trinomials of the form ax? + bx +c, (2) trinomial squares, and 

(8) the difference of two squares. Factors common to all terms 
of an expression should be removed before any other factoring is 
done. 

You should review the rules learned in this chapter and be 
sure that you know how to apply them. 

You should be familiar with the following terms: 

Binomial of the form ax + 6 Prime factor 
Square of a binomial Trinomial of the form 
Product of the sum and the ax? + br +c 

difference of two numbers Trinomial squares 

Factoring Difference of two squares 

Chapter Review 

What is the largest common factor in the terms of each of the 

following expressions? 

1. 3a—6b 3. 5a? — 20 ab 

2.¢+227°+62 4. 6 ab? + 9 abt 

5. The largest common factor of the terms in the expression 

8 a — 4 ab? + 2abis2ab. How do you find the other factor? 

What is it? 

6. Is the following statement correct? (ax + b)(cx + d) 

= acxz? + (be + ad)x + bd. Explain. 
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Which of the following are trinomial squares, which are the 

difference of two squares, and which are neither? 

7. 2 —4 Lie 

8 4a7+4a41 22 

9. a + 16 13: 

10. a2 +6a—9 14. 

State in algebraic symbols the rule for: 

4e2+ 1382y + 36y 

bt — 64 y? 

16 x? + 40 xy + 25 y? 

4¢2+12ay+9 

15. Squaring the sum of two numbers, 

16. Squaring the difference of two numbers, and 

17. Multiplying the sum of two numbers by the difference 
of the same two numbers. 

State in words: 

18. (a+b? =@+2ab4+ 0 

19. (a — b)? = a? —2ab+ 0 

20. (a+ b)(a —b) =a —B 

Write the following products at sight: 

21. (20 + 1)(20 — 1) $3. 

22. (50 + 2)? 34. 

23. (74)? 35. 

24. (38)? 36. 

. 25. (38) (42) ST. 

26. (x + 2)(a — 2) 38. 

27. (84 —4)(8 a + 4) 39. 

28. (8% + 1)(a + 2) 40. 

29. (x — 4) 41. 

30. (8x2 +5)? 42. 

31. (1.02)2 43. 

32. (82% + 1)(@ — 2) 44. 

(72% — 2)(7x + 2) 

(2x2 — 5) 

(ec — 12)(¢ 4+ 11) 

(8x +2y)(2x+3y) 
(7.5)? 

(5p —8q)Sp —7q) 

(a>. 0°) (a* er) 

(8% + 2)(2y — 3) 

2(¢ — 1)(@ +1) 

3(a + 2)? 

(a? + y*)(% + y)(e — y) 
5(@ — 2)(a — 8) 
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Multiply as indicated and combine like terms: 

45. 3(¢ — 1) + (22 — 8)(x 4 2) 

46. (n+ 1l)(nm—1) + (4n —5)(6n+1) 

47. (a — 3b)? — (a —2b)(a+ 2b) 

48. 3(2b — 4)(5b + 2) 

49. 2382+ 4)(2x%+ 8) 52. (a +b)? — (a —b)? 

50. — 5 (y — 3)(y + 8) 53. 8(8 2 + 5)? 

51. (a + 6)? + (a — by? 54. — 2(2% — 7)? 

55. 4(22 — 8)(22 +3) +5(32 —1) 
66. 4(22 — 3)(22 +3) — 5x —1) 

Find the values of each of the following expressions for the values 
of the letters given: 

57. 4(2n + 5)(8n —1); n=2andn =— 38 

58. 6(3n — 2)?2;} n =—landn =4 

59. — 5(n+ 3)(n — 3); n=5,n =—T,andn =3 

60. 2(3 x — 2)(8x%+1) — 3(5x — 6); x = 3 andx =— 2 

Solve and check the following equations: 

. Bn —-—4)(8n+4) =9r+6n-4 

. 2An+2)(n —-38) +38 =5n?+2 

. (2n4+3)(2n-—3) +5n=4H74+1 

61 

.8@ —-1)+(22-3@+2) = T+t27 

Find the prime factors of each of the following expressions: 

65. 

66. 

67. 

68. 

69. 

70. 

x? +94 + 20 71. 

2—3t — 40 72. 

64 m? — 25 y? 73. 

20? +2a — 144 74. 

we+6a+9 75. 

30° +624+92 16. 

a? — ab? 

ya 
37°+82+5 

207-524+3 

x* — 16 y' 

ax* — ay* 



“Tf we could only realize the many hundreds aad thousands of hours that 
are lost to production activity by workers in such mundane activities as con- 
verting fractions to decimals, our complacency and smugness would quickly 
vanish. Whenever the person doing the work does not have the needed mathematical knowledge, delay is occasioned by his having to bring the 
problem to a superior.”’ 

J. KADUSHIN, Education Department, Lockheed Aircraft Corporation. 

342 



iii 

CHAPTER XIV 

FRACTIONS! 

There are two good reasons for studying fractions in algebra. 
The first is that it will aid you in dealing with arithmetic frac- 

tions with which perhaps you have had difficulty. In operat- 
ing with them sometimes you may not have known just what 
to do. By thinking more carefully about the processes used 

in dealing with fractions, as you must do in algebra, you will 

become more skillful with arithmetic fractions. The rules of 
procedure in arithmetic and algebra are the same. The other 

reason for the study of fractions in algebra is that fractious 

occur frequently in formulas and equations and you must learn 
how to work with them in order to proceed with your algebra 

course. 

What a Fraction Is . 

What do you think of when you hear the word “‘fraction’’? 
Probably a part of a whole — one half of a dollar or three 

quarters of a yard. That is what “fraction”’ meant originally. 
The word comes from the Latin frangere meaning “to break.” 

But four fourths is a fraction and it is not part of a whole; it 

is the whole. And five fourths is more than a whole. So you 

see, fraction has come to mean something different from part 

of a whole. 
You should think of a fraction as one number divided by 

another. A fraction is an indicated division. It may interest 

you to know that earlier peoples had so much trouble with 

fractions that they made every effort to avoid them. They used 

cumbersome compound numbers like 2 Ib. 5 oz. instead of 27°¢ 

pounds. The modern symbolism for indicating fractions has 

helped to make operations with them much simpler. 

1T0 THE TEACHER. See Note 20 on page 461. 
343 
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Exercises 

1. What is meant by 4 of a line? 

2. Draw a line 3 inches long and divide it into 3 equal parts. 

What is meant by + of a line? 

3. If a line is divided into six equal parts, one part is _” 

of the line, two parts are _?_ of the line, and three parts are _? _ 

Oiiheline, os cee: 

4. Imagine a line 8 inches long divided into 16 equal 
~~? ee, ? 

parts. One part is _’_ of the line. 5 5 * =5=7 a =5 

22.27 10 Sr Ta ee a 3 

Seeedph? 1G 4cSt 16, 825.4 ale mee 

5. Is + of a line greater or less than $ of the line? Is 4 of 
a line greater or less than ¢ of the line? 

6. If the numerators of two fractions are the same and the 

denominator of the first is greater than the denominator of the 

second, the value of the first fraction is _?_ than the value of 

the second fraction. Illustrate. 

7. How many eighths of a line does it take to make three 
fourths of the line? 

8. How many tenths does it take to make three fifths? 
How many ninths does it take to make two thirds? 

9. How many thirds does it take to make a whole? How 

many fourths? How many fifths? ; = Ie 3 =i 5 2 = 1. 

10. In the preceding exercises you have been thinking of a 
fraction as a part of a whole. You know that a fraction also 

means an indicated division. From this point of view, what 

do the following mean? 4 3, 2, 3 

11. What does mean? What does as mean? Change 

each to a mixed number. Could you tell that 2 == a with- 

out changing each to a mixed number? 

12. Compare the numerical values of the fractions - and = 

when (a) a = 2, b = 3, and n=4; (6) a=5, b =8, and 
n = 2, 
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Equivalent Fractions 

The most fundamental fact about fractions, the one upon 
which most of the work with fractions depends, is that the form 
of a fraction can be changed without changing its value. You 

know from your experience with a ruler that : cee : = 5 
4 

and that z = : = 2 If you will study these equivalent 

fractions, you will see that in each case the change is made by 
multiplying or dividing the numerator and the denominator 
by the same number. 

Thus : = a because both numerator and denominator of 

the first fraction have been multiplied by 3 to get the second 

fraction. The second fraction can be changed to the first by 
dividing both numerator and denominator by 3. 

In general, : = a where » can be any number but zero. 

(Why cannot n be zero?) This rule stated in words is: 

Multiplying or dividing both the numerator and the 

denominator of a fraction by the same number changes 

the form but not the value of the fraction. 

Exercises 

(1) In each exercise below tell what has been done to the 
numerator and the denominator of the first fraction to get the 

equivalent (equal) fraction. 

( ioe Vale @ _ ary 
a 7 i pbers ery O b obay 

7 tale te oes Le ate 
eae Ts O 30-5 (1) 5 ath 

or 12 i> al 
(0) 7 = 38 ) 33-9 (m) 2 = 2 

a_ ar mr _« 

Dae be ©) ing y (ny 82 1 

Bae eee ae ie a a, axy  Y 
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(2) In the literal examples on the preceding page substitute 

any numbers you please for the letters to help you see that the 

two fractions in each case have the same value. 

(8) Does te ae : equal 22 That is, does 7 = 2? Which is the 

larger? 

(4) Does a io That is, does 2 3 equal 7 o? Which is the 

larger? 

Exs. (3) and (4) illustrate the fact that adding the same 
number to the numerator and the denominator of a fraction 

or subtracting the same number from the numerator and the 

denominator of a fraction does change the value. 

Unless the numerator and the denominator of a fraction 

are the same, adding the same number to them or subtract- 

ing the same number from them changes both the form 

and the value of the fraction. 

Stated pie this says: 

a+c 
5 ~ - re) a = does not equal 2 3 unless a = b. 

(5) Is the value of a fraction changed by squaring it? 

(6) In each exercise below, teil what has been done to the 
first fraction to obtain the second, and tell whether or not the 

value has been changed. 

3 6 2 @) 32 @) 3 ¢ o£ Ss 
yf a @ ad a 
| b i (h) YB (m) he i 

as 22 Gigs 3 
(@) % att 8 5 bd’ b 

b b+1 

SEE: Gy SU (0) teas (e 73 b b—-y 25° 5 

“ny o—1 a 2a bed 
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_* Recognizing Multiplication and Division! 

Since changing the form of a fraction without changing its 
value depends upon multiplication or division, you should be 
able to distinguish multiplication and division from addition 
and subtraction. Many errors are due to a careless confusion 
of these processes. For example, a student may change the 

2x2+5 
3a46 thus: 

22+5 .224+3 22 

8a+5 8a+5 38a 

He may cross out the 5’s in the belief that he is dividing numer- 
ator and denominator by 5. He has not divided but has sub- 
tracted 5 from both numerator and denominator and has there- 
fore changed the value of the fraction. 

(1) If I cross off the 5 in 3 + 5, have I subtracted 5 from 
3 +5 or have I divided 3 + 5 by 5? How can I tell easily? 
(5 was originally added. If it is no longer there, I have sub- 
tracted it. Subtraction is the inverse of addition.) 

(2) If I cross off the 5 in 3 x 5, have I subtracted 5 from. 
3 X 5 or have I divided 3 X 5 by 5? How can I tell easily? 

-(3 was originally multiplied by 5. If the 5 is no longer there, 
I have divided by 5. Division is the inverse of multiplication.) 

(3) In each of the following tell what has been done to the 

first expression to get the second: 

fraction 

eS ag (g) 2a +3, 2a 
(b) 7+3,7 (a8, 2 
le) Fox 3,17 (i) 3(2a),2a 
ify 7 + 3,7 (j) @+6)+(a-—b),a+5 
(e) 5a, 5 (k) (a+ b)(a—b),a+6 
(f) 5a,a () (a+b) — (a —b)va aed 

You should also note that when an expression is in factored 

form, it is easy to see what it has been multiplied or divided by 

to get another expression. 

(4) What has 2 ab been multiplied by to get 4 a’bc? You 

can get the answer by inspection. It is 2 ac. 

1T0 THE TEACHER. See Note 21 on page 462. 
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(5) What has (a + 6)(a — 6) been multiplied by to. get 
8(a + b)(a — b)?? Answer, 3(a — 6). 

(6) What has x? + 6a + 8 been divided by to get x + 4? 
This expression is not in factored form; hence it is not easy to 
give the answer immediately. Factor and get (x + 4)(x + 2). 
You now see that the answer is x + 2. 

Exercises 

In each exercise below, what has the first number been multiplied 

by to get the second? You should factor all literal expressions that 

are not already in factored form. 

hy ie Mies 10. 5q, 15 pq 

Se ae 11. m+n, 2m+2n 

SET eS 12. 2b, (4ab — 2 B?) 

4. y, abxry 13. 3a, (6 a? — 3 ab) 

5. ab®, a2b2 14. a+ b,axr + ber 

6. gue 15. xs —1,2? —22+1 

7 c+ y, ab(x{ + y) 16. ¢+1,22—-1 

8. a — b, (a — b)? 17%. —1,322—-—3 

9. 22, 10 ax? 18. 2a+3,2a°+5a+4+3a 

What has the first number been divided by to get the second? 

19. my, y 25. 15 pq’, pq 

20. (a+ b)2,a+6 26. 83m+3n,3 

21. aby, y 27. 3m+3n,m+n 

Pay Hite 28. 2 +227-—15,7+5 

23, 30%, 08 | 29. a?b? + ab’, ab 

24. 10 azx?, 2x 30. 322 — xy, x 

31. : = rv Think: The denominator of the’ first fraction 

has been multiplied by 3 to get 18. Therefore I must multiply 
the numerator by 3. 



32. 
> 

b(a — b) 
Le 5 = 
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Think: The denominator has been multi- 

plied by a — b; hence I must multiply the numerator bya — b. 

33. mn _? 
2mn 2 

by mn; hence I must divide the numerator by m?n. 

Think: The denominator has been divided 

Supply the missing terms and be prepared to state how each 
fraction has been changed to its equivalent fraction: 

55. 

56. 

a? ab _ b ee 
| a 40: =e 

5 610 ica eat 5 10 
v¢ 

ie 14 ss. S| se Fess 
8 0 = Ine nm ne 

me? rs r Palies ie 
SS 39. — == 42, “2 = + 
my Yy ET 3 6 

ee a re 48 a? — b? zs 

5 10 “(@—b? a—bd 

H+3_ 2y +6 te AS: zs 
ee? Ae Se oe 

a a“? x 

See oh 5 a's ? 
abe _? My yar yi 
abry y 
m+n _2m+2n B1. Cpegre ist 

24-—y ? 15 pq =5g 

3 ax? 32 . é 9 
. Are res and ee equivalent fractions? 

6a Sob Ban ei) 
. Are i ak and Db equivalent fractions? 

ax+ay_a 57 PHA eo eee ee) 

ba +by ? "9 —Aae+4. ? 

r-y v-y¥ 58 3a—3b _ : 

x+y ? “a+b @&+2ab+80 

grt2 2 59 a? — poe 

gets 8 “@+2ab+0! ath 
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Reducing Fractions to Lowest Terms 

In algebra, just as in arithmetic, it is often possible to express 

a fraction in simpler form by reducing it to lower terms. To 

do this, divide the numerator and the denominator by all factors 

common to both. You can divide by one factor at a time or 

do the reducing at one stroke by dividing by the product of 

all the factors. In order to simplify your work you should 

factor all literal expressions that are not already in factored 

form. 

EXAMPLE 1. Reduce e 
xy 

to lowest terms. 
Cay 

y 

3 xy _ tar - y. 

6xy Bay 2 
me 

The numerator and the denominator are already in factored 
form. You can divide both by 3, by x?, and by y. The 

answer is v 

EXAMPLE 2. Reduce eo to lowest terms. First factor 

the numerator and the denominator. You get mat. Then 
gi: n(x + y) 

divide numerator and denominator by x + y and you get 
n 

Thus, “2+ _ ™. 
7 nv + ny n 

x—1 
EXAMPLE 3. Reduce Meoe 1 

v2 —1 oie =I) Shi 

w—22+1 (¢@—-1)? 2#-1 

, (1) Is this correct? awe = = . Explain. 

to lowest terms. Factored, 

E +b b 
(2) Is this correct? pa = nr Have the numerator and 

the denominator been divided by a? 

Exercises 

Reduce to lowest terms: 

16 ma 3} 
ee = = 

20 my a 6b 
24 8x 14 Pena a i2¢ 
60 28 ee 98 

ee: ae ee ee”. Se ee ae oh 



43. 

‘4A, 

36 x 

5 ee 

15(a + b) 
' 62a +6) 

8(x — 2y) 

" 18(22 — y) 

ax + ay 

ab + ac 

ac — be 

ax — bx 

x? + ry 
xu? — xy 

27 xy 

" 92y +922 

3 y” 
1) 

4 x(a + b) 

8a (a + 6)” 

FRACTIONS 

6 ab 

9 ax 

2 a®b? 

6 a?b? 
= Cie bs 

xy? 

3 ab} 
16. 9 abt 

48 abc 

60 a?b? 
— 9 zy? 

30 ax2y 

13. 

14. 

15. 

17. 

34. 

35. 

36. 

37. 

38. 

39. 

40. 

41. 

42. 

45. 

46. 
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— 80 abc 
— 18 ae 

36 a2b3x? 

~ — 60 abai 

qi, He + y) 
b(x + y) 

24 

15(x + y) 

Bog eee 
e(x — y) 

30 a ~ 

a 25(@ — a) 

3x? — ry 

ry +32 

ax + by 
ax — by 

2ab + 6? 
a — b2 

a’b — ab? 

ab? + ab? 

8a+36 

a?+2ab+ b? 

227+62x+4 

4x? —12x2—16 

2x3 —227-—Ax 

823 +32? —18¢2 

R2 — r? 

3r+3R 

6a +a —15 
6a? —184a+6 
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Multiplication of fractions in algebra is done in the same 
way as multiplication of fractions in arithmetic. 

To multiply two fractions, multiply the numerator of the 

one by the numerator of the other and multiply the denom- 

inator of the one by the denominator of the other. All 

answers should be reduced to lowest terms if possible. If 

algebraic expressions are not in factored form, they should 

be factored to make reduction to lowest terms easy. 

Study the following examples: 

5 SS ey 
ON ES a 

(4) 2, N 3m _ @ayem) _ m_ 

ay 4n2 @Wy)4n2) 2nzy 
oe 

@) Gave oe (Qa SVB 
4 3422-9) 48)Qe+372 7 — 3) 

2 
~ Bn —8) 

1 
a+ 

66) Mae ye teeth _ _Me=Vie+y a — a*b? + ab fo Oe 

1 
b 

The method of indicating division by drawing lines through 
factors common to both numerator and denominator of a 
fraction is called cancellation. 

You should not confuse multiplying a fraction by a number 
with multiplying the numerator and the denominator of a 

‘ 
; 

’ 
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fraction by a number. The first makes the fraction just that 
many times as big, but the second leaves the value of the fraction 
the same. 

2 F 1 — ete ts or example: 3X5 ® but 5X2 IS 5 

If it helps you in multiplying a fraction by a whole number, 
you can put 1 as the denominator of the whole number. 

This procedure is, however, unnecessary. Thus, 

BxTATXG= Tat 
and 2x¢=2x¢ _ 20 

Exercises 

Multiply as indicated: 

1 2x% 5. —5x-4 a. ox? 

23x 2 6. 2x? 40. — po es 

3 5x3 7 ax¢ 11 mx = 

4 -7x2 8. b x5 12 3x at? 

2 
3. 6-2 20. 3-5 

14. 53 21. ab 3 

15. 8-2 a0. 5 Tan 
16. —a at? es aan ae 

ees a, HO 

1s, OT 25. 2-8-2 

19. zy 26. ee 
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Sie’ 
yY Ne 

ab x 
sy  a®b? 

xy? | m 

mn ory 

ac ax y¥ 
bd. thy Ax? 

(ay 16.427 

Bary 49 yz 
4? 

ors 
c 

ot 35 

ie aa 
bad abd 

446% “20 
2-3? 22.3 

x+3 
(% + 2) Smal 

eb x+5 
Ripe ac cary 

(20-3 
. (22% +4 5) aE 

ty - 15 8 
2Qe+2y 5 xy? 

3a—38b 50a? 
10 ab a? — 6 

@a+1 a+2 
a+2a+l 

57 ae+T7ab+108 

~ @?+6ab+50 
AE es 2 

58. ane 

* 42. 

43. 

44. 

45. 

46. 

47. 

a+3. 1 

a—3 a+8 

n+3 
el lege ie 

x+7 

2x—5 

i 

m(a + b) 

(2% —5)- 

n(a + Bb) - 

a—4h 3a?b? 

ne ae a+b 

e+5a a@—4a 

a®—16 a? — 25 

ov—48y 32 bg 
a 222°-—8y 38x2+12y 
ag, U8xt+16 xr—3 

‘ x —9 +4 

a—3a—-10 a-—-2 

a (a — 2)? a—5 
9-27 ¥ 

eons 3 —z 
52 24 x bac tee! 

” 8(2?—42+4) 2x 
a= 6S" 2a 

SS SRY ar ee 
B4. ef —6c c+3 

c—6 c 

55 a? —24—22 (x +5) 

‘ @—80-—2 2-16 
9 = yor — 

56. ——< - ——_— 
i ee ans 

a+b a+2b6 
Os 

ev+4ab+403 vi 

v—-S8ay+2y 

2a—3b 

i Pe SE 

wy —2y xe —y) 
y+ xy 

407 —40 5a+10ab 
(x — y)? 

4a — 90? 3ab — 38 
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Dividing by a Fraction 

In algebra as in arithmetic, to divide by a fraction we Seok: 
by its reciprocal (the inverted fraction). Thus, to divide by 4, 

we multiply by 2. To divide by we multiply by 8. 
a 

Similarly, to divide a fraction by a whole number, we multiply 
the fraction by the reciprocal of the whole number. 

EXAMPLE 1. Divide 5 ore by 3 xy 
Siz 

SOLUTION. y 42 
Say? . 3x%y 5 2y? x 8 8 tz? = DAU te 20 tyz. 

22  § 8 tz 22 BSxy Be Sey 382 
; x 

EXAMPLE 2. Divide Sa by 522 —5y?. 

SOLUTION. 

ey xt — Brice 2 OY Bb. theca 
ry t+ y ry ry 52? —5y? 

ce—y 8 He 
yz+y) Ae+ye—Ty7 

7 1 

y(x + y)? 

Exercises 

Divide as indicated: 

Dat Me 7 Lee § Neel 7 4 
a 5. —- + 9-—-+=+ 

z 22), 4 y oY a ob 

ee ad .a@ NO, fe wet 
= Ae So . be Ob mane, 

a4 gh 1, 2+ Se - : 3 ag Pha i i 

pet 2 gala te 12, 242% 
; le ab be a 6 

Lepr) s 16. 2 + 1b se is F 8 xy sat 

SorhG Sab? . 7 
14. Bo a a hy 9 8 xy? 2 xy 

8 6-7 2a 
16, 16 8. i008 * 15 6 
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Few. sul iae Oin\ee 16 x 

ae 12 yz * 18 y°2? (4 yz)? — 8 y?28 

ib oe 100 x? 2-4 3-6 
+ 25. —— + —— 

— (3 yz)? ~~ 18 yz? 5 15 
21 +3 . 4 26 3(x + y) 6(x + y) 

a xr—y 

go, @—H@+h) ab of fry oe abe 
@-ya+y «x+y tty 32-3y 

93, C= a td gg, M2241 2 Gay 
ey «e-y 32 

99, @— be + 8a. 2a—4 
i 5x ~ 10a — 40 

5Bat—5bab. 5a? — 50? 
oe ob tee ee pee 
31 4e2?—Aay—3y . 22? ~ 32x 

A 3 xy ] 6 x3 

oo 22 View ay 
ety y 

Changing Improper Fractions to Whole or 
Mixed Numbers 

You will find no difficulty in changing an improper fraction 

to a whole or a mixed number if you remember that a fraction 

is an indicated division. 

(1) What does = mean? Change this fraction to a mixed 

number by dividing 23 by 5. Similarly, wpsete means 

division. Remember the principle: To divide a polynomial 

by a number, divide every term by that number. The answer 

isa +3 +2. 

(2) What does + — *¢ mean? Change this fraction to a mixed 

number. Long division is necessary. Similarly, if the denomi- 

nator of a fraction is a binomial (or other polynomial), long 
5 

division is necessary. Change eee to a mixed pun 

(Review page 218 if necessary.) The answerisx + 2 — . x ey 
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Exercises 

Change the following fractions to whole or mixed numbers: 

35 37 342 1. — Sys 224) 3 5 > 33 
40 45 782 2 — 4, — Oe 
8 ‘i 2 46 

7. v4+3e4 10, 2@ = 38n4+5 
x i —'s 

4a —8a+3 8x22+4+2x 
8. pp eels 

2a a 2x2+2 
363 — 7b? — b x —5 

9, —___—____ 2 
b si x — 2 

Combining Fractions Having the 

Same Denominator 

The first important principle in adding (or subtracting) 
fractions is: 

You can combine fractions by addition and subtraction 

only when the fractions have the same denominators. 

You cannot combine fractions by addition or subtraction when 

they have different denominators any more than you can 

combine 2a and 36. The denominators can be made the 
same, however, and then they can be combined. 

We shall first give you practice in combining fractions which 

have the same denominator. Becoming skillful in adding such 
fractions will save you much time in learning how to add 

fractions having different denominators.! 

To add (or subtract) fractions having the same denom- 

inator, add (or subtract) the numerators and write the 

result over the denominator. 

Ta+3b, 20-56 _Ta+3b+2a—56 

a—1l a—1 a—1 
9a—2). 
a—1 

EXAMPLE. 

1To THE TEACHER. See Note 22 on page 462. 
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Exercises 

Add the following fractions: 

L 

2. 

14. 

32 paged a eee 
7 ip a+b a+b 
Bi we 3 2, 
heer 5 az — & a —} 

3 2 3 iz 

Gea ooh teak 
3 2 

} Fae ie ated 
4 ve 2 

“@+)Da-1 C@+)Hea-) 
3 " 2 

“(@—b)? (a — 6) 
3 ¥ y Aa 15, VU t5, 6-2” 

w2+2ab a+2ab oe Se ay 
Sa+4b ,2a—36 ig, 20 t7 4. 3e-7 

a a 3a 34 

2a-—T7b —5a+2b 4n—5 ,4-—8n 

ee ea el vara Wty TST 
In+3 ,8n-—-T7 —2a+2 , 8a-I11 

Galdas 97 £; 1 abe gn sap 
—~5n+2,5n—2 19. 2(a + 4) ,_ 3@a —1) 

ab ab a a 

Put Ex. 19 in the form 22 +8 + Oe ond proceed as before. 
a a 

20. 

Se 

22. 

23. 

24. 

25. 

16m +n , 5(2n — 3m) 

m—n m—n 
3(2% — 5) , 4(~ 32% +7) 

etl e+ 

x +3%—5 , 3(@ — 1) 

+2 x+ 2 

2(a? — ab) 4. 2(ab — 6?) 
a+b a+b 

5(3 n + 7) 4 23 — 2n) 

mn mn 
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26. @+n@=1 4 32a — 3) 
a 

Write Ex. 26 in the form 7 + “3 —8 and proceed as before. 

@z—4) , @xe —3)@ +3) 
76 2x2+1 as Did 

gg, 2n+3)2n —3) , (Bn —-5)2n—7) 
= n 

sa+2 a-—83 
a a. 

29. 

Here you are asked to subtract the second fraction from the first. 
You should therefore subtract the numerator a — 3 from the numer- 
ator 3a + 2. In order to avoid errors in signs, write the exercise 

(8a + 2) — (a — 8) 
in the form and then proceed. 

a 

5a+2b 2a-—3b e+2 6-27 

ie a a is eS ee aae 
2a—5b —5a—2b 8a+5 2a+5 

Si: ae Sp Tay 35. ys 3G 

32 —5n+2 5n-2 36 BM ae 2 OD 

i mn mn Cede e151 
Intl 5n+7 + Otte. OM =e 

ye 5 5 ad: 2n —38 2n —3 

#9 5a +1) _ 2(2a — 3) 
b b 

Write first in the form ed - aa=8 and then proceed. 

39 3(2m —5n) _ 2(—m+8n) 
; m—n m—n 
a+b _ 28a —b) 

if a —b a—b 
2n+383 ,5n—2 "+6 

41. oe + 5 et 

82a+7)  —7(2a—4) , 6a—5 
Remusth cackal eal aan 

Be sure you know how to add fractions with the same denom- 

inator before you proceed to the next section. 
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Adding Fractions with Different Denominators 

To add or subtract fractions with different denominators, 

you must change them to equivalent fractions which have the 

same denominator. Two or more fractions having the same 

denominator are said to have a common denominator. 
In adding (or subtracting) fractions, the smallest possible 

common denominator should be chosen. When the denomi- 

nators are arithmetic numbers, the procedure is comparatively 

simple. 
5a—7 EXAMPLE 1. Add rues Guar 

For the common denominator choose 18, the smallest number 

which contains 6 and 9 as factors. 

Write the next step first without numerators: 

18 a 18 

Then fill in the numerators, thinking as follows: 

The denominator of the first fraction has been multiplied 

by 3; hence I must multiply the numerator by 3. Thus the 

numerator of the first fraction becomes 3(2a+ 3). The 

denominator of the second fraction has been multiplied by 2; 

hence I must multiply the numerator by 2. The numerator 
of the second fraction becomes 2(5 a — 7). 

You now have two fractions with the same denominator. 

Combine these fractions by adding the numerators, as shown: 

Za4+3,5a—-7 _ 8@a73) , 264-7 

6 a 18 18 

= O¢+9 , 10a —14 
18 18 

~6a+9+ 10a —14 
18 

_ 16a —5 
18 

2a—38 ,6a4+2 5a-2 EXAMPLE 2. z 4 5 5 

For the common denominator choose 12, the smallest number 

which contains 4, 8, and 2 as factors. 
WPite first, AS {oe oe rite first as 13 + i ss 

1p et eee 
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Then write in the numerators, thinking of the numbers by 
which you must multiply them as you did in Example 1. 

3(2 a — 3) 4 46a + 2) _ 6a — 2) 
iz 12 12 

—~6a—-9, 24a+8_ 300-12 
12 12 12 

When you write the next step, put parentheses around the 
numerators to avoid difficulties in signs. 

_ (6a — 9) + (24a + 8) — (80a — 12) 
12 

Removing the parentheses, 

3669p 240 4.8 — 3004 12.511 
12 12 

When adding a whole number to a fraction, it may help you 
to put a denominator of 1 under the whole number. Thus, 

a_8,4_8@8),¢_9+6 
aes on ok as 3 3 cu 3 3 

(1) What is the smallest number that will contain as factors 
each of the following sets of numbers? 

(a) 3,9 (e) 2,3 (7) 6,8 

(b) 2,4 (f) 3,5 (7) 9,6 
(€), 46912, (g) 3,4 (k) 6, 15 

(d) 5, 15 (h) 6, 4 (Lyh2, Ans 

Exercises 

Copy, and fill in the numerators: 

Bes ns tei DoS ewe 
pa 45 i aha 1 o% yas 

3 a 4 b ze gt 6 5 aS 
4, 3 6 é Z 

4c—5d e ube! ae 7, 2 BNO main 
sb 16 30 gee q 

Combine as the signs indicate: 

nee 1,3 oh See Se 
eg 2 aga ise 

ang 3 15a , Ta 
ES ae 11.64 13. 8 sae 
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14. 

15. 

16. 

17. 

18. 

19. 

20. 

21. 

22. 

23. 

24. 

25. 

26. 

27. 

28. 

29. 

30. 

esi a 

FIRST-YEAR ALGEBRA 

a> 8 ON 8 

°9| 
| 

8 | 8 i 

bo] 8 po]. | 

lS | 

x olD 

a 
| 

Qe PIC 

cS 

(hl {2S) 

i iat 

Is oft 
co1 

| 

QR BIO NIS PIQ oS = o 
zh 

rs) | o 

31. 

32. 

33. 

34. 

35. 

36. 

37. 

38. ——— 

39. 

40. 

41. 

42. 

43. 

44, 

45. 

46. 

4n-1_n+2 

3a—2b ,a—5b 
6 “s 15 

8at+1l_a+3,2a—5 
2 8 4 

by 2 8b 5 bee 
OE aT 3 

—— ees a Se 

mao9 _ 2+2), 201 
4 16 2 

2a4+8b+2 
ab 

7 
2 xy 

x«—-1+ 
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Adding Fractions with Literal 

Monomial Denominators 

EXAMPLE 1. Combine: as 

Here the lowest common denominator is bd, the product 
of the denominators. Whenever the denominators have no 
common factor, the lowest common denominator is the product 
of the denominators. 

Th Raf yh 
ti dpe bd 

The first denominator has been multiplied by d; hence you 
must multiply the numerator by d. This gives ad as the new 
numerator of the first fraction. The second denominator has . 

been multiplied by 6; hence you must multiply the nunterator 

by 6. This gives bc as the new numerator of the second fraction. 

a,c _ad, be _ad+be 
Oe d. bd bd ee ba 

EXAMPLE 2. Combine: 3 + 5 4 
oe Te — BY 

The lowest common denominator must be evenly divisible 
by each of the denominators. 6 will contain 2 and 3; 2? will 
contain x? and the xin 2 xy; y? will contain the 7? in 3 y? and 

the yin2 zy. Hence 6 xy? is the lowest common denominator. 

rj 3 5 Celt al SY ee ae 

~ ed x? x Qry By 6ry  6ary 62? 
_18y4+ 1527 —82# 

- 6 xy? 

Exercises 

If the following were denominators, what would you use in each 

case for the lowest common denominator? 

1. a,b 4. ry, 7? 7. 67,40 

V8 ae Se 5. 20,34 8. 22,3 Y 

5 DRY, 2 67 02,09 7 9. ab’, ab 
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Combine as the signs indicate: 

10 

Li. 

12. 

13. 

14. 

15. 

yas 
=+e- 21. 
Py 

AaB ass’ 
= — GPA. 
Fee 

Lat, 
—-— Z3: 
aacib 

ae 24. 
oY 

he We eed 25. bit a ; 
3 4 
Sieh A 26. 

5 3 
4a 8a Vie fe 

Aebe 28. 
a 

yee 019 29. 
x 

a 
3+; 30. 

Foy ety Sir 
Yy 

Lie: i 

a 6ab 12h 
x ad | 

a let 
Cimel S| Mitoe 

Say Oa 

Za+1,3b+5 
a b 

3a+5 2b-—8 

a b 

Tat [breg dey, ae 
0p 5 oy mn mn? 

By «45 wR: 

Byes gues rent ey CY 

4a _ 3a ey 
b b a ee 

3_ 5,2 Ld age S 
x pi 36 cA tchnee 

a6 _¢ PS blbe deria) >. 
at ge FTG 5 dp 3 

Da swe Sa 20r os 
of abe hee 
eu 99, 22) ae 

c b a 

Cn es ial ee e (a—1) 40 ax + 

ne ai,.22—-1_2+38 

a x 3% 

Ban ae 42, y + 
LY - YZ 

4g, 92 —Y 4x+t+2y 

133 C 

ag, 42 +9 382—A4Ay 
4p x 

2y—3 ,y-—4 50. UME Ee 
ay ot By 

B2e eee ee ee 
xe xy y? 

52) 2 eh Bee 



=” v a 

FRACTIONS 365 

Adding Fractions with Binomial Denominators 

ie he EXAMPLE 1. Combine: 
—-3 2£+3 

Since these denominators have no common factor, the lowest 
common denominator is the product (x — 8)(x + 8). The first 
denominator is multiplied by x + 3 to get the new common 

denominator. Therefore, the numerator of the first fraction 

must be multiplied by x +3. This gives 4a(x¢ +8). The 

denominator of the second fraction is multiplied by x — 8 to 
get the new common denominator; consequently its numerator 

must be multiplied by x — 3. This gives 2(x — 8). 

4x 2 4 x(x + 8) 2(a — 3) 

zx-—-38 “x£+3 (& —38)(x+4+8) (x — 3)(x + 8) 

24 alse) — 2 — 6) 

(x — 3)@ + 3) 
_ 4¢74+12% -—-27+6 

— (@ — 8)(@ +8) 
_ 47+4+1074+6 

— (« — 8)(¢ +8) 

A ae ae 
8a-—-6 4a-8 

EXAMPLE 2. Combine: 

Always factor the denominators when it is possible. 

Dome fe ote ene B® 
Be eyeige tha Se Gy 1G SD 

12(a — 2) contains the factors 3, 4, and a — 2. Change to 

equivalent fractions with this denominator and combine. 

5 Bg a hes ee 
3a —2) 4—2) 12-2) 12a —2) 

eee tl 
» 12(a — 2) 

It is simple to choose the lowest common denominator when 

the denominators are in factored form. 
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EXAMPLE 3. If a2b + ab, a? — b?, and (a — 6b)? were de- 
nominators, what would be the lowest common denominator? 
Factor the expressions and get ab(a + 6), (a — b)(a + 6), and 

(a — b)2.. Now by inspection you see that you need the factors 

a, b,a+ 6, and a — b. But in order to take care of the last 

expression, you need a — b to the second power. The lowest 

common denominator is therefore ab(a + 6)(a — b)?. 

If the following were denominators, what would you use in 

each case for the lowest common denominator? 

(a) x+5,% —5 (e) 2a—4,5a —10 
(b) a+4,a+2 (f) « —8,22 —9 

() 22 +2y,e+y (9). 2 t= GP tO 
(d) 3a+6,40+8 (h) 22 — 4, (« + 2)? 

e+1 4 
EXAMPLE 4. ag ees 

ag a A eee ae atk 
(x —3)(a@+3) 2#+3 

~ 2 +1 tS 4s 3) 
@—3)@+3) @—88)@+8) 

etl 4x —12 

(x—3)\(@+3) (&—38)(*+83) 
(« + 1) — (4x — 12) 

(x — 3)@ + 8) 
xe+1—42xr4+12 

(7 — 3)(@ + 8) 
Ett. 

(x — 3)(@ + 8) 

Exercises 

Combine as the signs indicate: 

i) San ets 5 ec OMe tice 2a+2b  3a+3b 
Of ste he P 4a 3b 
ae 2 —65 “60.28 Ones 

5 D 3 
HS ae Bia (eae Spans 
4s ae ehh ky 3, 32 2x 

Bi 
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9 Tt3, 2-5 ye mitch ay a+b 
x—-5 2£4+83 ax -+ay ba + by 

—-2 a-: = > 10, 2S = rE UMA cr Spe cathe Ne 
a+3 a+5 Ibe eae 

oo a ee te tev ty 
v—-4 242 “ety ea 
3a+2 a-—-2 r+y 4 xy 12. “= er at ae 
38a+6 a2 —4 eens xv — y? 

5 x 3 2? a by ie See 
i tae SU = FD v—l 

2 a2 

CE aa aay eran (x — y) 

Signs in a Fraction * 

The sign of a oe is the plus or minus sign before the 

fraction. In + —= rr :, the sign of the fraction is +. In — 

the sign of the fraction is —. A fraction, therefore, involves 

three signs: (1) the sign of the numerator, (2) the sign of the 
denominator, and (8) the sign of the fraction. You can change 

any two of these signs without changing the value of the fraction. 

+ 12 — 12 — 12. 
AC rear am Seer ean eo Biller ae 
In each case we have changed two of the signs and yet each 

fraction equals + 3. 
You should realize that ‘‘changing signs’’ means “ multiplying 

by — 1.” Henceif you are changing signs in either a numerator 
or a denominator which has more than one term, you must 
watch that you change the signs of all the terms. 

= 
+ 3’ 

Exercises 

Study and explain the following examples: 

Pepe Dene Co Ge Oy ~~ O 
4 4 —A4 4 

9 _a+b_a+0. —a-—b 

b—-a a-—b a—b 

3 oo aut 
“b+a a+b 
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Show that the fractions in each of the following exercises are 

equal: 

nee oe ee 62 Pe 

Spa aa pone eerie ns: b +a 
4k Bey Det ee 

etoge pe pa us =p Vet 76 

Le Ol oe Ee et SOT Ere 
" (@ — 2)(8 — 2) (c — 2) 3) 

9 2 ks 2 

“(b—a\(d—c) (a —b){c — d) 

10. @ +06 eal b 

, d—c c—d 

(2 0) eta i ———— > 
3 S 

Exercises 

Combine these fractions: 

b : a b GG hl Nadi a (oS RT Feo (Write first as agecsat 

4 2 a a 
13. Sp eae Skee E 

a) | ees Dat — eb G 
il 4 x ivy Rae (a me hy a 

Fo asd ot tekoanns 
10 6 a—b a-bdb 

Lb: 19. — 
A mah Sh ee), a+b b+a 

16. 22 2b 90, 242 +36 _a+b 
Oo ill ME Yee f 2 —~4 

Reduce to lowest terms: 

40 a 
Phe o5 

b—a 8—4a 

OIG). a+b 26. a+2 

b+a 8tia 

23. a — b 27. (x — 2)(a — 8) 
=a (3.—2)(2— 2) 
2 = 1)2 pS 2 

a4, & (a — b) ey 28 
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Fractions Occurring in Formulas 

Below are some expressions containing fractions. Some of 

them occur in science formulas, particularly in the formulas of 
physics. You:should be able to combine these fractions, as in- 
dicated. 

In Exs. 2 and 3, the numbers 1, 2, and 3 are not exponents, 

as you might think after a hasty glance. They are called sub- 
scripts. 1; is read “‘r sub one,” r2 is read ‘“‘r sub two,” and 7; is 

read “‘r sub three.”’ 1, r2, and r3 should be thought of as three 

distinct symbols, just as a, b, and c are distinct symbols. Like- 

wise d and D, or mand M, are distinct symbols. 

Exercises 

Combine the fractions as indicated: 

d D ka? 
Boe tract T7 th De Siar rs 

1 1 kt 
oS Cd a2 eae 

- an T 373 

1 1 1 l 1 meer earn: 
a ai YS Mt t 

Prt ad? 
: 10. —-+d Be 100 res 

5. t+ Thee 
a n 

= 12, 1 1 6. @ Wa F j 

13. Find the value of en 4 when y. = 5, y: = 8, a = 8, 

a, = 4; when % = 3, ee Be Or on Se. 

14. Show that * =H 2 Yt — Ys, 
— nN ti — % 

15. Factor zr — rr, and find its value when r2 = 5 and 

ry = 2° (User = 44. 

16. Find the value of aor? + aiz + a2 when a = 2,a = — 3, 

ae = 4, and. += 2. 
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More Practice in Combining Fractions 

6. ¢+% -2+4+4 

-84+¢ i bps ee 
y 

"pt oy tb 

a+2 

a? 

10. 1 + Be 

114. 744 
vA 

a—b 

Y 

y+3 

he Y SG Weta hy eis 
yw+8y+15 y+3 

i ofS @ Sem 
a-—-2 (a+ 2)(a?—4) 
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Complex Fractions 

The division of a fraction by a fraction may be indicated 

thus: This, of course, is the same as the expression ee es 

Qe lola 
QQ 

Any fraction that has a fraction in its numerator or in its 
denominator or in both is called a complex fraction. 

(1) Simplify + 
First method: 3— 

Hence 
nd RoC) ly ol-Jolto GO| DO cats oo 

Second method: Multiply both numerator and denominator 
See oe Oe 7 

fos Osis 
Remember in this method that you must multiply both 

numerator and denominator by the same number. 
3 

For example: Simplify iT 

of the complex fraction by 3. Then 

4 = z. Now multiply both numerator and denominator by 4, 

aan 4) 31 
AD 06 2 

3 3 

example; that is: rete Wires | are 

Which of the two methods above do you prefer? 

Exercises 

Perform the divisions indicated by these complex fractions, using 

both the methods described above: 
2 2 1 1, 2 6. 9 Sta 

"4 14 10 
2 ak 

ae at yome 10, 314 
7 8 24 Laie 

20 epee ae 23 —4 
Gy, Mahe 7, 2 4 11. 7] 7 

wd o pa) 
eel, ee | 

aes ee eee 12. 2 
ee $+4 1-4 
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asec Ley Ley 

py ae 17. + ; We , 
ac iit cass 

eat y 

et em = 14. y & ad 18 2+ y 23. ay 

ioe t 19, Zt 1-2 
ey rae S ha 24. 

co zy a+y 

20. at 25. = 

ie, @_ in oe 
25 Sie eu 
ab x— x x 

Chapter Summary 

In this chapter you have learned how to change the form of 

an algebraic fraction to an equivalent fraction. You have also 
learned how to add, subtract, multiply, and divide fractions. 

A fraction is an indicated quotient — that is, one number 

divided by another— and the most important principle in 
connection with fractions is that they can be changed in form 

without changing their value by multiplying or dividing both 
numerator and denominator by the same number. 

You should keep clearly in mind that fractions cannot be 

combined by addition or subtraction unless they have a common 

denominator, but in all cases they can be changed so that they 

will have a common denominator. In choosing a common 
denominator it is important to have all denominators in factored 

form. When they are, the common denominator can be found 

by inspection. In multiplication and division of fractions a 
common denominator is not necessary. 

You should understand the following technical terms: 

Fraction Improper fraction 
Reducing to lowest terms Complex fraction 
Equivalent fractions Common denominator 
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Chapter Review 

1. A fraction is an indicated —?_. 

2. Ifina fraction the numerator increases while the denom- 
inator remains constant, the value of the fraction _2_. 

3. If in a fraction the denominator increases while the 
numerator remains constant, the value of the fraction —2_. 

4. To change a fraction to an equivalent fraction, I —?~ or 
2 _ both _?_ and —?_ by the same number. 

ed 5. Does ae ee Explain 

2% _ io 6. Does ee: Explain 

In the exercises below, what has been done to the first number in 
each case to get the second? 

i of. 2,0 % 10. 6%+9,2x%+4+3 

8. 32 —2,32 11. (a+ b)(a—b),a—b 

9. 627,22 12. a+ b,8a(a + bd) 

13. Which is the larger, : or ta if both x and y are 

positive? 

14. What do you do to reduce a fraction to lowest terms? 

15. What would you do to change au a to an equivalent 

fraction with the denominator 3(a + 1)(a — 1)? 

ALE 1 6 
16. Is this correct? Ss, aa Explain. 

2 

17. Explain why ? eae ae all have the age value. If 

xg =-2and y = 3, what is the value of each fraction? 

18. Which is larger 5 or at if both x and y are positive? 

Reduce to lowest terms: 

15 a 24 ab 
12 ab " 6(a + b) 

19. 
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21, ane 24. ates 

22. we ES 25. ‘a 

23. wb + oe 26. Fee 

+27, 12 *28. f=4 *29, C= 

30. How do you multiply one fraction by another? 

31. How do you divide by a fraction? 

Multiply as indicated: 

5 81)? rs*t 
ous 95 25 S402 ae 

27 ab 9 xy? 4a—8b 2a+4b 
te 2xy ab? ae 2 a —4b? 

Divide as indicated: 

Any . Sx’yz ae: 
36. Sua 38. Tare (a + 2) 

Re RTS aaiew Y= ee 
oh; 27 xy ae Se Ga ea 

Change to mixed numbers: 

40 ve+5xer-—2 44 6e2+22+4+5 

a ; xz + 2 

42. If two fractions have the same value but not the same 

form, they are called —?— fractions. 

Pe) A 
— _-= = 43. Does 3 oe reer Explain. 

44. How do you add or subtract two fractions which have 
the same denominator? 

45. What must you do before you can add or subtract two 
fractions which do not have the same denominator? 



FRACTIONS 

Add or subtract as indicated: 

48 
24436 _ 

t 

50. —_— — ——_— 

2 ; 51. 

a+b 
8 52. 

53. 

Which of the following pairs of fractions are equivalent? 

*54, 

x on ad 

60. 

61. 

“ 

~ 

SQ GA ya 

bo| 00] co 

| a 
| o 

Add or subtract as indicated: 

66. 
1 

f 
del 

F 

67, P +22 
100 

«p7, @+6 bt+a 

c+d d+c 

7 a—b b—-a 

oo aaa tee 

4 a Send. 
AA pe a —2 

el 
See a7 1b 

64. 
2+ 1,1 

a 0b 

2 

ff Pere, 
+-3 BE 

* xv = x 

pn Pes ee 
a—-b_a+b 

Boece a—d 

375 
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Maintaining Skills 

(Percentage) 

Write the following as per cents: 

1. 4 4.4 Te 

2. 4 5. + 8 

3. 2 6. + 

Write the following as per cents: 

13. .50 £6-07.02 19. 

14, .25 VW 6) ied 20. 

chy ATES 18. .08 21. 

Write the following as decimals: 

25. 43% 27. 185% 29. 

26. 2% 28. 6.5% 30. 

Gla aoler oles 

10. 4 

11. % 

12. £ 

84 22. .625 

i lpAs 23.0F1 Be 

375 24. 2.00 

8.7% $1. 275% 

2% 32. 200% 

Compute the following. (This is Case I of percentage. The 
other two cases are done more easily by algebra than by arithmetic, 

as you have seen on pages 43 and 44.) 

S3e8 25 7,01 62 39. 4.6% of 840 

34. 4% of 95 40. 125% of 56 

35. 7% of 1400 41. 106% of 92 

36. 124% of 35 42. 663% of 42 

87. 62% of 934.2 43. .5% of 300 

38. 624% of 456 44. .3% of 500 



CHAPTER XV 

EQUATIONS CONTAINING FRACTIONS 

The equations we meet in algebra often contain fractions. 
Formulas are equations, and in constructing and using them 

we must in many cases deal with fractions. Likewise the 
equations we form in the solution of different types of practical 

verbal problems often involve fractions. For these reasons 

fractional equations is an important subject in algebra, and 
knowing how to solve these equations is a matter of practical 

concern. In regard to fractional equations there is just one 

important new fact for you to keep in mind. 

Fractional equations can be changed so that they con- 

tain no fractions. 

Then they may be solved like other equations. The process 
of getting rid of fractions in equations is called clearing of 

fractions. 
Try to solve the following equation without reading further. 

2n,8n_ 17 
3 4 2 

Method Used in Clearing of Fractions 

You remember that both sides of an equation may be multi- 

plied by the same number without destroying the equality. 

This is the principle which we shall now use. 

(1) Solve and check: % + 2 = 2. First, multiply both sides 
of the equation by a number that will get rid of all fractions. 

This number is found just as you find the lowest common denom- 

inator in adding fractions. In this case it is obviously 6, the 

smallest number that contains 2, 3, and 6. Think: 
377 
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3 
tee doe: vie &: Lee OY: = 6 (5) Xe 31; 6(5) Xa 20; Xe 

and write: 8n+2n=5 
5” = 5 

m= 1 

CHECK. £44=2842=8 

aie Oot eto 
(2) Solve and check: isa x Eee 10 

Multiply both sides of the equation by 20. 

Think: 

4 
20 (FH) =o x 24 15 y; 20 (2 ss 2) = 26x sel 

a 
= A(Ay — 5); 20 (HE °) =20 x Lu? 
= 2(7y — 5) 

and write: 
1by —4(4y — 5) = 2(Ty — 5) 
15y —16y + 20 = 14y — 10 

—15y =—- 30 
y=2 

Sy Ay —5 26 S38. 38 15 — Gi oaee 

ae 5 4 5 ne 5 10 10 

Ty-5_14-5_ 9 
10 10 10 

Remember: In solving fractional equations there should be no 
fractions in the second step. 

Distinguish between clearing of fractions in equations and 
adding fractions. When you add fractions you should get a 
fraction for an answer unless the sum reduces to a whole number. 

(3) Solve and check: ae + oe _ 5” _ 13 = je. 
9 2 6 

(4) Solve and check: 

Sb 20 oo 6 Coe te 

ear a ry que wae 
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Exercises 

1. Multiply by 6: 2, 2, 2% +41 

2. Multiply by 12: %, 3”, Sn +2 By by 12. ag 

8. Multiply by 10: $3 Sa —2 

4. Multiply by 8: 52m +5), Sn Aa 22m +1) 

5. Multiply by 6: =” — 3.x 
Sey 

6. Multiply by 12: 5m _3n,5n+2 
Saeed 6 

7. Multiply by 8: Beat eee 

In Exs. 8-13 what is the smallest number by which you can 
multiply both sides of the equation to clear of fractions? 

8 242-14 0 ee 
a Giakig 2 

3m 5 __ 1S erm Bes Or 9. 7 ee ie aie lee 

@+5 a+1_ 
12. ») 4 3 

13 4a+1 2a+3_5a-—4 
’ 2 3 4 

14. In Exs. 8-13 multiply each side of the equation by a 
number that will give you a new equation without fractions. 

15. Solve and check the equations in Exs. 8-13. 

Solve the following equations: 

eo Dee ae. 16. 3 i 18. 9 1 

2 to eee 17 5 3 19. 5 5 =0 
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20. 

21. 

22. 

24. 

25. 

26. 

27. 

36. 

FIRST-YEAR ALGEBRA 

nto a8. 3a — 4% = 22 

OREN a a9, 241 zs 

Bn -5_» go, b= 780 =1 

a3, 243 — 5 31, 2=742-24% 

any sn ee 

RoR + Sha 7 35, 242 _ Wt _ 4 

se +5) -4 so 8 _3 

ag, 218 _3@ — 3) =4 

39. 

40. 

41. 

42. 

43. 

i 1 z 
Tie ee eee 

Aamvl Sl _5a-1 5 32a + 8) 

2 = 3 “2S ee 
x n 2 

3 Wah es yi 
~=— 4 PT tg hy dys 
a re eo a 6 

cee ag, 2M +1 _ Sn —2 _ 
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Solve these equations: 

Ye aa eae ale 
Oia? by y+4 
3 x C 48. — = ae ae 
32> £42 AE are ate 

b—2 ..3 205 eee Yer G 
b+3 8 cp a Ne 
A Af 2 5 50. == = 
Epes 4 hl or graae x 

5 2 —3 1 ia == —_t 
a+3 a pane Z 

ap 2 x 9x7 —2 
57. = 
er 9 

pete) et 2 62 = 6 

2 2x2+5 6 

‘4 5 9. = 
- peas A ne <1 2 

10 9 x—1 x+8 
66. ——___ = 2. = 

x—-38 2x#-5 4 x+1l 2#+410 

61, ¥t8 ee ae (yg ie eae 8S 
a pS e+5 2xr+2 

Literal Equations Containing Fractions 

In solving the equations below you will encounter fractions 

involving letters, instead of numerical values. These equations 

may be solved by the same methods that are employed in the 
solution of numerical fractional equations. 

(1) In solving each of the following equations for n, do you 
add, subtract, multiply, or divide? State how you know which 
process to use. Solve each of the equations for n: 

(a) an =b (c) n-a=b (e) nia +b) =c¢ 

nN _ noe 
(6) n+a=6 Ne ll ih ¢ 
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(2) Solve for n: m+1, nb kG 4ut+t 

C Gc ac a 

To clear of fractions, multiply both sides of the equation by 

ac. a(n +1) + nb =b+c(n 4+ 1) 

Perform the multiplications indicated: 

ant+a+t+nb=b+cn+e 

To get all terms containing n on the left side and all the other 
terms on the right side, add — cn and — a to both sides: 

an + bn —-cn=b+cec -a 

To combine the v’s, factor the left side: 

niat+tb—c)=b+c-a 

Divide both sides by a + 6 — c: 

eb Ceo 

y at+b—-e 

Can this answer be reduced? 
Now that you know how to solve for the value of one unknown 

in fractional equations of the first degree, it is possible to sum- 
marize the general procedure for solving all equations of the first 
degree for one unknown. 

The following are the steps in the procedure: 

1. Clear of fractions, if any. 

2. Perform the multiplications, if any are indicated. 
3. Combine terms if possible. 

4. Get all the terms containing the unknown on the left 

side of the equation and all other terms on the right 
side. 

5. In literal equations, if more than one term now con- 

tains the unknown, factor the side containing the 

unknown. In numerical equations combine the terms 

containing the unknown into one term. 

6. Divide both sides of the equation by the coefficient of 
the unknown. 

You do not need to memorize this summary. Refer to it 
when necessary. In most cases it should be obvious to you 
what to do at each step. 
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Exercises 

Solve the following equations for n: 

2n+a=b 

-. 2n—a=b 

an—b=c 

n(a — b) =e 

- Ma+b6b)+e=d 

. nia+b)—c=d 

an + bn =c 

an — bn =c 

. an —bn+cen=d 

an+bn+c=d 

. an+bn—c=d 

-an+b—cn=d 

-an—b+cn=d 

. an=c+bn 

. an=c—bn 

- an+cec=b-—dn 

17. an—c=b+dn 

Solve for the required letter: 

31. 

32. 

4 = prt. Solve for r. 

s= i” Solve for L. 

MM = oh Solve for b. 

v= 2. Solve for T. 

$= a. Solve for a. 

v= bh? Solve for b. | 

18. 

19. 

20. 

21. 

22. 

23. 

24. 

25. 

26. ——— = 

27. 

28. 

29. 

30. 

37. 

38. 

39. 

40. 

41. 

42. 

383 

an bi ck doe 

SIQ ais QIS QIS Ws wis 

=b 

+ + g ee Il 3 

+ 

S aoloslsc oa 

SlRP Sie a xz 

Q 

° I 

ny 

Tr7v 
ae Solve for »v. 

Solve for R. 

S ley E eo Solve for b. 

Solve for M. 

Solve for S. 

Solve for E. SIS aie Sls 
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Solve for the required letter: 

43. C = K4= . golve for K, for a, and for b. 
a 

44, r= vpL, Solve for p and for a. 
a 

45. R= Wh =. Solve for W, for L, and for x 

46. L = el - Solve for ¢ and for g. 

47. »v = 7Lr. Solve for L. 

£8 f = im —* - Solve for g, for m, and for t. 

49. S = mat - Solve for r, for J, and for a. 

50. R+ nr = En. Solve for R, r, n, and c. 
ee 

51. 01 = 2 — = Solve for v2, t, and n. 

52. Die ee as hey Solve for n, EH, and r. 
2n n-—?r 

53. Assume that all letters in the formula f = sae u 

positive numbers. If the value of m is increased and g and t 

remain fixed, is the value of f increased or decreased? What 

happens if ¢ is negative and m is increased? Give evidence to 
support your answer. 

represent 

- 54. The formula for the coefficient of lift, used in aero- 

dynamics, is C, = = Solve for S. Then find the value of S 

when L = 864, p = .003, C, = .1,and V = 120. (You will learn 

the meaning of these letters when you study aeronautics.) 

55. The formula W = Cy58V? can be changed so as to find the 

velocity needed to sustain the weight of a plane under certain 
conditions. Solve for V2. Then find V when W = 1500, C, = 
43, p = .002, and S = 200. 
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General Problems 

Problems may be particular or general. Here is an example 
of a particular problem and its solution. 

The sum of two numbers is 20, and the larger is 9 times the 
smaller. Find the numbers. 

The smaller number | x 
The larger number | 9 x 
5+ 9x = 20 

TOrce— 20 
eS 

The two numbers are 2 and 18. 

Next we shall have a general problem. 

The sum of two numbers is s, and the larger is m times the 
smaller. Find the numbers. 

The smaller number | x 
The larger number | mx 

L+mMe=s 

x(1+m)=s 
s ms 

1+m 1+m 

Note that the particular problem solved above is a special 
case of the general problem, for in it s = 20 and m = 9. The 

$s ms 
cia and itm may be regarded as general ex- 

pressions, or formulas, for finding two numbers when their 

sum and quotient are known. What are the numbers ifs = 30 

and m = 47 if s = 100 and m = 9? 
In the following exercises you will first solve a particular 

problem, with arithmetical numbers, and then, with literal 

numbers, solve a general problem which represents all the 

special problems of that type. 

expressions 

Exercises 

1. (a) Particular problem: The sum of two numbers is 16; 

the larger is 4 more than the smaller. Find each number. 

(b) General problem: The sum of two numbers is s; the 

larger is a more than the smaller. Solve for the two numbers; 

i.e., make a formula for finding each number in this type of prob- 

lem. Find the two numbers when s is 40 and a is 10. 
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2. (a) The sum of two numbers is 32, and their difference 

is 8. Find each number. 

(b) The sum of two numbers is s, and their difference is d. 

Find each number. 

(c) Read the formulas you obtain in (6) as rules for finding 

the numbers. 

(d) Find the two numbers when s = 52 and d = 10. 

3. (a) The sum of two numbers is 9; 10 times the smaller 
equals 5 times the larger. Find the numbers. 

(b) The sum of two numbers is s, and m times the smaller 
equals n times the larger. Find each number. 

(c) Read the formulas in (6) as rules for finding the numbers. 

(d) Find the two numbers when s = 12, m = 6, and n = 2. 

4. (a) A rectangle is 10 ft. longer than it is wide; its perim- 

eter is 72 ft. Find its length and width. 

(b) A rectangle is b ft. longer than it is wide; its perimeter 

is pft. Find its length and width. 

(c) Read the results in (b) as rules for solving any problem 
of this type. 

(d) Find the length and the width when b = 8 and p = 96. 

(e) Make up a particular problem and solve it by the use of 
these formulas. 

5. (a) The sum of two numbers is 14; 3 times their sum is 
equal to 21 times their difference. Find each number. 

(b) The sum of two numbers is s; m times their sum is equal 
to n times their difference. Find each number. 

(c) Read the formulas in (0b) as rules for solving problems of 
this type. 

(d) Make up a particular problem which you ean solve by 
these formulas. 

(e) In problems of this type, can m = n? Can m be greater 
than n? Canit be smaller than n? 

6. (a) Separate 20 into two parts, such that the quotient 

of the larger by the smaller shall be 3. Use x for the smaller. 
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(6) Separate n into two parts, such that the quotient of the 

larger by the smaller shall be 

(c) Read the formulas which you obtained in (b) as rules 
for solving problems of this type. 

(d) Make a particular problem which belongs to this type. 

(e) Cana = 6? Cana be smaller than b? Why? 

7. (a) Think of some number; multiply it by 3; add 9 
to the result; multiply the last result by 2; divide the last result 

by 6; subtract the number thought of in the beginning; the 
result must be 3. Can you tell why? 

(b) Think of some number, as »; multiply it by a; then 

add 3 a; then multiply by 2; then divide by 2 a; then subtract 

the number thought of in the beginning. Show that the result 
must be 3. Can you make up other problems similar to this? 

8. (a) Find the cost of a rectangular piece of land 80 rods 
wide and 120 rods long, at $120 an acre. 

(6) Make a formula for solving any problem of the type 

- given in (a), using / and w for the dimensions of the piece of 

land in rods, c for the cost, and n for the price per acre. 

Verbal Problems Involving Fractions 

1. The sum of two fractions is +4, and one of them is known 

to be 3 of the other. Find the fractions. 

Smaller fraction | 3 n 
Larger fraction |” 

5n _ lt 

2. The difference between two fractions is $. One fraction 

is 3 of the other. Find the fractions. 

3. Separate 120 into two parts so that one part is = of the 

other part. 

4, Separate 95 into two parts so that one part is 3 of the 

other. 

5. One number is 4 more than another. The quotient of 

the larger by the smaller is 3. Find the numbers. 
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6. One number is 7 less than another. The quotient of 

the larger by the smaller is $. Find the numbers. 

7. Separate 72 into two parts so that their quotient is 3. 

8. What number added to both numerator and denominator 

of the fraction 2 will make the value of the resulting fraction {? 

9. Two numbers are consecutive (n and n +1). If 6 is 

added to the first and 2 is subtracted from the second, the 

quotient of the resulting numbers is 44. Find the numbers. 

10. What number must be added to the numerator and 
subtracted from the denominator of the fraction 44 to make a 
fraction equal to ? 

11. Ais2asoldasB. Five years ago he was # as old as B. 
How old is A? 

12. The numerator of a fraction is 3 smaller than its denomi- 

nator; if 2 is added to the numerator, the value of the fraction 

becomes #. What is the fraction? 

13. The numerator of a fraction exceeds its denominator 

by 8. If 1 is added to the denominator and 5 is subtracted 

from the numerator, the value of the fraction becomes $. What 

is the fraction? 

14. The numerator of a fraction is 8 less than the denomi- 

nator. If 3 is added to the numerator and 1 is subtracted from 

the denominator, the resulting fraction is 2. What is the 
fraction? 

’ 15. An auto tourist made a trip of 120 miles, at a certain 
rate. On the return trip he doubled his rate, and required 
3 hours’ less time. Find his rate going. (Part of the solution 
follows.) 

Rate going r 
Rate returning | 2 r 

Time going oat 

Time returning | ? 

Complete the solution of this problem. 
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Fractions in Work Problems 

A teacher asked the following question: “If Arthur can 
sweep the snow from a sidewalk in 6 minutes and Jack can 
do it in 8 minutes, how long ought it to take them working 
together?”’ 

Frances answered: “It would take them 14 minutes.” 

Alice said: “I’d find the average. It would take them 
7 minutes.” 

Donald said: “I think both answers are wrong.” 

What do you think? 

The following exercises will help you to answer the question. 

(1) If Arthur can sweep the walk in 6 minutes, what part 
of the work can he do in 1 minute? 

(2) If Jack can sweep the walk in 8 minutes, what part of 

the work can he do in 1 minute? 

(8) What part of the work can they both do in 1 minute, 

working together? 

(4) If both together can sweep the walk in » minutes, what 
part of the work will they do in 1 minute? 

SOLUTION OF PROBLEM 

Number of minutes for Arthur to do the work 
Number of minutes for Jack to do the work 

Number of minutes for both to do the work 

Amount of work done by Arthur in 1 minute 

Amount of work done by Jack in 1 minute 

Amount of work done by both in 1 minute 

The boys ought to sweep the walk in 37 minutes. 
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Exercises 

1. Farmer Brown can plow one of his fields with a tractor 

in 8 days. It would take his neighbor 15 days to plow the 

same field with a team of horses. How long will it take 
Mr. Brown if his neighbor helps him with the team? 

2. One man can lay a sidewalk in 4 days, and another can 
doitin 4.5 days. How long does it take them working together? 

3. A large pipe can empty a tank in 5 minutes, and a smaller 

pipe can empty it in 8 minutes. How long would it take to 
empty the tank if both pipes were draining the tank? 

4. James can drive his car over a route in 5 hours, and Edgar 
can drive his car over the same route in 4 hours. How long 

would it take them to meet if they started at opposite ends at 
the same time? 

5. A can do a piece of work in 3 days, B in 5 days, and C in 
8 days. If all three work together, how many days will be 
required to do the work? 

6. A can do a piece of work alone in 8 days. After working 
alone for 2 days he is joined by B and together they finish the 

work in 2 more days. How long would it take B alone to do 
the work? (Part of the solution follows.) 

Number of days for B to do the work 
Amount of work done by A in 1 day 

3 

Amount of work done by B in 1 day 

Amount of work done by A in 4 days 
Amount of work done by B in 2 days 

_ Note that the amount of work done by A in 4 days, plus the 
amount done by B in 2 days, is the whole work; that is, 2 or € 
or $, all of which equal 1. 

7. One machine can complete an order for screws in 7 hours 
and another machine in 5 hours. How long will it take both 

machines to finish the job after the slower machine has been 

working alone for 34 hours? 

8. Is the following problem sensible? If John can run 
100 yards in 10 seconds and Frank can run 100 yards in 
12 seconds, how long will it take them to run 100 yards together? 
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Problems Dealing with Mixtures 

In practical life many problems that deal with mixtures arise, 
and many of these are fractional problems. On this and the 
next page you will learn how these problems can be solved. 

(1) How many pounds of water must be added to 20 pounds 
of a 5% solution of salt and water to make it a 4% solution? 
A “5% solution of salt and water” means that 5% of the 
solution is salt. 

Number of pounds of water to be added ln 
Number of pounds of the 4 % solution n + 20 
Number of pounds of salt in the 5 % solution | .05(20) 
Number of pounds of salt in the 4 % solution | .04(n + 20) 

The important thing for you to see here is that no salt has 
been taken out or put in; hence the amount of salt in the second 

solution is equal to the amount of salt in the first solution. 

.05(20) = .04(n + 20) 
1.00 = .04” + .80 
100 = 4n+4+ 80 
20 =4%n 
i 

Hence 5 pounds of water must be added. 

(2) Dr. Altman has a 10% solution of iodine weighing 10 oz. 

How much alcohol must he add to make it a 5% solution? 

Number of ounces of alcohol to be added n 
Number of ounces in the new solution 

Number of ounces of iodine in the first solution 

Number of ounces of iodine in the new solution 

Note that the amount of iodine in the first solution is the same 

as the amount of iodine in the second soluticn. 

Exercises 

1. If a patent medicine contains 25% alcohol, how much 

liquid other than alcohol should be added to 120 qt. of it to 

reduce it so that it will contain only 20% aleohol? How much 

liquid would have to be added so that the mixture will contain 

only 10% alcohol? 



392 FIRST-YEAR ALGEBRA 

2. How much liquid must evaporate from 100 lb. of a 6% 

solution of water and salt to leave a residue 10% of which is 

salt? 

3. In 40 oz. of alloy for watchcases there are 15 oz. of gold. 
How much copper must be added to the alloy so that a watch- 

case made from the new alloy weighing 2 oz. will contain 4 oz. 

of gold? 

4. In an alloy of silver and gold weighing 40 oz. there are 
5 oz. of gold. How much silver must be added so that 5 oz. 

of the new alloy shall contain only 4 oz. of gold? 

5. Gun metal is made of tinand copper. An alloy of 1025 Ib. 
of gun metal of a certain grade contains 861 Ib. of copper. 

How much tin must be added so that 525 lb. of the new-grade 
gun metal will contain 480.5 lb. of copper? 

Fractions in Solution of Simultaneous Equations 

You have solved simultaneous equations like those in the 

exercises below by the addition method. They can be solved 

by the much more generally useful substitution method also. 

The solution of simultaneous equations by this method involves 

fractions, and you should become skillful in dealing with them. 
The illustrative problem below shows how the fractions are 
handled in cases of this kind. 

(1) Solve 52 —Ty =138 

8y —3x =— 23 

Solve for the letter with the smallest numerical coefficient; that 
is, for x in the second equation. 

Subtracting 8 y, —3x =—23 -—8y 
Multiplying by — 1, 3% = 2384+ 8y 

9 

Dividing by 8, ——— . ay 

Substitute this value of x in the other equation. 

28 +8 o ata my er: 

Multiply each side of this equation by 3. By this process the 
denominator 3 will disappear. 
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5(23 + 8y) — 21y = 39 
115 +40 y —21y = 39 

19y =— 76 
=—4 

ae —4 for y in the equation x = etsy and get 
L=— 

Answer: « =— 3,y =— 4. 

Exercises 

Solve by the substitution method and check the following simul- 
taneous equations: 

22 +3y = 17 6. 52 -+6y =17 

3x2 —-2y=6 62+ 5y = 16 

2 22%-—3y =-—18 7 8yt+22=-1 

4x—3y =— 24 Z2y+5%=3 

3. 42+3y = 10 8 6p—9q =19 

3x2+2y=5 15p+7q =- 41 

4.-—22-—3y=15 9. 7a +8b =19 

32 —5y = 63 9a —6b = 57 

5. 6x4 +y=2 10. 5y+8p=5 
8x —-2y=1 8p —2y = 29 

Chapter Summary 

The study theme in this chapter has been the solving of 
equations that contain fractions. The general rule you have 

learned for the handling of such equations is to clear them of 

fractions and then proceed as in the solution of other equations. 

You have had much practice in solving fractional equations 

and have seen that in the construction of formulas and the 

solution of many problems fractions are involved. The impor- 

tant points for you to remember are (1) that multiplying both 

sides of an equation by the same number does not destroy the 

equality, (2) that by the use of multiplication an equation 

can be cleared of fractions, and (3) the number that should be 

used to multiply both sides of a fractional equation in order to 

clear it of fractions is the smallest number that will contain 

the denominators of all the fractions involved. 
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x 

i 

Giga times 
Chapter Review 

Solve and check the following equations: 

The felts, sel g. eo cee ee 
“egrets 155 “¢g4+3 2-2 

8n+5 n-—8 t= "S wei Oe 

6 3 a 2 x 4 8 

8. pees) for A and for r 
1+ rt 

= S = mot, for n and for a 

- NE 
10. M = yp for N and for R 

Solve for x and y: 

Tee eal 12. d(x +10) -y=-—4 

2x ] 3 2(y + 2) — Q=27 — J —_— Se 

Se daaiie 4” 4 n 
13. A man can do a piece of work in m hours, and a boy can 

do it in 6 hours. Write a formula for finding the number of 
hours it would take if both were working together. 



CHAPTER XVI 

RATIO AND PROPORTION 

“Ratio” is a word frequently found in newspaper and maga- 
zine articles. One set of headlines read: 

U. S. ARMY PLANES MORE 
THAN MATCH FOR ENEMY 

Destroying Foe’s Aircraft 

at Ratio of 7.5 to | 

Do you know what these headlines mean? When this ques- 

tion was asked in a class beginning the seventh grade, the 
answers showed little knowledge of the meaning. In a ninth- 

grade class the first answer was: ‘They mean that for every 

U.S. plane destroyed, 74 enemy planes were destroyed.” That 
is correct, but when the students were asked how we could 
destroy one half a plane, they were bewildered. One boy said: 
“Perhaps we shot down 8 planes and one was only half 

destroyed.” Was that a good answer? 

In an eleventh-grade class there was no confusion. One 

student in this class said: “It might be easier to understand 

if we said that for every 2 of our planes destroyed, 15 enemy 

planes were destroyed. That is the same ratio. A ratio does 

not tell the actual number of things; it tells what part one 

number is of another or how many times another number it is. 

1 to 7.5, 2 to 15, 4 to 30, and so on, all indicate the same 

ratio.” His statements were all correct. Do you understand 

them? 

Assuming that 45 enemy planes were destroyed, how many 

U. S. planes were lost? 
395 
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Meaning of Ratio 

When you say that you had twice as many exercises correct 

today as yesterday, or three fourths as many, you are stating 

the ratio of today’s correct exercises to yesterday’s correct 

exercises. In the first case the ratio is 2 to 1; in the second 

case itis 3 to 4. The ratio 2 to 1 means twice as many. The 

ratio 3 to 4 means three fourths as many. Does the statement 

tell in either case how many exercises you had right today? 
What would you have to know before you could tell? 

The ratio of one number to another is the quotient 

obtained by dividing the first number by the second. 

a 

b 
shows you what part a is of b, or what you must multiply 6 by 

to get a. Thus, the ratio of 40 to 120 is 74%, or +. This ratio 
shows you what part 40 is of 120; that is, 40 is 4 of 120. 

The ratio of a to b is =, sometimes written a:b. The ratio 7 

Ratios are fractions and all principles applying to fractions 

apply to ratios. 

To express the ratio of two numbers, you must be sure that 

they represent quantities of the same kind and that they are 

measured in the same units. Thus, the ratio of 5 inches to 

6 quarts has no meaning, since the quantities are of different 

kinds and are measured in different units. Also, the ratio of 

6 inches to 2 feet is not 6 to 2. Before finding this ratio, you 
should change 2 feet to 24 inches and get the ratio 6 to 24. 

In the first five of the exercises on the next page, answer the 

questions by referring to the line at the top of the page. This 

line has been divided into five equal parts. These and the 

additional exercises that follow should help you to review what 

you have already learned about ratios. 

(1) Write as fractions reduced to lowest terms the ratios of 

these pairs of measures: 

(a) $40, $100 (d) 1000 lb., 2 tons 

(by) 857, 180° (e)ind.@ TO Die ab: 

(ies tt tyds Cf) 12%0zSalbs 
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(2) What is the ratio of AB to BC? of BC to AB? of AB to 
AC? of BC to AC? of AC to BC? of AC to AB? 

(8) AB is what part of BC? ABis what part of AC? BCis: 
what part of AC? 

(4) If BC is 24 inches, how long is AB? 

(5) If AB is 12 inches, how long is BC? 

(6) If AC is 35 inches, how long are AB and BC? 

(7) If S is a point on a line RT between R and T, RS is 
3 inches, and ST is 5 inches, what is the ratio of RS to ST? of 

RS to RT? of ST to RT? of RT to ST? 

(8) Give examples of several pairs of numbers that are in the 
STE LS SSNs al iaat Kami Adeaes SES ee 

Exercises 

1. In the ninth-grade class in Longmeadow there are 36 boys 

and 45 girls. What is the ratio of the number of boys to the 

number of girls? of the number of girls to the number of boys? 

of the number of boys to the total number of pupils? 

2. Ata picnic there were 15 adults and 60 children. What 
was the ratio of the number of adults to the number of children? 

of the number of children to the total number of persons present? 

3. If the ratio of the number of U.S. planes destroyed to 

the number of enemy planes destroyed is 2:15, what part of 

the total number of these destroyed planes belong to the United 

States? 

4. Write the following ratios as fractions and reduce them to 

lowest terms: 

(a) 4to8 (d) 12 to 18 

(b) 6 to 24 (e\.2 rire 

(c) 15:25 (f) 24 a? : 36 a? 
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5. Give the ratios of the following: 

(a) 40 minutes to 1 hour (c) 30 cents to $1.50 

(b) 8 days to 2 weeks (d) 1 sq. yd. to 1 sq. ft. 

6. Separate 72 into two parts which are in the ratio 4 to 3. 

First method: Represent the smaller part by x and the other 
u 

by 72 —x. Then seer ie 

Second method: Represent the smaller part by 4% and the 
larger part by 5x. Then4x%+ 52 = 72. 

7. Separate 99 into two parts which are in the ratio 4 : 7. 

8. Henry and his younger brother decided to divide the 
profit from their small garden in the ratio 5:3. If the profit 

for one summer was $12, how should it be divided? 

9. If the ratio of cruising speed to maximum speed of an air- 
plane is 5 to 6 and the maximum speed is 390 miles an hour, 

what is the cruising speed? If the cruising speed is 300 miles 
an hour, what is the maximum speed? 

Ratios Expressed as Decimals 

Ratios are frequently expressed as decimals. Thus the ratio 

of 3:6 is .50 and the ratio of 12:16is.75. Theratio of 1:3 

is .88 correct to the nearest hundredth. These decimals are 

obtained by dividing the first number by the second. 

(1) Express the following ratios as decimals correct to the 

nearest hundredth: (a) ; (b) : (c) 2 (d) - (e) a 

(2) If one line is 11 in. and another is 16 in., what is the ratio 
of the shorter to the longer expressed decimally to the nearest 
hundredth? 

Exercises 

In this set of exercises express all ratios as decimals correct to 
the nearest hundredth: 

1. In an algebra class of 30 pupils, 6 pupils received honor 
grades. What was the ratio of the honor pupils to the total 
number of pupils? 
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2. During one month in the Park Valley School, 18 of the 
72 pupils were absent at least one day. What was the ratio 
of the number of pupils having absences during the month to 
the total number of pupils? 

Express the following ratios as decimals correct to the nearest 
hundredth: 

7 1 7 15 acl 6. 1 Pte pies 10 3 9. 35 ro eG 
4 2 17 8.3 

4, mk 7 — = = 

10 3 Ao i. ee Ti 
4 5 OA 12.5 ae oe _ 24 _ 12.5 
5 6 pes et Ii 

15. If one line is 8 in. long and another is 12 in., what is the 
tatio of the shorter to the longer? 

16. If one line is 7.3 in. long and another is 10 in., what is 
the ratio of the shorter to the longer? 

17. If the ratio of a to b is .85, what is a when b is 24? 

18. If the ratio of a to bis .84, what is b (to the nearest tenth) 
when a is 61? 

Proportion 

In reducing ratios to their lowest terms, you have written 

such statements as ‘ = i This is an equation stating that 

two ratios are equal; it is called a proportion. 

A proportion is an equation stating that two ratios are 

equal. 

The equations é = ¥ and ; = | are proportions. 

These proportions may also be written as 6:8 = 12:16 . 

and a:b =c:d. They are read: “6 is to 8 as 12 is to 16” 

and “a is to b asc is to d.” 

The four numbers in a proportion are called the terms of the 

proportion. In the proportion ; = a a, b, c, and d are the 

terms. The terms of a proportion are said to be in proportion. 
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Ratios are sometimes inversely proportional; that is, one ratio 

is equal to the reciprocal of the second ratio. If the ratio i is 

directly proportional to the ratio # you have the proportion 

; But if the ratio ; is inversely proportional to the ratio 

, you have the proportion ; = f. 

A proportion is a fractional equation and if one of the four 

terms is unknown, you can solve it as in any fractional equation. 

But since a proportion is a special kind of fractional equation, 
it can be solved by a special rule. Note the way in which the 

following proportions are cleared of fractions: 

5 = Note that 1 x 6 =2 x3. 

2.3. Note that 3 X12 =9 x4. 

2 = 2. Note that 5 x 82 = 8 x 20. 

In each of the three examples above the so-called cross prod- 
ucts are equal. This can be proved in general. 

In the proportion ; = © you can write down the cross prod- 

ucts ad and be. You want to show that ad = bc. You can 

clear the equation : = 7 of fractions by multiplying both sides 

first by 6 and then by d, or you can multiply both sides directly 

by the product bd. Doing the latter, we have bd (5) = bd (3): 

This simplifies to ad = bc, from which you know that in general 

the cross products in a proportion are equal. This gives youa 

very simple way of solving an equation that is a proportion. 

EXAMPLE 1. Solve ; = == ie ar 
we 

SOLUTION. 2 = 
4 z 

Getting cross products, See ss ah 
Dividing by 38, alts 

CHECK. : = = 
Are | 
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EXAMPLE 2. A man earned $669 in 3 months. At the same 
rate what would he earn in 7 months? 

Note that the ratio of 669 to the unknown number must be 
equal to the ratio of 3 to 7. Write and solve the proportion 
3 _ 669. 
ye 

SOLUTION. 2 = 22 
0, ap 

oa = 4683 

joao 
He would earn $1561. 

3 669 
CHECK. 7 = 1561 

Exercises 

Solve for n. (Give decimal answers correct to the nearest 
hundredth.) 

12-0 7 2a 8 13. 5 = 7 

2, 2-3 g 2 =? 14. 55 = -82 

3. 2-3 9 f= < 15, 7 = 1.45 

42-2 10. ae? 16. 2 = 3 

5. 2-2 11. gon -2 17, 2 = 87 

6 2-2 12 eee 18. 220 — 1.62 

Solve the following problems by means of proportions: 

19. If 3 oranges cost 15 cents, how much will 12 oranges 

Bie coals 
Re —=S = cost! fe - ) 

20. If an automobile goes 110 miles in 3 hours, how far will 

it go in 5 hours at the same rate? 

21. If 90 feet of wire weighs 18 pounds, what will 110 feet 

of the same kind of wire weigh? 
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22. If 14 inches on a map represents 60 miles, what distance 

does 2% inches on the map represent? 

23. If I am making a scale drawing with 4 inch representing 

a foot, how long a line will represent 2 inches? 

24. What out-of-door distance is represented by a distance 
of 43% inches on a map if 60 miles is represented by 14 inches? 

25. If y is proportional to x and y is 9 when « is 6, what is y 

when x is 10? 

26. If y is proportional to z and y is 18 when z is 12, what is 

x when y is 24? 

27. If y is proportional to x and y = 100 when x = 5, what 
is y when x = 3? 

28. If y is proportional to x and y is 35 when « is 10, what is 
y when x is 7? 

29. What is the weight of 150 feet of steel wire if 120 feet of 
the same kind weighs 36 pounds? 

30. How much should I pay for 8 rods of iron fencing if 
12.5 rods costs $100? 

31. If 50 feet of fencing costs $300, how many feet can I buy 

for $425? 

32. A certain object casts a shadow 10 feet long at the same 
time that another object 10 feet high casts a shadow 8 feet long. 
Find the height of the first object. 

33. The number of days it takes to complete a certain piece 

of work in an airplane factory is inversely proportional to the 

number of men working. If it takes 18 days for 3 men to do 
it, how long will it take 9 men? (“Inversely proportional’’ in 

this problem means that the ratio of the number of men is equal 

to the reciprocal of the ratio of the corresponding number of 

; eh CNY days; that is, & 7 

34. When a gas in a container is placed under pressure, the 
volume of the gas is inversely proportional to the pressure. If 

the volume of gas is 12 cubic centimeters when the pressure is 

8 pounds, what is the volume under a pressure of 15 pounds? 
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*35. The striking force of a moving object of a given weight, 
Say an automobile in an accident, is proportional to the square 
of its speed. If the speed of a car is increased from 30 to 
60 miles an hour, how many times is the striking force increased? 
If the speed is increased from n to 2 n miles an hour, how many 
times is the striking force increased? 

—~Se 

36. In geometry, we learn 
that if DE is parallel to AB 
in any triangle, then the four 

parts of AC and BC are al- 4 
ways in proportion; that is, 

DC EC How long is CE if AD = 5 in., DC = 8 in., and 

BE =4in.? (Substitute 5 for AD, 3 for DC, and 4 for BE in 

the given proportion. Let EC be z.) 

37. Using the figure for Ex. 36, find the length of DC when 
AD =7in., BE = £ins and CH = 3 in. 

Proportions in Similar Triangles 

Triangles which have the same shape, but not necessarily 
the same size, are similar triangles. In similar triangles the 

corresponding angles are equal (in the triangles below, angle 

A = angle D, angle B = angle EL, and angle C = angle F) and 

the ratio of any two sides of one is equal to the ratio of the 

corresponding sides of the other B = q, swe : = a] 

Cc 

a’) 2 F 

Hs ihe 

A 2 B D F E 

(1) Triangle ABC and triangle DEF above, are similar. If 
: swine 10_(5 

a@ = 10in., b = 7in., and d = 5 in., how long is e? Gi =?) 

(2) If in the similar triangles of Ex. 1 above, 6 ='15 in., 

e = 10 in., and a = 12 in., how long is d? 



a 

(3) The triangles below are similar. Hence as = ee If 

AC = 4in., BC = 3 in., and DF = 8 in., how long is EF? 

E 

Bal A —— Ve D = F 
8 
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Importance of Ratio and Proportion 

Ratio and proportion are used constantly in science and in 

everyday life. Ratios are employed in the calculation of hu- 

man diets, and in determining the quantities of the ingredients 
that are used in mixing foods for animals and fertilizers for the 

soil. Ratios are strictly maintained among the different ma- 

terials used in the manufacture of such products as soap, 

cement, glass, and steel. In machinery all levers and pulleys 
and gears and wheels are made with definite ratios to each 
other, so that the machines will give the power or have the 

speed desired. Many scientific laws are in terms of ratios. 

Indeed, four out of five problems in elementary physics and 
chemistry involve ratio and proportion, and in any advanced 

science or mechanical work a knowledge of these is indispensable. 

Chapter Summary 

The ratio of two numbers is found by indicating that the first 
number is to be divided by the second. It may be expressed 

as a fraction, but it is often written as a decimal found by divid- 
ing the numerator by the denominator. 

A proportion is an equation stating that two ratios are equal. 

It can be solved by a special rule which says that in any propor- 
tion the cross products are equal. Many problems may be solved 

by setting up the conditions as a proportion. Both ratios and 

proportions have far-reaching applications in the world in which 
we live. 

You should understand the following technical terms: 

Ratio Proportion Proportional _Inversely proportional 
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Chapter Review 

1. What is the ratio of 2 ft. to 30 in.? 

2. Express the ratio 75 to 60 in its simplest form. 

3. After 200 gal. of fuel oil have been used from a full 
500-gal. tank, what is the ratio of the amount used to the 
amount left in the tank? the ratio of the amount left to the 
amount used? the ratio of the amount used to the capacity of 
the tank? 

4. In the preceding exercise, what part of the total capacity 

of the tank had been used? What part of the total capacity 

was left? How did the amount used compare with the amount 
left? 

5. If the 200 gal. of fuel oil was used in 30 days, how long 
will the remaining 300 gal. last? (Assume similar conditions.) 

6. Separate 35 into two parts which shall have the ratio 
2 to 3. 

7. Express the ratio ae as a decimal correct to hundredths. 

8. If the ratio of a to b is .62, what is a when b is 42? 

9. If the ratio of a to b is .12, what is b to the nearest tenth 

when a is 32? 

10. Solve the following proportions for n: 

11. If y is proportional to x and y is 4 when z is 5, what is y 

when z is 6? 

12. If y is inversely proportional to x and y is 45 when z is 3, 

what is y when z is 5? 

13. A can travel 50 miles while B is traveling 40 miles. At 

the same rates, how far will B travel while A is going 42 miles? 

Give the result to the nearest tenth of a mile. 



Finding the height of a cloud by trigonometry. 

406 



“y" se a 

UAE 

CHareTter XVII 

NUMERICAL TRIGONOMETRY 

Numerical trigonometry is one of the most useful branches 
of elementary mathematics. Astronomers use trigonometry 

to measure distances to the sun, moon, and stars and to other 

planets. Surveyors use it to find the height of mountains they 
cannot climb and the width of rivers they cannot cross. It is 

used by engineers in many of their computations. It is in- 

dispensable in the navigation of seagoing vessels. Without 
numerical trigonometry it would be impossible for the navi- 

gator of an airliner to locate his position in crossing an ocean. 

These are only a few of the applications of numerical trigo- 

nometry. In this chapter you will be introduced to this impor- 

tant subject. 

The word trigonometry is made up of two parts — trigon 
meaning triangle, and metry referring to measurement. Trig- 
onometry is triangle measurement. It includes a study of the 

relations between the sides and the angles of triangles, and 
makes use of the fact that in two similar triangles the ratio 
of the lengths of any two sides of one is equal to the ratio of 

the lengths of the corresponding sides of the other. If we know 

a certain number of parts of a triangle, either sides or sides 

and angles, we can determine the other parts. In indicating 

angles the sign Z is used as the equivalent of the word “angle.” 

ZA is read as ‘‘angle A.” 

Ratios of Lengths of Line 

In numerical trigonometry, the ratios of lengths of sides of 

right triangles are used constantly. Since the sides of these 

triangles are straight lines, this means that you will be using 

A407 
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ratios of lengths of lines very frequently.! It will help you in 
dealing with trigonometric ratios to practice using ratios of 

lengths of lines in the exercises that follow. 

(1) If each unit space on the lines in the illustration below 

represents a foot, what are the lengths which AB, CD, EF, 

and GH represent? 

(2) What is the ratio of the length of AB to the length of 
CD, written as a fraction reduced to lowest terms? of CD to 

EF? of EF toGH? of CDtoGH? of ABto EF? of GH to AB? 

(8) Express the value of the following ratios as decimals 

correct to hundredths (see the figure for Ex. (1) above): 

AB CD AB 

1 Seen |e san | a | i a 

(GiB, EF 
(a) CD: (b) EF’ (c) Cin (d) GH’ EF 

a 

SE) | | 
Pataca aaa 

F 

Ee 
eS ee A 

GH (f) SB 

A 

. (4) If each unit space in the figure above represents a foot, 
what are the lengths which AB, CD, EF, GH, and JK represent? 

(5) Which of the following ratios (expressed as decimals) 
are correct? (See figure above.) 

CD _ EF _ GH _ Tx (a) AB (gama) Tha 1.2, <{é) Ap A, (d) Apia 15 

1 Tn the discussions that follow, it will often be simpler to refer to ratios 
of the lengths of any two sides of a triangle as ratios of the sides without specify- 
ing that we mean lengths of the sides each time. 
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(6) If AB = 10 units and CD = 2.4 units, what is the value 
of the ratio a expressed as a decimal? 

(7) Verify the following statements about the lines in the 
figure below. If each small space is a unit — 

(a) AB is about 18.5 units. (c) EF is about 8.3 units. 
(b) CD is about 7.5 units. (d) GH is about 11.7 units. 

(8) Find the ratio of each of these lengths to the length of 
JK. Express the ratios as decimals. 

(9) If a = 1.686 and 0 is 2.48 in. long, howlongisa? (Give 
your answer to the nearest hundredth.) 

(10) If a = 1.680 and a = 2.48, how long is b? 

An Important Ratio in Right Triangles 

A right triangle is one that has a right angle (an angle of 90°). 
The other two angles are acute angles 

(less than 90°), since the sum of all 
three angles is always 180° in any 
triangle. In this section you will learn 

about an important ratio of the sides 
in a right triangle. 

(1) What is the length of BC, the 
side opposite the 35° angle in triangle 
I? (Note the units of measurement 
marked off on AC and BC.) What 

is the length of AC, the side adjacent As \ vA 

to the 35° angle? What is the ratio Asi i Gacent t035°L 

of BC to AC? 

Right triangle 

N 

"2 Side opposite & 

S5oz: 
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(2) In triangle II, BC is about 8.4 units. What is the ratio 
of BC to AC in triangle II? What is the ratio of the side 

opposite the 35° angle to the side adjacent 
to the 35° angle in triangle II? B 

In both Exs. (1) and (2) ZA is 35° + 
and the ratio of the side opposite this (i) s 
angle to the side adjacent to this angle 45° 
is .7. This is true of all right triangles 4 2 c 
with an acute angle of 35°. The reason 
for this is that all such triangles are similar. This fact enables 

us to determine the length of one of these two sides when the 

length of the other side is known (provided the angle is 35°). 

(8) If the distance AC is 42 ft. and angle A is 35°, what is 

the height of the tree? 

Side opposite 35° 
SOLUTION. = 1 

Side adjacent to 35° 

BC 
—=.7 
AC 2 

Letting BC = nand substituting, = = Ai 42 ft. 

Solving for n, Heo 

ANSWER. The height of the tree is 29.4 ft. 

(4) The pupils of Parker School studied B 
the figure at the right. One group said 

that o = .7 is a correct equation for the a 

figure. The others wrote the equation: A As look 

i = .7. Which result was correct? How pte 

do you decide? 

(5) Study the figure at the right 

and write an equation from which 

the distance between John’s and 

Tom’s homes can be found. The 

angle at C is 90°. Find the dis- 
tance, A 

' 

Cort Sé Tease 
About 1000' 
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(6) Find the length of the side marked x in each of the 
triangles below. (The side opposite the given angle is the 
numerator of the ratio.) 

(7) Using the figures below, answer the following questions: 

(a) If ZA is 50°, is the ratio of . more or less than .7? 

| 

(6) If ZA is 31°, is the ratio of : more or less than .7? 

B 

so 1, 
For all right triangles large or small, having an angle of 35°, 

the ratio of the side opposite the 35° angle to the side adjacent 

toitis.7. As the size of the angle changes, however, the ratio 
also changes. As the angle increases, the ratio increases. 

For any given acute angle in a right triangle, the ratio 
of the side opposite to the side adjacent is the same for 

all right triangles. 

The Tangent of an Angle 

You have learned that the side opposite angle A in a right 

triangle divided by the side adjacent to angle A is always the 

same ratio for a given value of A, 

no matter what the size of the tri- 

angle is. This ratio is called the 

tangent of angle A. Thus, the tan- 

gent of 35° means the ratio of a 

(the side opposite 35°) to 6 (the side 

adjacent to 35°) in a right triangle. 
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TABLE OF TANGENTS, COSINES, AND SINES 

Tancent | Cosine Sinz TANGENT | CosINeE } SINE 

| Ga) Gem) | Gap Nene | Gaara Gave) essen 
0° 000 1.000 000 45° 1.000 -107 -707 
1 017 1.000 017 46 1.036 695 Ayal 
2 035 999 035 47 1.072 682 -731 
3 052 999 052 48 1.111 -669 -7T43 
4 070 998 -070 49 1.150 656 -755 

5 087 996 -087 50 1.192 643 766 
6 105 995 105 51 1.235 629 HL | 
od, 123 993 122 52 1.280 616 788 
8 141 990 139 53 1.327 602 799 
9 158 988 -156 54 1.376 588 809 

10 176 985 -174 55 1.428 574 819 
11 194 982 91 56 1.483 559 829 
12 213 978 208 57 1.540 545 839 
13 231 974 225 58 1.600 530 848 
14 249 970 242 59 1.664 515 857 

15 268 966 259 60 1.732 500 866 
16 287 961 276 61 1.804 485 875 
17 306 956 292 62 1.881 469 883 
18 325 -951 309 63 1.963 -454 891 
19 344 946 -326 64 2.050 438 899 

20 364 940 342 65 2.145 423 906 
21 384 -934 358 66 2.246 407 914 
22 404 927 375 67 2.356 391 921 
23 424 921 391 68 2.475 375 927 
24 445 914 407 69 2.605 358 934 

25 466 906 423 70 2.747 342 940 
26 488 899 438 71 2.904 326 946 
27 510 891 454 72 3.078 309 951 
28 532 883 469 73 3.271 292 956 
29 554 875 485 74 3.487 276 961 

30 577 866 500 75 3.732 -259 966 
31 601 857 515 76 4.011 242 970 
32 625 848 530 77 4.331 225 974 
33 649 839 545 78 4.705 208 978 
34 675 829 559 79 5.145 191 982 

35 700 819 574 80 5.671 174 985 
36 727 809 588 81 6.314 156 988 
37 754 799 602 82 7.115 139 990 
38 781 788 616 83 8.144 122 993 
39 810 (HU 629 84 9.514 105 995 

40 839 766 643 85 11.430 087 996 
41 869 755 656 86 14.301 070 998 
42 900 743 669 87 19.081 052 999 
43 933 731 682 88 28.636 035 999 
44 966 719 695 89 57.290 017 1.000 

45 1.000 707 -T07 90 000 1.000 
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We have found that the tangent of 35° = .7 (approx.). The 
tangent of 35° is often written as tan 35°. 

According to this definition tan B is ° since in this case b is 
the side opposite the angle and a is the side adjacent to the 
angle. Tan B (ZB is 55°. Why?) will be more than .7 since 
the tangent increases as the size of the angle increases. 

The following exercises will help you to understand what is 
meant by the tangent ratio. B 

(1) Using graph paper and a protractor, 
draw a right triangle as shown here, making 
6 10 units and angle A 60°. Compute the 

a ‘ arn ¥ 
value of re This ratio is, of course, tan 60°. 

(If you use a large piece of graph paper and 

let the side of 10 small squares represent one /acs\ 
unit, your work will be more accurate.) A 

(2) Do the same thing for angles of 10°, 20°, 30°, 40°, 50°, 

and 70°. Check your accuracy by comparison with the table 

on page 412. 

Finding the Tangents of Angles from a Table 

When people need to use tangents, they read them from a 

table; they do not take the time to work them out as we have 
done. The tables are computed by means of higher mathe- 

matics and are therefore more accurate than they would be if 

found by measurement. 

(1) Using the table on page 412, find tangent 62°. (In the 

column headed “‘Angle’’ find 62. Opposite this number in the 

column headed “Tangent” find the number 1.881. Then, 

tan 62° = 1.881.) 

(2) Using the table on page 412, find the angle whose tangent 

is .649. (In the column headed “Tangent” find the number 

.649. Opposite this number in the column headed “Angle” 

you will see the number 33. Then, the angle whose tangent is 

.649 is 33°. 
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Exercises 

1. Use the table of tangents to find the following: (a) tan- 
gent of 20°; tan 22°; (b) tangent of 40°; (c) tangent of 45°; 

tan 55°; (d) tangent of 70°; tan 738°. 

2. From the table of tangents find the tangent of 5°; of 25°; 

OLot 70.04 57 Ol SU 5 01,60; OL oo, 

3. From the table of tangents find the angle whose tangent 

isgDe Rises. 72s) .00; 91.602 2.25, 

4. Refer to the table and complete: As the angle increases 

from 0° to 89°, the tangent of the angle _?_ from .000 to _?_. 

5. Is the tangent of a 50° angle twice as great as the tangent 

of a 25° angle? Is the tangent of an 88° angle twice as great as 
the tangent of a44° angle? Is the tangent of a 60° angle three 

times as great as that of a 20° angle? 

6. Why is the tangent of a 90° angle not given in the table? 

B B 

842 ft. 

Q A 3502 Cc A 

7. Ifin triangle I with the right angle at C, ZA is 54°, ZC 

is 90°, and AC is 350 ft., how long is BC to the nearest foot? 

8. If in triangle II, ZC is 90°, BC is 842 ft., and AC is 
421 ft., how large is ZA to the nearest degree? 

421 ft 

Practical Use of the Tangent 

In solving each of the following problems, you will need to 

use the tangent ratio in connection with a right triangle sug- 
gested by the problem. In each problem you will be given 
the number of degrees in one acute angle of the triangle and 
the length of a side adjacent to this angle. Make a sketch of 
the right triangle, look up the tangent of the given angle in the 
table, make an equation as shown below, and solve the equation. 
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_ EXAMPLE. In order to find the height of a flagpole, the 
distance AC and the angle at A were measured. If angle A 
is 65° and AC is 16 ft., how high is the flagpole? 

BC 
AC = tan 65 

Substituting 16 for AC and 2.145 for 
tan 65° (found in the table), you have 

al RE 
16 

Multiplying each side by 16, 

BC = 16 X 2.145 
S503 SAU) 

The flagpole is 34 ft. high (to the «4 
nearest foot). 

Exercises 

1. Find the length of BC (to the nearest foot) B 
in triangle ABC, when angle A = 60° and 

AC = 20 ft. (ZC is 90°.) 

2. In triangle DEF, angle F = 90°, angle 
D = 50°, and DF = 18 ft. Find the length of AS ‘3 C 
EF to the nearest foot. (Sketch the triangle.) 

3. In this figure BC represents the distance across a pond. 

Angle C is a right angle. What meas- 
urements would you make to find the ; 

length of BC? 
GA 

4. Find the length of BC (to the "A 

nearest foot) in Ex. 3 when angle A = 42° 

and AC = 240 ft. A C 

5. In equilateral triangle ABC, CD makes 

a right angle with AB. Find the length Cc 

of CD to the nearest unit when each side of 

triangle ABC is 28 units long. (AD is one 

A B half of AB. Each angle of an equilateral 

triangle is 60°.) 
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Angles of Elevation and Depression 

Surveyors use the phrases angle of elevation and angle of depres- 

sion. The following explanation will show you what they mean. 

At the left of the figure is shown an angle of elevation. At 
the right is an angle of depression. In each case it is the angle 

between the horizontal line and the line of sight. When the 

point sighted is above the observer, this angle is called the angle 

of elevation. When the point sighted is below the observer, it 

is called the angle of depression. Remember that both angles 
of elevation and angles of depression are measured from the 
horizontal. 

Exercises 

1. The angle of elevation of the top of a 

tree from a point 80 ft. from its base (on level 
ground) is 60°. How high is the tree? 

2. When an airplane is directly over point C, 

an observer at a point A, 460 yd. away, finds 4 
the angle of elevation to be 75°. How high is 
the plane? 

3. At noon a 10-ft. vertical glia 
pole cast a shadow 11.8 ft. long. ad 

What was the angle of elevation Je Se 
of the sun? as eeahlce| # 

(Divide 10 by 11.8 to find the . _ 
value of tan A. If you do not * mht 

find this value in the table, “7 ~ a 
choose the value in the table that te 
is nearest to it. Avs et: 
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4. What is the angle of elevation of the sun, when a pole 
6 ft. long held vertically casts a shadow 4 ft. long? 

5. A tower 120 ft. high is built on the bank of a river. The 
angle of depression of a point A on the opposite bank is 32°. 
How wideistheriver? (Note that the angle at B in the triangle 
ABC is 90° — 32° = 58°.) 

6. An aviator observes the angle of depression of a camp to 

be 38°. He is 5000 ft. above the ground. How far from camp 

is the point on the ground directly under the plane? 

A Problem Requiring a New Ratio 

The picture shows a telephone pole that needs bracing. 
Mr. Coleman, the repairman, wishes to find how long a wire 
he will need to reach from 

the stake A to the top 
of the telephone pole B. 

He has measured the line 
AC on the ground; it is 
20 feet. He has measured 

the angle at A; it is 37°; 

the angle at C is 90°. 
He cannot use the tan- 

gent ratio, for the tangent 

does not have anything 

to do with the line AB. He uses another ratio, called the 

cosine of anangle. For any given angle in a right triangle the 

cosine is the ratio of the side adjacent to the hypotenuse. 
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(1) In triangle I, AC is about 8.7, AB = 10. What is the 

value, expressed decimally, of the ratio aon 

pected es a 

The side opposite the right angle in a right triangle is called 

the hypotenuse of the triangle. AB is the hypotenuse. 

(2) In triangle I, what is the ratio of the side adjacent to 
the 30° angle to the hypotenuse? 

(3) In triangle II, AC is about 10.4, AB =12. What is 

AC» 
AB’ 

In right triangles, as these exercises illustrate, the side adjacent 
to a given acute angle divided by the hypotenuse is always the 
same ratio regardless of the size of the triangle. This ratio is 
called the cosine of the angle. Cosine A is usually written cos A. 

(4) On graph paper draw a right triangle in which ZC is 90°, 

BC = 8units, AC = 6units. You will find that AB is 10 units. 

Referring to this figure, answer these questions: How long is 

the hypotenuse? the side adjacent to ZB? the side adjacent 
to ZA? the side opposite ZB? the side opposite ZA? 

(5) Referring to the triangle of Ex. (4), tell 
which of the following are correct: 

(a) tan A = 4 (c) tan B = 2 
(b) cos A = $ (d) cos B = $ 

(6) Using the figures at the right, answer this 
question: Is cos 50° greater or less than cos 27°? 

As the angle changes the cosine changes. 

The cosine decreases as the angle increases. 

10.4 

the value of the ratio 

Ses 
EEUREOUARES 

For any given acute angle in a right triangle the ratio 

of the side adjacent to the angle to the hypotenuse is the 
same for all right triangles. 

(7) Can the side adjacent ever be equal to the hypotenuse? 
Can the cosine ever be equal to or greater than 1? 
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Using Cosines 

Just as we used a table to find tangents, we can use a table 
to find cosines. 

(1) Using the table on page 412, find cos 20°, cos 87°, and 
; cos 74°, 

(2) Using the table on page 412, find the angles whose cosines 
| at as follows (give the angles to the nearest degree): .966, .891 
| 768, .5AT. se 

Here is the solution of Mr. Coleman’s problem: (See page 41 7.) 

AC = 87° PY oro cos 

Substituting 20 for AC and .799 
for cos 37°, we have, 

Dividing, 25.03 = AB 

Hence a wire a little longer than 25 ft. will be a satisfactory 

brace for the pole. 

Exercises 

1. Using graph paper and a protractor, draw a right triangle 

having an acute angle of 40° and another right triangle having 
an acute angle of 70°. Measure the length of the side adjacent 

to the given angle and the hypotenuse in each triangle. Find 
the value of cos 40° and cos 70° by dividing the length of the 

side adjacent to the angle by the length of the hypotenuse. 

Check by referring to the table. (To find the length of the 

hypotenuse, transfer it to a horizontal or vertical line by means 

of a pair of compasses. ) 

2. Using the table, find the cosine of 35°; of 60°; of 75°; of 8°. 

3. Using the table, find the angle whose cosine is .985; whose 

cosine is .819. 

4. As the angle decreases, its cosine —-. 



420 FIRST-YEAR ALGEBRA 

5. A balloon B (see figure) is 

anchored to the ground at a point 
E by a wire making an angle of 

48° with the ground. The point 

D on the ground directly under 

the balloon is 260 ft. from FH. 
How long is the wire, assuming 

it to be straight? 

6. How far above the ground 

is the balloon shown in this pic- 

ture? (Use the tangent ratio.) 

7. The boys of Manhattan 

Troop 12 wanted to know the 

distance BC acrossa pond. They 
laid off the line CA at right angles to BC. 
They extended the line CA until they 

came to a point A from which they could 

measure AB. They measured AB and 

the angle A. If AB is 500 ft. and angle 
A is 57°, show how you would compute 

the length of BC. Find BC. 

Hint. How large is angle B? 

8. Note that the ladder in this picture is 

20 ft. long and reaches the wall at a point 

18 ft. from the ground. What angle does 

the ladder make with the house? 

‘SUGGESTION. Cos x = $8, or cosx = .900; 
from the table, x is approximately _?_. 

In this case you (1) compute a ratio and 
(2) turn to the table to find the size of an 
angle. 

E 

9. An airplane pilot glides to the ground from a height of 

1300 ft. with an angle of glide (angle with the horizontal) of 10°. 
What is his gliding distance (horizontal distance traveled) before 

landing? (Should you use the tangent or the cosine?) 
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The Sine Ratio 

The tangent of angle A in the right ae below is 

side opposite 4A or 

side adjacent to ZA’ zs 

The cosine of angle A in a right triangle with acute angles A 

and B is side adjacent to ZA 
hypotenuse 

There is another important ratio, the 

aes called the sine ratio. The 

sine of ZA in a right triangle having 

the right angle at C is 2 The sine of 

ZA iswritten sin A. ae 
These three ratios are called trigonometric ratios. 

Complete from the table on page 412: 

(1) The sine of a 30° angle is _?_; this means that the side 

opposite the 30° angle in a right triangle divided by the hypot- 
enuse is 

(2) The sine of a 45° angle is What does this mean? 

Suppose that you wanted to find the distance BC in 

the figure as shown here, and knew that AB = 140 ft. and 

ZA = 34°. Your solution would look iike this: 

? 

Side opposite ZA 

—-_ = gin 34° 
140 

From the table of sines, we get 

— = .559 
140 

Multiplying each side by 140, 

a =.718.26 ft. 

As the angle changes, the sine changes. 

The sine increases as the angle increases. 

For any given acute angle in a right triangle, the ratio 

of the side opposite the angle to the hypotenuse is the 

same for all right triangles. 
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Exercises 

1. John’s kite string is 196 ft. 

long and makes an angle of 42° 
with the horizontal. How high 
is the kite above the ground? 
(Assume that the string is 

straight.) Which of these equa- 

tions should you use: 

b 
tan 42° = ~ or cos 42° = -, 

or sin 42° = 
c 

i) 

2. The railroad which 
runs to the summit of Pikes 

Peak makes, at the steepest 

place, an angle of 27° with 

the horizontal. How many 

feet would you rise in walk- 

ing 109 ft. up the railroad ~ 
track? 

3. Refer to the figure below and complete: 

(1) tanA=t.. (8) cosseA=_*_ (5) cosBi= 2 

(Z)etan By set (4) sneA=_* °&£(6) sine B = _? 

4. These examples all refer to B A 
right triangles. Make a draw- 

ing for each example, using the 

same plan of lettering the sides 

and angles that we have been 

using. : 

(a) Find c when a = 26 and angle A = 54°, 

(b) Find c when a = 8.4 and angle A = 62°, 

(c) Find a when c = 65 and angle A = 45°. 

(d) Find b when c = 100 and angle A = 35°, 

(e) Find b when c = 42 and angle B = 30°. 
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Using All Three Ratios 

In solving these problems you should first make a drawing 
showing the parts that you know and the parts you wish to find. 
Then decide which ratio you should use to find the unknown 
parts. 

1. Refer to the figure given here and : 
complete: If I know side 6 and angle A, 
I can find side a by using the —?_ ratio. ¢ 

a 
If I know side 6 and angle A, I can find 

the hypotenuse ¢ by using the —?_ ratio. 

If I know side a and angle A, I can find (sor 
side b by using the —?- ratio; I can find 

the hypotenuse c by using the —?_ ratio. 2 5 

2. Complete: If I know angle B and side a, I can find side b 
by using the —?_ ratio, or I can find the hypotenuse c by using 
the —?- ratio. 

3. To find the distance across a pond between two points, 
M and N, Jack measured off 600 ft. on a line MR perpendicular 

to MN. He then found angle MRN to be 35°. Find the 

distance. 

4. A balloon is anchored to the ground by a wire 580 ft. long. 

The wind blows the balloon so that the angle of elevation 
between the wire and a horizontal line is 25°. How high is 

the balloon above the ground? Is there any other distance 

that you could find from the facts given in the problem? 

5. Some Girl Scouts measured the hetght of a mound. They 

stretched a string from a point, A, at the bottom of the mound 

to the top, T, finding AT to be 72.5 ft. The angle of elevation 

of the top from point A 
is 35°. How high is the 

mound? 

6. If AB and BC are 
each 30 ft. and the height 

BD is 18 ft., how many de- , 

grees are there in angle A? 
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7. In the rectangle 3 
ABCD, the angle between 

AD and AC is 31° and 

AD = 16.3in. How long 

is AC? 

8. Find the angle of 

elevation of the sun to 

the nearest degree when a 

steeple 200 ft. high casts 
a horizontal shadow 80 ft. long. 

9. From the top of a cliff 3500 ft. above a lake, the angle 
of depression of the nearest shore is 18°. 

through the air from the top of the cliff to the edge of the lake. 

10. AB = 215 ft., angle 
Aj= 30°, angle €-=— 65°, 

and the angles at D are 

right angles. How long 

are BD and BC? 

11. Two forces are act- 

ing on an object at A. 4 
One is pulling north with a 

magnitude of 70 lb. The other pulls east with a magnitude of 

120 lb. Find the magnitude and direction of a single force 
equivalent to these two 

forces. (Let ABrepresent B 

70 lb. north and let AD 

represent 120 Ib. east. 

Then AC, the diagonal of 701 7b 

the rectangle, represents 

the magnitude of the re- 

quired force, and the angle 

marked x gives its direc- A 
tion.) 

we 

Find the distance 

AA ALA 

re eet er enn ener mw enna sewn enneesennns 

420 1d. 

uC 



Airplane Problems 

Direction, ground speed, air speed, course, and track are com- 

mon words among those who fly planes. It is well to know the 
meaning of these terms and to gain some idea of how mathe- 

matics is used in determining the position and course of planes 
in the air. 

Directions in aviation are given in degrees clockwise from 
the north from 0° to 360°. North is 0°; east is 90°; south is 

180°; west is 270°; and northwest is 315°. The plane in the 
fourth figure below is flying at 300°. 

wv N 

NM N 

D - 90° & <8 <—} 

+ <a v a aw 

(1) Using a protractor, make a diagram of a plane flying at 

A5°: at 170°; at 185°; and at 315°. 
425 
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You are all familiar with the idea of ground speed. When 
an automobile travels at a constant rate of 35 miles an hour, it 

will cover 35 miles of ground in one hour. With autos the only 

speed we are interested in is ground speed, but with planes we 

have to consider air speed as well. Azr speed is the speed of a 

plane relative to the surrounding air; ground speed is the speed 

relative to the ground below. 
The air speed and the ground speed are not the same except 

in perfectly calm air. In an extreme case, it would be quite 

possible for a plane to have an air speed of 100 miles an hour 
and a zero ground speed. This would be true if the plane were 
traveling through the air at 100 miles an hour and a 100-mile- 
an-hour gale were blowing directly against it. 

The direction in which an airplane is headed is called its 

course. Unless the air is calm, or the wind is blowing directly 
behind or in front, the plane will not follow this course but will 

drift in another path. The actual path is known as the track. 

Air speed is measured with the course, while ground speed is 

measured with the track. 
(2) If an airplane flies due east with an air speed of 300 miles 

an hour and the wind is blowing from the west with a speed of 
40 miles an hour, what is the ground speed? 

(3) If an airplane flies due east with an air speed of 300 miles 
an hour and the wind is blowing from the east at 40 miles an 

hour, what is the ground speed? 

(4) In Exs. (2) and (8), is the track the same as the course or 
do they differ? ; 

(5) An airplane is headed due east (90°) with an air speed of 
300 miles an hour. At the same time a wind is blowing from 
the north at 60 miles an hour. Find the ground speed and the 

track. 

SoLUTION. Let AB,drawntotheright ™ 
(east), represent 300 and BC, drawn down 
(from the north), represent 60. Then the 
length of AC and its direction will repre- EN 300 
sent the ground speed and the track. A Tes 

tan A = © = 200 
A = 11° (to the nearest degree) 

Q 60 & 
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Hence ZNAC = 101° 
ANSWER. The track is 101°. 

To find the ground speed, use the cosine ratio. While it is 
theoretically correct to use the sine ratio, with small angles the sine 
(given to three places) may result in inaccuracies that give an 
absurd answer. ] 

. AB _ 300 _ os ape ag cos 11° = .982 

; 300 
AG = gpa. 306 (to the nearest whole number) 

ANSWER. The ground speed is 306 miles an hour’ 

We are restricted as to the type of problem we can introduce 
here because you do not know how to solve oblique triangles as 
yet. The one type of problem solved above, however, will give 

you an idea of the elements involved. 

Exercises 

1. An airplane is headed due east with an air speed of 120 
miles an hour while a 50-mile-an-hour wind is Ww 
blowing from the south. Find the ground speed 
and the track. A 

2. A plane has an air speed of 150 miles an 
hour and is heading 180°. A 30-mile-an-hour 

wind is blowing from 90°. Find the track and 

the ground speed. 
(To get the track, first find 2 BAC, then add wie 

180° to get the angle shown by the curved arrow.) (Ex. 2) 

3. Given air speed, course, wind speed, and direction of 

wind as follows, find the track and the ground speed: 

AIR SPEED COURSE WIND SPEED WIND FROM 

100 m.p.h. 180° 30 m.p.h. west 

180 m.p.h. 90° 50 m.p.h. north 

250 m.p.h. 270° 60 m.p.h. south 

300 m.p.h. 0° 45 m.p.h. east 

4. Find the ground speed of a plane with an air speed of 

100 m.p.h., climbing at an angle of 12°. 
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5. If the ground speed of a plane just taking off is 100 m.p.h. 

and the angle of climb is 8°, what is the air speed? 

6. If the track of a plane has been constantly 115° for 

120 miles, how far south and how far east is it from its starting 

point? 

7. If the track of a plane has been constantly 285° for 

240 miles, how far north and how far west is it from its starting 

point? 

g. A plane flies at 46° for 100 miles and then changes to 98°. 
If it continues on this second track for 100 miles, how far and 

in what direction is it from the starting point? 

Chapter Summary 

Numerical trigonometry is sometimes referred to as indirect 
measurement. It makes it possible to measure distances 

indirectly that it would be impossible or impractical to measure 

directly, by representing them as sides of right triangles and 

making use of the relation of the sides and angles of such tri- 
angles to estimate the distances. 

Three important ratios in right triangles are used in indirect 
measurement: 

side opposite 7A 

hypotenuse 

_ Side adjacent to ZA 

hypotenuse 

tangent of acute ZA = tan A = —Side opposite <A _ 
side adjacent to ZA 

sine of acute 7A = sin A = 

I ° ° a > cosine of acute ZA 

These — sine, cosine, and tangent — are called trigonometric 

rateos. For an acute angle of any given size these ratios are 

constant, no matter how large or how small the right triangle 
may be. 

In a right triangle, when one side and an acute angle, or two 

sides, are known, you can find the unknown sides or angles by 
using these trigonometric ratios. These facts make numerical 
trigonometry a very useful instrument in many fields of world 
endeavor. 
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1. Refer to the figure at the right and choose the right ratios 
for the following: 

(1) sine A = 2 (4) tan B = _2 , 
(2) sine B = _2 (Optra A rape 

(3) cos A = (G).coseb-— 2 

2. You have learned that .= tan A. y 

What do you do to each side of this equation 
to get the equation a = b tan A? fg 

A G 
3. As an angle increases, its tangent —?_. 

2 4. As an angle increases, its cosine 

5. As an angle increases, its sine —?_. 

6. Using the tables, find the values of the following: 

(a) cos 48° (d) tan 72° 

(b) tan 37° (e) cos 84° 

(c) sin 76° (f) sin 28° 

7. Using the tables, find the angles which have the following 

trigonometric ratios: 

(a) tan A = 2.05 (d) tan A = .344 

(bh) cos A = 921 (e) sin A = .545 

(c) sin A = .940 (f) cos A = .858 

8. Using the tables, find to the nearest degree the angles 

which have the following trigonometric ratios: 

(a) sin A = .351 (d) cos A = .505 B 

(b) tan A = 1.894 (ec) sn A = .710 A 

(c) cos A = .973 (f) tan A = .3829 Fs 

9. Using the data as given on triangle I, find / 

the length of AC, the length of BC, and the , Ax) 0'| 
number of degrees in angle B. 
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B 

10. Using the data as given on triangle II, 

find to the nearest degree the size of angle @) 6 
A and the number of degrees in angle B. (20 

A 

11. John, who is 60 in. high, casts a shadow 20 in. 

long. Find the angle of elevation of the sun. 

12. When the angle of eleva- 

tion of the sun is 40°, what is 

the length of the shadow cast 
on level ground by a tree 80 ft. 
high? 

13. This picture shows that the 
kite string makes an angle of 58° 
with the ground line. It also 

shows that Tom, who is standing 

directly under the kite, is 100 yd. 

from A. Find the height of the 

kite to the nearest yard. 

14. AB is 21.6 in. long 

and makes an angle of 32° 

with AD. Find the pro- 
jection of AB on AD. 

(The projection of AB on 
AD is AC.) 

15. An airplane is headed due south with an air speed of 

180 miles an hour. At the same time the wind is blowing 

35 miles an hour from the west. Find the track and the 
ground speed. 
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SQUARE ROOTS AND QUADRATIC 
EQUATIONS 

A square root of a number is a number which multiplied by 
itself will give the number. It is one of two equal factors of a 
number. A quadratic equation is an equation of the second 
degree — one that contains the square of the unknown. Since 

one of the most important uses of square root is in the solution 

of quadratic equations, we shall study the two subjects together. 

Positive and Negative Square Roots 

Five is the square root of 25 because 5 multiplied by itself 

gives 25; thatis,5 x 5 = 25. The square root of 36 x° is 6 x? 

because 6 x? multiplied by itself gives 362°, or 62° x 623 

= 862°. It may not have occurred to you, however, that every 

positive number has two square roots. 

Since (+ 5)(+ 5) = 25 and (— 5)(— 5) = 25, we see that 
the square root of 25 is either + 5 or — 5. The two square 

roots of 25 may be indicated by writing the double sign + 

before the 5. Thus, + 5 means “plus or minus five.” 

(1) Give the two square roots of each of the following: 

(a) 36 (ec) (e) 16a (g) 64 8 

(b) 100 (d) a4 (f) 49 x (h) .01 y? 

@) If We know that n? = 16, we know baat m equals either 

_? or _?.. We say that 4 or — 4 is the _’?_ of 16, or that 

Seas of 4or — 4. 
431 



The positive square root of a number is called its principal 
square root. When we speak of the square root of a number, 

we refer to the principal square root. Mathematicians have 

agreed that the radical sign, V , shall mean only the positive 

square root. Thus V/25 = 5, not +5, and —V25 =— 5. 

If you wish to indicate both roots, you must write + V25. 
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(3) Give the value of each of the following: 

(a) V4 (c) —V36 (e) Vx? (g) —V36 x 
(b) V144 (4) —V49 (f) —Vat (hk) £V 81a! 

Square Roots of Monomials 

To find the square root of a monomial, take the square root 

of the numerical coefficient and divide each exponent by two. 

Thus, V25 a4b?c5 = 5a2bc3. CHECK. (5 abc*)(5 a2bc*) = 25 atb*c®. 

The principal square root of 49 a8b° is 7 a*b’; its other square 

root is — 7 a‘b’. 

To find the square root of a fraction, take the square root of 
both the numerator and the denominator. 

Thus, both square roots of $ are 3 and — 2. Note, however, 

that V4 is 2 and —V4 =— 2. 

Exercises 

Find the principal square root of each of the following: 

1. 64 x 7 Sly? 13. 100 xy 

2. 36 x? SLO ge 14. 169 ab*c8 

3. 100 y? 9. 16 x6 15. 121 «sy 

4. 25 22 10. 36 a* 16. .25 a% 

5. 64 xy? 11. Sl att® 17. 1.44 abs 

6. 9 ab? 12. 100 xy? 18. 5 x*y® 

Find the value of each of the following: 

19. V16 x! Ne) ae 26. V(a + by? 
6 

i ae _ maT. VAG —y) 
21. —V4 23 26. = 49 yo 

/196 ab? 
220 $V 167 25. —V25 x28 ao 81 0 
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Square Roots by Computation 

Find the square root of 1796.34 to the nearest tenth. 
SOLUTION. Begin at the decimal point and mark off the digits 

to the right and left in groups of two. (The first group at the left 
will contain only one digit if there is an odd 
number of digits to the left of the decimal point. Leh 9G toil 
The number of digits to the right of the decimal 17 96.34 00 
point may always be made even by annexing 16 ; 
ZeTOS. ) ara 

In the example, the largest perfect square less 82 | 196 
than 17, the first group of numbers, is 16. Hence ee 
the first digit in the square root is 4. 843 | 3234 

Square the 4, getting 16. Subtract 16 from 2529 
17, write down the result, 1, and bring down 8468 | 70500 
the next number group, 96; this gives 196. To 67744 
find the first trial divisor, annex a zero to the 2756 
partial answer you have found and double it: pee csi, 
2x 40 = 80. V1796.34 = 42.4 

Dividing 196 by 80, you find that the next correct to the 
digit in your answer is probably2. Thecomplete nearest tenth. 
divisor is 80 + 2, or 82. 

Multiply 82 by 2, the number you added to 80. 82 xk 2 = 164. 
(If, when you multiplied, you had obtained a number greater than 
196, you would have known that 82 was too large. You would then 
have tried 81 and multiplied by 1.) 

Subtract 164 from 196, giving 32; then bring down the next group 
of digits. This gives 3234. From this point on the method repeats 
itself. 

Annex a zero to the 42 in your answer and double it: 2 « 420 = 840. 
Divide 3234 by 840. The next digit in the answer is probably 3. 
The next complete divisor is therefore 843. Multiply 2 x 843 
= 2529. Subtract 2529 from 3234. The remainder is 705. 

Carry the process one step further to find whether the next digit 

in the answer is 5 or more. In this case it is obviously more than 5. 

Hence the square root of 1796.34 to the nearest tenth is 42.4. 

This method of finding square roots is derived from the 

statement (a + b)? = a? +2ab+ 6% The given number is 

a + 2ab +? and you are asked to find a +6. In the 

example solved, the first number you found — namely, 4 — 

is a. You then subtracted a? and had 2ab + BD? left. This 

can be written as b(2a+)). This expression shows why 
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you double the answer (getting 2a), add the quotient when 
you divide (getting (2a + b)), and then multiply by the quo- 
tient (getting b(2a + b)). 

ee meee terete 
The slide rule is an instrument, based on logarithms, which saves time and 
labor in many calculations of the businessman, engineer, mechanic, account- 
ant, and statistician. 

Exercises 

Compute the square root of each of the following. (If the 
numbers are not squares, give the root correct to the nearest hun- 

dredth.) 

1. 529 10. 834 19. 700 

2. 1024 117.663 20. 70 

3. 1156 12. 2 pp high 

4. 9216 13. 3 22. .7 

5. 156 14. 5 23. .07 

6. 6.83842 15. .0653 24. 9.7 

7. 23.644 16. 30 25. 104 

8. 39.98 17. 300 26. 50.04 

9. 725 18. 12.3456 27. 64.08 

28. Find the square root of .25. 

29. Find correct to hundredths the length of a side of a 
square whose area is 80 sq. in. 

30. Find correct to tenths the number of rods in the perimeter 
of a square field whose area is 5 acres. (1 A. = 160 sq. rd.) 

31. A farmer wanted to mark off a square piece of ground 

that would contain one acre. How long should he make each 
side of the square? 
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| Some Square Roots You Should Remember 

Students of mathematics and the sciences need to use W2 oe 
V3, and V5 so frequently that they usually memorize the 
approximate results, thus: 

V2 =1414---; V3 =1.782---; V5 = 2.236... 

Answer these questions by using the approximate values 
given above. Does V2 +3 equal V5? Does V2 x V3 
equal V5? Does V3 —V2 =V1? 

Using a Table of Squares and Square Roots 

In practical computations it is convenient to use a table of 
squares and square roots. Such tables may be had at small 

cost. It may be interesting for you to examine the more 

extensive ones used by statisticians. A very simple table of 

squares and square roots is printed on page 487 for your con- 

venience. 

EXAMPLE 1. Find the square of 47. Locate 47 in the column 

headed “No.’’ Then in the same row in the column headed 

“Square” you will find 2209, which is 47”. 

EXAMPLE 2. Find the square root of 47. Locate 47 as 

before. Then in the same row in the column headed “Square 

Roots” you will find 6.856. This is V 47 correct to the nearest 

thousandth. 

Note also that any number in a column headed “Squares” 

has its square root in the column headed “No.” Thus, 14,641 

ig 121: 

Using the table, discover whether V12 is equal to AV3 or 

2V3. 
Exercises 

Using the table, write the squares of the following numbers: 

ios 4. 82 Teles 

2. 32 B. Ut 8. 63 

amt 6. 98 9. 132 
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Using the table, find the principal square root of each of the 

following numbers correct to hundredths. (You will need to 

round off the numbers in the table.) 

10. 3 16. 63 22. 136 

11. 5 17. 70 23. 150 

1210 18. 82 24. 18,496 

13. 20 19. 88 25. 8,649 

14. 32 20. 95 26. 20,164 

15. 44 21. 142 27. 11,664 

28. Find correct to hundredths the square root of 68.5. 

(Find a number halfway between V68 and Vv 69.) 

Find the square root of each of the following numbers correct to 

hundredths: 

29. 132.5 30. 98.5 31. 69.5 32. 40.5 

33. Compare the square roots of two numbers whose ratio 
is 2 to 1, say 20 and 10 or 50 and 25. Are the square roots in 

the ratio 2 to 1? 

34. Compare the square roots of two numbers whose ratio 

is 4 to 1, say 20 and 5 or 48 and 12. What is the ratio of the 

square roots? 

Computing the Square Root of a Fraction 

A fraction can be changed in form so that it is easier to get 

its square root. The denominator should be made a square 

by multiplying the numerator and the denominator of the 
fraction by a suitable number. 

(1) Find the square root of 3. If we should take the square 

root of both numerator and denominator as the fraction stands, 

we should have ae = .77 (This requires long division.) 
a _ 8x5 16 
S68 oe 

: cf V15° 3.87 Here the denominator is a : NE aeN eae meres square 5 35 = Vag : 

= .77. (The division here is much simpler in the second 
example. ) 

Instead, change the form of : as follows: 



TABLE OF SQUARES AND SQUARE Roots 

1 1 1.000 51 26 01 
2 4 1.414 52 27 04 
3 9 1.732 53 28 09 
4 16 2.000 54 29 16 
5 25 2.236 55 30 25 

6 36 2.449 56 3136 
7 49 2.646 57 32 49 
8 64 2.828 58 33 64 
9 81 3.000 59 3481 

60 36 00 

61 37 21 
62 38 44 
63 39 69 
64 40 96 
65 4225 

66 4356 
67 44 89 
68 46 24 
69 47 61 
70 49 00 

71 50 41 
72 51 84 
73 53 29 
74 54 76 
75 56 25 

76 57 76 
Wie 59 29 
78 60 84 
79 6241 
80 64 00 

81 65 61 
82 67 24 
83 68 89 
84 70 56 
85 72 25 

86 73 96 
87 75 69 
38 77 44 
89 79 21 
90 8100 

91 82 81 
92 84 64 
93 36 49 
94 88 36 
95 90 25 

96 92 16 
97 94 09 
98 96 04 
99 98 01 

7.141 
7.211 
7.280 
7.348 
7.416 

7.483 
7.550 
7.616 
7.681 
7.746 

7.810 
7.874 
7.937 
8.000 
8.062 

8.124 
8.185 
8.246 
8.307 
8.367 

8.426 
8.484 
8.544 
8.602 
8.660 

8.718 
8.775 
8.832 
8.888 
8.944 

9.000 
9.055 
9.110 
9.165 
9.220 

9.274 
9.327 
9.381 
9.434 
9.487 

9.539 
9.592 
9.644 
9.695 
9.747 

9.793 
9.849 
9.899 
9.950 

10.000 

101 
102 
103 

Num. Square Se. Roor}] Num. Square Sa. Roor| Num. Square Se. Roor 

102 01 
1 04 04 
1 06 09 
108 16 
110 25 

1 12 36 
11449 
i 16 64 
118 81 
1 2100 

1 23 21 
1 25 44 
1 27 69 
1 29 96 
132 25 

1 34 56 
1 36 89 
1 39 24 
141 61 
1 44 00 

14641 
1 48 84 
1 51 29 
1 53 76 
1 56 25 

158 76 
161 29 
1 63 84 
1 66 41 
1 69 00 

171 61 
174 24 
176 89 
179 56 
182 25 

18496 
187 69 
190 44 
193 21 
196 00 

198 81 
2 01 64 
2 04 49 
2 07 36 
210 25 

2 13 16 
2 16 09 
219 04 
2 22 O1 
2 25 00 
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10.050 
10.100 
10.149 
10.198 
10.247 

10.296 
10.344 
10.392 
10.440 
10.488 

10.536 
10.583 
19.630 
10.677 
10.724 

10.770 
10.817 
10.863 
10.909 
10.954 

11.000 © 
11.045 
11.091 
11.136 
11.180 

11.225 
11.269 
11.314 
11.358 
11.402 

11.446 
11.489 
11.533 
11.576 
11.619 

11.662 
11.705 
11.747 
11.790 
11.832 

11.874 
11.916 
11.958 
12.000 
12.042 

12.083 
12.124 
12,166 
12.207 
12.247 

— 



™ 
To find the square root of a fraction whose denominator 

is not a square — 
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Multiply the numerator and the denominator of the 

fraction by a number which will make the denominator a 

perfect square. Then — 

Find the approximate square root of the numerator, and 

divide this result by the square root of the denominator. 

(2) Find the square root of 4 correct to hundredths. 

Multiply numerator and denominator by 2: 2 = a 

Find V10 from the table. It is 3.162. 

Vv 10 3.162 

4 
ten ee .791 or .79 (correct to hundredths). 

Exercises 

Find the square root of these fractions, correct 1o hundredths: 

1. 2 4. 2 7. 2 io. ¢ 

2. 2 5. = 8. 35 11. 3 

3. 2 6. 2 9. F 12. 2 

Two New Axioms 

Throughout your study of algebra you have been using 

axioms when you solved equations. The equation 3x2 = 15 

may be changed into the equation x = 5 by dividing both sides 

by 3 (using the division axiom); the equation : = 6 may be 

changed into the equation n = 24 by multiplying both sides by 

4 (using the multiplication axiom). 

Two new axioms are used in solving equations which contain 

roots and powers. ‘These are: 

Like roots of equal numbers are equal. 

Like powers of equal numbers are equal. 

Consider these equations: 

(1) a? = 25 

(2) ze=+5orz¢ =—- 
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Equation (2) comes from equation (1) by finding the square 
root of each member of the equation. This is an application 
of the first axiom above. Equation (1) shows equal numbers; 
equation (2) shows like roots (in this case square roots) of the 
equal numbers in (1). 

On the other hand, the equation Vx = 5 may be changed 
to the equation x = 25 by applying the second axiom above. 
We find the second power (square) of each member of the first 
equation to get the second equation. In checking, note that 
the square of V5 is 5. 

EXAMPLE 1. Solve: 224+ 5 = 

Subtracting 5, x7 = 4 

Taking square root, con as 

EXAMPLE 2. Solve: met eA 

Multiplying by 3, nn? —1 = 12 
Adding 1, v= 13 
Taking square root, n=+v13 

= + 3.61 (correct to the nearest 
hundredth) 

Exercises 

1. What axiom is used in solving the equation x? = 36? 

2. What axiom is used to solve the equation Vx = 4? 

Solve each of the equations, keeping in mind the axioms which 

make the solutions possible: 

3. 2 =9 10. a? — 3 = 33 

4. n? = 16 11. 2n? +5 = 55 

5. a = 8 12. 2+2=3 

6. x2? = 30 13. 2 -—T=7 

7. 4m? = 64 14, 42? = 50 

8. 322 = 27 15. 3”? = 6 
9. m+1=17 16. Vx = 10 
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17. Vn =2 2, 5-4 
18. n? = % 

19. 8n2 =5 25. a? 7 =3 
n2 

20. b= 
one pie I is 
2 ee See eel Bas tala 

a+1 4 
yrs 1 At 27. ey 

Ce a ea a 2 a 

m1 _ 29 en pe A 
ae Bag 2 vz 

Quadratic Equations 

The problems you have solved in previous chapters have 

involved equations of the first degree. Below is a problem 

that leads to an equation of a different kind. 

PROBLEM. Many artists believe that a rectangle is most 

pleasing to the eye when its length and width satisfy the follow- 

ing proportion: ie a - Assuming this 

principle to be true, what should be the % 
dimensions of a rectangle whose perimeter t 
is 8 inches? e; 

If the perimeter is 8, then? +w=4. Why? 

If the length is represented by x, then the width is 4 — x. 

£22 20 

as 4 

Multiplying both sides of this equation by 42, you get 
16-424 = x. 

Substituting in the proportion, you have: 

This equation will be solved later. 

Note that this is not an equation of the first degree, since 
it contains the second power of the unknown x. It is an equation 
of the second degree or a quadratic equation. 
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Any equation which by the use of the addition and subtrac- 
tion axioms can be changed into the form az? + br + c¢ = 0, 
where x is an unknown that may be denoted by any letter, a, b, 
and ¢ are any constants, and a is not zero, is an equation of the 
second degree. 

The equation 10 x — x? = 28 can be changed to x? — 10x 
+ 28 = 0, and it is therefore a quadratic equation. 

The equation 22? —3x2%+5 =824 27°’ is not a quadratic 
equation. When 2 x? is subtracted from both sides, the second 
power of the variable disappears; that is, the coefficient of xis 0. 

If 6 is 0 in the equation az? + br +c¢ = 0, the equation 

becomes az? + ¢ = 0. Such an equation is called an incomplete 
quadratic equation, since the term containing the first power of 

the unknown is missing. 

Examples of incomplete quadratic equations are: x? — 9 = 0, 
yf=8,22°+3 = 2 —5. 

A quadratic equation which has the first power of the unknown 

as well as the second power is called a complete quadratic 
equation. An example of a complete quadratic equation is 

327° +22 = 5. 

Solving Incomplete Quadratic Equations 

An incomplete quadratic equation is easy to solve algebrai- 
cally, since it can always be changed into the form x? = k, where 

k isany constant. Then all you have to dois to take the square 

root of both sides of the equation. You have already solved 

several equations of this type which you found on page 489. 

EXAMPLE 1. Solve x? —9 =0 
9 Adding 9, gt = 

Taking square root, +xz2=+30r 

—r=+3 

This gives (1) x = 8, (2) x =— 3, (83) —x% =3, 4) —& 

=— 3. It would seem at first sight that this equation has 

four roots (numbers satisfying it). But if you multiply both 

sides of equations (3) and (4) by — 1, you get x =— 38 and 
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x = 8. These are the same roots as found in equations (2) 
and (1). It is therefore unnecessary to write —x =+3 in 

the original solution. 

The roots of this equation are + 3 and — 3. The solution 

of such equations must include both roots; that is, x =+ 3 and 
yi=— 3,0re2 =+.3. 

Every quadratic equation has two roots. 

wn s9J—n 
EXAMPLE 2. Solve tae ecaee 

When this equation is cleared of fractions, it becomes an 
incomplete quadratic. 

Multiplying by 6, 8n? —2n =18 —2n 

Adding 2 n, 32 = 18 

Dividing by 8, v= 6 

Taking square root, n=+v6 

The two roots of this equation are + V6 and — V6. 

You can find the approximate value of these roots from the 

table on page 437. 

Exercises 

Solve the following equations. (Give approximate roots correct 
to hundredths.) 

1. x? = 100 4. 7?—49 =0 7 n= 

2. n? = Sl 5. 822 = 75 8 y= 

8. a — 36 = 0 6. 92? ='36 9. ¥ = 20 

10. 3n7 +7 = 28 nn i 2n+5 
16. 3 eae = = 

11. 4a —9 =11 bev es 380 6 

12. 3227 -2=27274+6 17. 427 =3 

13. 2 —-7=5-—32 18. 92? = 2 

2 4—2n 2n2-1 #1 14. a Be . = 
Siie2 4 vt 3 2 

2 9 9 

6. @ 4h nts nen sh eee mice : 20, Te ees 
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The Law of Pythagoras 

The Law of Pythagoras is: The square of the hypotenuse of a 
right triangle equals the sum of the squares of the other two sides. 
How does the figure shown here illus- 

trate this law? Stated algebraically, the 
Law of Pythagoras is c? = a? + 02. 

If two of the three numbers in this iy 
equation are known, the third number [|_| 

~ ean be found. 

EXAMPLE 1. Ifa =3 and b = 4, how 

long is the hypotenuse c? 

Use the relation c? = a? + 6%. Substitute 3 for a and 4 for b. 

Then c? = 9+ 16 = 25 
=+5 

Since the answer — 5 has no meaning in this problem, it is 

rejected. The hypotenuse is 5. 

EXAMPLE 2. If b = 7 and c = 11, how long is a? 

Use the relation c? = a2 + b?. Substitute 7 for b and 11 force. 

Then 121 = a2 +49. a? = 72anda =V72, or 8.49 (correct 

to hundredths.) 

Exercises 

If the base and altitude of a right triangle are as follows, how 

long is the hypotenuse in each case? (Give approximate answers 

correct to hundredths.) 

1. 6and 8 4. 24 and 10 7. 9and5 

2. 5 and 12 5. 3and 2 8. 8and7 

3. 12 and 16 6. 4 and 7 

If the hypotenuse and base of a right triangle are as follows, how 

long is the altitude in each case? 

9. 10 and 6 11. 5 and 4 13. 15 and 10 

10; 13 and 12 12. 9and 7 14. 13 and 8 



™ 
Which of these equations apply to a right triangle? (c is the 

hypotenuse.) 

15. c? — a? = &? 17. bP —-ec=a@ 19. b=Ve4+ @ 

16. @ = —P 18. c=Ve?4+ Be 20. c? =(a + b)? 
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21. The hypotenuse of an isosceles right triangle is 2 units. 
How long are the sides? (Let each side be x and form an 

equation.) 

22. The diagonal of a square is 2 units long. How long are 

its sides? 

23. This figure shows a series of right 
triangles, each with an altitude of 1 unit. 

The hypotenuse of the first triangle becomes 

the base of the next triangle, and so on. 

Compute the length of each hypotenuse. 
Do you see any short cut for finding the 

length of any particular line, such as the fifth one, without 

finding the length of the preceding ones? 

24. Is the triangle shown here a right Ko 
triangle? Itis aright triangle if the square _ 

of the longest side equals the sum of the 
squares of the other two sides. - 

25. The three sides of a triangle are 4, 5, and V41. Isita 

right triangle? Why? What is its area? 

26. The lengths of the sides of a triangle 

are as shown in this figure. Is it a right Py 
triangle? Check your answer by using 

some arithmetical value for «, or by testing 

whether (x? + 1)? = (a? — 1)? + (22). 

2x 

27. A baseball diamond is a square 90 feet on a side. How 
far is it from the home plate to second base? from first base 
to third base? 

28. If a plane traveling at 150 m.p.h. goes 450 miles due 

north and then 600 miles due west, how long will it take it to 
fly home by the shortest route? 
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Solving Complete Quadraties by Formula 

Every complete quadratic equation can be put in the form 
ax? + bx + ¢ = 0and can then be solved by means of a formula. 

(1) The following equations are all in the form az? + bz 
+c¢c=0. In each case state the value of a, b, andc. (In (a), 
a=1,b =— 7, and c = 3.) 

(a) @ —Tx+3=0 (dd) 5% +n—-—-3=0 

(b) 2%7+5x-4=0 (e) 8227 -w#+1=0 

(c) @ —82+5=0 ff) &®+6+4+1=0 

(2) Change the following equations to the form az? + bx 
+-e= 0: 

(a) 2 +52" =—- (7) 34+2=2 

Pee — st =f oe T=2Y7 —sy 

(c) 5% =3+2n G) 94+22 =7x 

The formula for solving such equations is — 

_—b+V0—4ac 
2a 

Note that there are two values of x (two roots) as follows: 

eb tN be 4 0 
y= 

2a 

—b—vVb*® —4ac 
and L2 = one 

You will learn how this formula is derived in a later course 

in algebra. 

To solve a complete quadratic equation, put it in the 

form ax? + bx + c = 0, determine the values of a, b, and 

c, and then substitute these values in the formula. 

EXAMPLE 1. Solve x? —6x =-— 8. 

SOLUTION. Change to x? —6x +8 =0, where a = 1, b =— 6, 

andc = 8. 

—h tv =4 ac 

2a 
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—(= 6) 4.V 36 = 4018) 
Substituting, x = 

2 
oe, Gk V 86 — 826 Vd 6 ee 

2 2 2 

oe Cer fore ee ee 
2 2 

fi es Ae 

CHECK. When «x = 4, x? — 6 x becomes 
42 — 6(4) = 16 — 24 =— 8. 

When x = 2, x? — 6 x becomes 
22 — 6(2) = 4 —12 =—- 8. 

EXAMPLE 2. Solve322+ 224-3 =0. 

SOLUTION. a = 3,6 = 2,¢ =— 3. 

_ —24+V4 — 4(3)(- 8) 
6 

_-24vV44+36 _ —24V40 
6 6 

To get approximate values find V40 from the tables. 

— 2 + 6.325 gay ee 

7 = — z +oe = 232 = .72 (correct to hundredths) 

— 2 — 6.325 = 8.325 —_ 
Gp = 5 = 5 — 1.39 (correct to hundredths) 

Some quadratic equations have roots like these: 

na w2tv=419 
9 

Here you have the square root of a negative number which you 

must consider impossible at this stage of your knowledge of 
algebra. 

Then, «x 

Exercises 

Solve the following quadratic equations: 

1. +427 = 12 4, 22g = 3 

2 ¢+62 = 27 & $2=2—-—<2 

3. 227 —x4-—-3 =0 6. n? —2n-—-8=0 



- 

.-@+4a=5 

- 6¢%+4+18a4+6=0 

-W+6=—5n 

~2yY=hy—83 

-_ 2 = 3 2* 

. Pp —4p=—0 

a+ oy =A 
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14. 

15. 

16. 

17. 

18. 

19. 

20. 

y—y=2 
102+7b —12=0 

2¢7?+11la+5=0 

b= 100 

x —9x =-— 18 

Aine. ad 

4730 —-4a+4+1=0 

Did you notice that in solving for a in Ex. 20, the quantity 

under the radical, 6? — 4 ac, was equal to zero and you could 

only get one value (+ 4) for the root? This means that the 
equation has two roots with the same value, + 4. When 

b? — 4ac = 0, a quadratic equation of the form ax? + br +¢ = 0 

has two identical roots. 

Also, did you observe that in Exs. 11, 12, and 17, where c 

was equal to zero, one of the roots was zero? 

Solve the following equations: 

. 2y—38y = 35 

. 47 +424 = lin 

. 20 +384 = 20 

Br et 

-2-y=3Y 

. Sy —2y=38 

BA rae ae Be 

. 8p? —-2p-1=0 

10y2 —41y =-4 

6 —9p = 27 

Find the roots of the following equations correct to the nearest 

21. 22—7x+3=0 

22. 3807 +8a+5=0 

23. 3n? —2n =1 

24. 327-—x-—-2=0 

25. 2a? —5a —12 =0 

26. 2n7 =n+3 

27. 227 —-—x-—-3=0 

28. 322 —22 = 8 

99. 5n7+2=11n 

30. 302? +5b0+2=0 

hundredth: 

41. 7 —2x4%=A4 

42. 2 +2xe%=1 

43. 

44, 

*in Ex, 11,¢c=0; 

g+4e=-—2 

e+6r+3 =0 
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45. 2 —-xr-1=0 49. 3227-—22=1 

46. 2% +382+1=0 60. 20° +72%+2=0 

47. 2027-424 —-3=0 51. 6027 -37%-4=0 

48. 2e+24—5=0 52. 377 +107%+5=0 

Problems Involving Quadraties 

In these problems be sure that you translate correctly the 

conditions of the problem into an equation. 

1. Thesum of two numbersis12. Thesum of their squares 

is 80. Find each number. (If one number is 7, the other is 

12 — n.) 

2. One number is 3 units larger than another. Their 

product is 54. Find the numbers. 

3. The altitude of a triangle is 3 units larger than its base. 

The area is 9 square inches. Find the base and the altitude. 

4. The square of a number is 56 more than the number itself. 
What is the number? 

5. A number exceeds its square by 2. Find the number. 

6. For what values of n does n? = n? 

7. Show that the diagonal of any square is V2 times the 
length of its side. 

8. The perimeter of a rectangle is 30 inches and its area 
is 54 square inches. What are its dimensions? 

. 9. What is the length of a diagonal of a square 

if it is 3 inches longer than a side? (Use the 

Rule of Pythagoras.) Give the answer correct 
to hundredths. 

10. A man wished to fit three rods together as shown in this 
illustration. The hypotenuse was to be 2 inches 
longer than the base and 4 inches longer than 

the altitude. How long should he make each S 
rod? Use the Theorem of Pythagoras, thus: 
(x — 2)? + (a — 4)? = 9, x-2 

x-4 



' SQUARE ROOTS AND QUADRATIC EQUATIONS 449 

q 11. By how much is the diagonal of a square whose side 
is s increased when the side is increased by 1? by 2? when the 
side is doubled? 

12. By how much is the diagonal of a square decreased when 
the side is decreased by 1? by 2? 

Largest or Smallest Value of a 

Second-Degree Expression 

EXAMPLE 1. A rectangular garden is to be enclosed on 

three sides by fencing; the fourth side consists of the side of 

the barn. What is the largest garden that can be enclosed 

with 20 yards of fencing if the barn is on one of the longer sides 
of the rectangle? 

Let x represent the number of units in the width. 

Then 20 — 2% represents the number of units in the length 
and 2#(20 —2-2), or 20x — 2.2?, represents the number of 

‘units in the area. 

We now wish to know the greatest value of 20x — 2 x. 
‘This table shows how 20 x — 2 x? changes as x changes. 

it 

42 

8 

32 

9 | 10 

T3270 

4 

48 

5 

50 

6 

48 

1 

18 

2 

32 

3 whens aw. ok @ 
42 0 

If we plot the pairs of numbers in 
the table, we get the graph at the 

right. Note that as x increases from 

0 to 5, the value of 20 x — 2 2? in- HH 

creases and from that point on it 

decreases. From the graph we see mean 

that the highest point is (5,50). The a 

largest value of 20 x — 2 x’ is there- 

fore 50 and the largest possible area Sree 

is 50 square yards. The value of x 4 H 

(the width) which gives this value Ee v 

is 5 yards. The length is 10 yards. 
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EXAMPLE 2. Find the smallest value 

of the expression x2 — 4. The graph 

at the right shows how x? — 4 x changes 
with x. The lowest point of the graph is 

(2, —4). Thesmallest value of x? — 42 

is therefore — 4, and the corresponding 

value of x is 2. seenicct oe 
Exercises 

Find the largest or smallest value of the following expressions 

and the corresponding value of x: 

LE AE 5. 4x — x? 

2. 2 +42 a ie ir! Pa 

3. 2 —62x%+2 74-62-27 

4,2%2?—82+1 8 2+32-—-27 

9. A farmer’s son wishes to fence a rectangular poultry 
yard whose area is to be 200 square feet. If one dimension is x, 
express algebraically the perimeter (the amount of fencing 

needed). Draw a curve showing how the perimeter changes 
as x changes. Look at the graph to see (1) what is the least 

amount of fencing required; (2) the dimensions of the chicken 
lot having the least fencing. 

10. If you throw a ball upward with a velocity of v feet a 
second, the distance it will have traveled upward at the end 
of t seconds is shown by an experiment in science to be vt — 16 2. 

Note that the distance it will have gone upward after a given 
time depends upon the velocity with which it is thrown and the 
number of seconds it has been traveling. Suppose you throw 

a ball upward with a velocity of 80 feet a second. - The expres- 

sion which tells you how far it has gone is 80t — 16 #. What 
is the greatest value of this number? In other words, how 
far will the ball go upward before it begins to drop? Make a 

graph of the expression 80¢ — 16#. Now inspect the graph 
to see (1) how far the ball will rise, and (2) how long it will 
take the ball to reach the highest point. 



F SQUARE ROOTS AND QUADRATIC EQUATIONS 451 

Chapter Summary 

In this chapter you learned how to solve second-degree equa- 
tions with one unknown. These equations were of the form 
ax? + bx + c = 0, where a could be any constant other than 
zero, and b and c could be any numbers (constants) including 
zero. Equations of this type are quadratic equations. Every 
quadratic equation has two roots. 

These equations are called complete quadratic equations when 
both the first and second powers of the unknown are present. 
They are called incomplete quadratic equations when the term 
containing the first power of the variable is missing. 

It was possible to find the two roots of incomplete quadratic 
equations by the rules you already knew for solving other 
equations plus the use of two new axioms. 

Complete quadratic equations of the form az? + bx + ¢ =0 

are solved by the use of the formula: x = —2 +V0' — 4 ac Aas 
a 

Since the application of this formula requires a clear under- 

standing of positive and negative square roots, the early part 

of the chapter gave you information on this subject. <A square 
root of a number is a number which multiplied by itself will 
give the number. Every positive number has two square roots, 

a positive one and a negative one. The positive square root 
of anumber is called its principal square root. Mathematicians 
have agreed that when we speak of the square root of a number 
or when we use the radical sign, V , we shall mean the positive 

square root only. 
Quadratics were found to have certain interesting applica- 

tions, such as the Law of Pythagoras, that the square of the 

hypotenuse of a right triangle equals the swum of the squares of the 

other two sides. 

You should know the meaning of the following terms: 

Square root Complete quadratic equation 

Principal square root Root of an equation 

Quadratic equation Law of Pythagoras 

Incomplete quadratic equation 
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Chapter Review 

. What is meant by the square root of a number? 

. How do you know that 6 is a square root of 36? 

. Is V25 equal to — 5? Explain. 

1 

2 

3. How many square roots does a number have? Explain. 

4 

5. Give the value of each of the following: 

(a) V81 (c) +V.04 (e) +,/Si2v 

(b) —V36 (d) Vi6 x ~ V 100 2 
6. Find the square root of 5.362 to the nearest hundredth. 

7. Using a table, find V 42.5 to the nearest hundredth. 

8. Compute V3 5 to the nearest hundredth. 

9. If the hypotenuse of a right triangle is 9 inches and 

another side is 6 inches, how long is the third side (correct to 

hundredths)? 

10. Give an example of an incomplete quadratic equation and 

also of a complete quadratic equation. Explain how to solve 
each. 

11. In what form must a complete quadratic equation be in 
order to solve it by formula? 

12. Solve 522 —7 =227?+4 6. Give the roots correct to 

the nearest hundredth. 

13. What is the formula for solving a complete quadratic 
equation? 

-14, Solve 3 2? — x = 4. 

15. Give the roots of 2x7 —3x2—1=0 correct to the 

nearest hundredth. 

16. What is the smallest possible value of the expression 
x — Tx? 

17. How high will a bullet rise if fired vertically with an 
initial velocity of 800 feet a second? Plot the number 800 ¢ 
— 16? and find (1) the greatest distance it will travel upward 
before it begins to drop, and (2) the time it takes it to rise. 
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CUMULATIVE REVIEW 

1. In the equation 2(a + 3) = 2a + 6, does a mean any 
number or some number? Answer the same question for 
2a+3 =11. 

2. Translate each of these statements into clear, concise 
English statements: 

(aj)ax0=0 jot < Ga o 
(6) 0+a=0 (e) 8a+ 6) =38a+8b6 
(c) a+0=a (f) @+b2 =@+2abd+4 0 

3. Complete the following statements concerning abe — 2c?: 

(a) The second term is —?_. 
(6) The first term contains _?~— factors. 
(c) The 3 in the second term is an _?_. 
(d) The — 2 in the second term is a _?_. 
(e) Since the expression contains two terms, it isa _?_. 

4. Give the rule for squaring the sum of two numbers. 

5. If trepresents the tens’ digit of a two-digit number and u 
represents the units’ digit, what is the value of the number? 

6. What is the ratio of 7a to 8a? 

7. Express the ratio of 8 to 15 to the nearest thousandth. 

8. If n is a positive number, which is the greater ratio, 

2 or +25 2 2 9 

9. Find the value of 2x2 +3(52 —1) when x =— 54. 
(Evaluate the parenthesis first.) 

10. What is the value of 2x! + xy — ay? — ry? + 2y'* 

when x = — 2 and y = 3? 

11. By inspection of the formula A = lw, tell what the effect 

is upon A if J remains constant and w is multiplied by 7. What 

is the effect upon A if both J and w are multiplied by 3? 

12. By inspection of the formula V = e’, tell what the effect 

is upon V if e is multiplied by 4. 
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13. Factor: 

(a) ab + ab? (d) b> —36 — 10 

(b) x? — ay? (e) 7a? — xb? 

(c) 2 —2 (f) 322 —152 — 72 

14. If y = 22+ 38, express x? — 3x4 +1 in terms of y. 

15. What algebraic expression represents the increase in 

the area of a square whose side is x, if you increase its side 

by 4 units? 

16. Reduce the following fractions: 

a? — 6? 3 n? — mn 

Oo Ob LO! pecegrine 

17. Solve graphically: «2 —y=7 

8x24 —-—y=-17 

18. Perform the indicated operations: 

(a) 20 x*y* + 4 xy? (b) (83a? — 6 ab) + 2a 

(c) (823 —622 +1) + (& — 8) 

d) @=—bS5ay+2y) —G2 + 22y —Ty) 
, ef —-Pi_ e-bay +67 1 

On 5, 52+50y ora 

8a—5b ,a+2b 5a-—7T7b 
(eg poem parr G 

19. Solve the following equations: 

(a) n+ 4.5 = 9.2 

(6) 8n —2.38 =18 

(cc) 4a4+7=9 

(dd) 8% -—-T—x-—-11=82-—6 

(e) 44 — (2 —2%) = 3824 (2% —1) 

Gf) Gz +4)? —9ae@+2)=4 
(g) (2% + 38)(2% — 3) — ( — 2)? = 51 

20. Solve for c: a = bic +d + 4e) 



SQUARE ROOTS AND QUADRATIC EQUATIONS 455 | 
21. Solve for n: S — ™%@ = nl 

2 2 

22. Solve for v: ra™ 

23. Solve for x and y: 

(a) Tx +9y=8 (bd) 22% —-— 38y =2.6 
9x —8y = 69 2Y — 52.5 — 3.2 

FTU poe (c) atm =4 

f eee yi G 
Stat hire 23 

24. Write the formula for the area of a triangle. Compute 
the area to the nearest square foot of a triangle whose base 
is 23.9 ft. and whose height is 8.7 ft. 

25. Write a formula for the cost (C) of painting a ceiling a ft. 
by 0 ft. at 18 cents a square yard. 

26. One group of airplanes leave their airport at 6 P.M. and 
expect to reach their objective at 9 P.M., flying at 250 miles 

an hour. Another group leave the same airport at 7 P.M. 

What must be their rate of flight to reach the same objective 
at 9: 30 P.M.? 

27. The base of a triangle exceeds its height (h) by 10 in. 
Express the area in terms of h. 

28. What per cent of 75 is 24 (to the nearest tenth)? 

29. 75 is 24% of what number (to the nearest tenth)? 

30. How long will it take $2500 to earn $412.50 when it is 

invested at 8% simple interest? 

31. This figure consists of a square and 
four semicircles. If each side of the square 

is 2r, what is the perimeter of the figure in 
terms of r? What is the area of the figure in 

terms of r? 

32. The entire area of a cylinder is given by the formula 

A =2-r(r +h), where r is the radius and h is the height. 

Find the area when r = 3.5 and h = 8. 
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33. The metal in a ball with a 4-inch radius is to be used to 

make balls which have a l-inch radius. How many balls 

can be made, assuming no waste? (The formula for the 

volume of a ball is V = $ zr.) 

34. The side of a square room is 21.5 feet. Find the length 
of a diagonal of the floor correct to tenths. 

35. What is the selling price of a suit that cost $30 and is 

sold at a margin of 40% of the selling price? 

36. John has $10.50 in a savings account and is depositing 

50 cents a week. Ella has $15.25 and is depositing 25 cents 
a week. In how many weeks will John have as much as Ella, 

neglecting interest? 

37. One airplane leaves A at 8 o’clock and flies toward B at 

the rate of 250 miles an hour. Another plane leaves B at 

9 o’clock and flies toward A at the rate of 300 miles an hour. 
If A and B are 2175 miles apart, at what time will they meet? 

38. A searchlight on the top of a building is 180 ft. above 

the street level. Through how many degrees from the hori- 
zontal must its beam of light be depressed so that it may fall 
directly on an object 400 ft. down the street from the base 
of the building? 

39. A plane starts at O and flies in a direction which is 24° 

west of north, at the rate of 315 miles an hour. In two hours, 
how far north is it of an east-west line through O? How far 
west is it from a north-south line through O? 
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NOoTE 1 (Page 1). Algebra is essentially a symbolism with accompanying 

Tules of procedure to help men think through the quantitative relationships 
which they meet. It differs from arithmetic in that the numbers are general 
or unknown. The letters are not shorthand symbols. They are numbers 
and are operated on just as the numbers of arithmetic are operated on. 

C.O.D. is not algebra. A = lw is algebra. But when a pupil sees this 
formula for the first time, he has the same attitude toward it, if we are not 
careful, as he does toward C.O.D. To him, A is an abbreviation for area, 
Lfor length, and w for width. The formula appears to be merely a short way 
of writing the longer English rule for finding the area of a rectangle. His 
first impression is wrong and he may go through the whole course believing 
that he is juggling letters according to given rules. 
We can introduce algebra through generalized arithmetic so that the right 

impression is given from the start. An opportunity is given to think about 
the processes in arithmetic already learned and te generalize them. The 
generalized statements are understood because they are seen through a back- 
ground of specific arithmetic statements. Then, when the statements are 
made in algebraic symbols, the pupil does not see the statements standing 
alone, merely letters with symbols of operation, but he sees them as a simple 
way of collecting into one statement all the specific cases. To him 
a+6=b+a means 5+4=4+5 and6+2 =2+46 and 10+3 = 

3 + 10, andsoonadinfinitum. Thelettersarenumbers. The first impres- 
sion is important. 

In this approach pupils should first learn the nature of written symbols. 
They are nothing but marks which have been given meaning. Then they 
will be ready for new meanings put into the letters with which they are so 
familiar in reading. 

Chapter I is written on the assumption that the first impression the stu- 
dent should have of algebra is that it is generalized arithmetic. He should 
understand from the start that the letters are numbers. He is going one 
step further than his arithmetic. He is dealing with familiar relationships, 
but generalizing them by means of anew symbolism. At no time should he 
be allowed to get the impression that he is working with letters which are 
abbreviations. 

Merely to tell the pupil this is not enough. Understanding must grow on 
him. He must have varied experience with letters as general numbers in 
order to establish the concept. The approach should be inductive so that 
when he sees a general statement in algebraic symbols, he will think of it as 
meaning all the specific statements he has seen put into one statement. 

We begin by developing the meaning of such statements as a X 0 = 0, 

1xXa=a,a+b=b+4a,a —a = 0, and ab = ba. These introduce the 

idea of letters as general numbers. Then we develop the method of com- 

bining like terms by generalizing from arithmetic. This tends to show that 

the rules of algebra are not arbitrary. While the first step introduces the 

idea that the letters are numbers, this second step begins to establish the 

idea. It avoids the notion that 2 a + 3a = 5 ajust as 2 apples plus 3 apples 

1The page numbers in parentheses indicate the pages of, the text where 

reference to the different notes are made. 
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are 5 apples, a poor psychological approach. 2a+34a = 5a because they 
have seen it work with several specific numbers. 
We then turn to checking subtraction and division, not to show the pupils 

how to check subtraction and division — they already know how — but to 
let them see once again in a very familiar situation how letters are used as 
generalized numbers. Experience of several teachers using the text before 
publication shows that by now pupils are beginning to use the symbolism with 
some confidence. With many pupils it will be possible to go immediately 

a 

to the general case without first giving specific instances. Writing 5 on the 

c 
board and asking, “If I subtract 6 from a and get c, how will I check the sub- 
traction?” will bring the response at once, ‘‘Add ¢ to b to see if you get a.” 
That is the purpose of this first chapter — to start the pupil thinking more 
generally about number relationships with which they are already familiar 
and to develop their ability to express the general statements by means of 
letters which they think of as numbers. 

Norte 2 (Pages 3, 6,317). One disadvantage a textbook has in contrast with 
oral teaching is that it cannot ask a question and get the reaction of pupils 
before it asks another. When the two questions are written, one after the 
other, the second question may give away the answer to the first and deprive 
the pupils of the value of thinking through the first question. For this 
reason, teachers are urged to become familiar with the developments and key 
questions on pages indicated by a dagger (+) and to discuss these pages with 
the class while the pupils have their books closed. 

Since it is advisable for the purpose of establishing meanings once achieved 
to have answers to the questions available, the answers are printed in the 
book in parentheses. After the oral development, the pupils may read the 
pages to set the ideas more firmly. 

Note 8 (Pages 12,123). If pupils have difficulty in getting the answers to a 
general problem involving literal numbers, they will be helped by rereading 
the problem and replacing the literal numbers by simple arithmetical num- 
bers. For example, Ex. 4, page 13, may be read: How many minutes are 

there in 2 hours? 8 hours? 4 hours? The answers to these questions will 
indicate that a is to be multiplied by 60 and that 60 a is the answer to Ex. 4. 
Pupils will have to be guided in doing this by the teacher until they have 
formed the habit for themselves. 

Note 4 (Page 18). Pupils who write, “If n+4=8, n = 12,” cr 

oii 5 = 8, « = 4,” as many do at the beginning of their study of algebra. 

have no clear understanding of the meaning of an equation. It would seem 
that they are so distracted by trying to get an answer according to the rules 
that they forget that the purpose of solving an equation is to find a number 
that will satisfy it, and so they give absurd answers without being disturbed. 

The advantage of using trial and error for a brief period in solving equations 
is that the attention is focused upon the essential meaning of a solution — a 
number which will satisfy the equation. Since the only operation that 
pupils perform is the check, its importance in connection with the solution 
of equations is emphasized. 
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NoTE 5 (Page 24). A chapter review is given for each chapter to make it 
easier for both teacher and pupil.. These reviews may be given as written or 
oral tests or may be assigned for a home lesson. The results may be used to 
diagnose pupils’ difficulties and to indicate what parts of the chapter, if any 
need further practice. 

In addition to these reviews the authors provide a set of chapter tests, 
bound separately, which may be used for grading purposes. 

Norte 6 (Page 27). Chapter I has given the pupil confidence in the use of 
letters as numbers. He is ready now to see how this symbolism can be used. 
Its use is shown in four of its most important phases: (1) direct use of the 
formula, (2) finding unknowns by solving equations, (3) indirect use of the 
formula, and (4) problem solving. 

The direct use of the formula — the case where the given formula is al- 
ready solved for the desired letter —is one of the most important uses of 
algebra and the one that requires the least knowledge of it. It requires only 
an understanding of the meaning of its symbolism and the ability to carry 
out the indicated arithmetic operations. This use of algebra is illustrated 
in this chapter by means of the Fahrenheit-centigrade formula. Inci- 
dentally the parenthesis is introduced and practice given with its use. 

Finding unknowns by means of the rules for solving equations is at the 
core of all work in algebra, as we have said in our introductory paragraphs. 
In Chapter I, pupils learned the meaning of an equation. Now they are 
shown definite methods of solving equations. The rules of algebra take 
away all the guesswork. 

The power of algebra is shown in connection with our third illustration, 
the indirect use of the formula. In this case the formula is not already 
solved for the desired letter. After substituting the given values, it is 
necessary to solve an equation to find what is called for. Algebra makes 
these indirect examples easy, as is shown by its application to the second 
and third cases in percentage. 

Our fourth illustration of the use of algebra is in problem solving. Con- 
cerning this we have written a separate note. (See Note 9.) Certain other 
topics have been introduced in this chapter because they are needed for the 
understanding of the four topics which we have discussed. 

Note 7 (Page 34). Teaching the solution of all four types of simple linear 
equations at the same time is preferable to teaching the solution of each type 
separately. In the latter case, pupils learn by imitation, largely without 

understanding. Then, when they are given a miscellaneous set of exercises, 

they are confused. When taught in the former way, they have the proper 

mind-set from the beginning. They learn from the start to make a proper 

choice among addition, subtraction, multiplication, and division cases. 

Understanding of the inverse processes and their use in the solution of 

equations isimportant. Recognition of what has been done tc the unknown 

in the given equation automatically determines the method of solution of 

the equation. 

Note 8 (Page 48). You should not let the pupils lose sight of the fact 

that the letters of algebra are numbers. Consider Ex. 1, for example. 

2(a +b) =2a+2b. You should ask, “Are a and b any numbers or are 

they some particular numbers?” Then let the pupils take any values they 

choose for a and b and see if the statement is true. In addition, have the 
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pupils make the statement in English; in this case, “Twice the sum of two 
numbers is equal to twice the first number plus twice the second number.” 
This sort of thing should be done at appropriate intervals throughout the 
course. 

Note 9 (Page 52). The method of problem solving given in this book 
has been found to obviate many of the usual difficulties. Pupils like it 
because of its direct numerical approach to the analysis. By taking an 
answer at random and then checking to see if it is right, they learn the vari- 
ous relationships in the problem. Working back from a numerical answer 
to the conditions of a problem is a direct arithmetic procedure and more 
within the pupils’ experience. Once the processes and relationships are 
discovered in this direct way, it is simple to use an unknown instead of the 
numerical guess and then proceed algebraically with exactly the same proc- 
esses as were used in the arithmetic check. Guessing the correct answer, 
of course, is not important. 

Mastery of problem solving does not come in minutes or even in a few 
days. You should expect the tempo of progress to be slow and teach 
accordingly. Until a class shows signs of a clear grasp of the method, 
problems should be done in class with the teacher and pupil working together. 
Home assignments should not be given until the pupils have a feeling of 
confidence. 

The aim should be the learning of a general method of analysis in problem 
solving rather than particular methods for special types of problem. 

Note 10 (Page 109). It has become increasingly clear that high school 
students and college students as well do not have an adequate mastery of 
arithmetic. For this reason, several pages of drill in fundamental opera- 
tions with integers, fractions, and decimals have been provided. 

Arithmetic is also introduced in connection with the algebra throughout 
the course. The skills of arithmetic should not be neglected in the high 
school. 

Note 11 (Page 117). The interpretation and construction of graphs 
becomes more and more important in the solution of problems. It is par- 
ticularly important at this time because many of the problems of navigation 
are solved by means of graphing. 

The fundamental ideas in the graphing of a formula or an equation are 
that a number can be represented by a length of line and a number-pair 
by a point at proper distances from reference lines. These ideas are care- 
fully developed here and should be stressed by the teacher. 

Note 12 (Page 133). Rules for operating with signed numbers should 
come only after their meaning is clear. Avoid the idea that a negative 
number expresses a quantity which is less than nothing. This is a miscon- 
ception which causes a great deal of difficulty. How can a man walk 
— 5 miles — 5 miles less than nothing! Stress the correct concept that 
positive and negative numbers indicate oppositeness in quality. 

Note 13 (Page 143). Rules for the addition and subtraction of signed 
numbers have little meaning unless they are developed inductively. To 
say to pupils, without any preparation, ‘‘To add a positive and a negative 
number, subtract . . .”” sounds queer, to say the least. Once the meaning 

of addition has been enlarged to include the addition of negative numbers, 
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pupils can find the sums of signed numbers by means of a number s 
and with the help of the teacher develop the rules for addition. The do 
ing of subtraction should be made clear so that pupils can first subtract 
numbers by means of the number scale. The rule which can then be 
developed merely gives them a simpler and easier way to get a result they 
already understand. 

Throughout the chapter, use every opportunity to emphasize the fact 
that the letters represent numbers. Pupils should have constantly in mind 
that they are not juggling with letters. They should realize that they are 
working with actual number relationships such as they learned in particular 
in arithmetic. 

Rules for the removal of parentheses should be definitely connected with 
the rules for addition and subtraction of signed numbers. 

NotTs 14 (Page 152). We continue the process of showing the pupils that 
the algebraic processes are generalizations of relationships which they can 
readily see in connection with arithmetic numbers. 

Note 15 (Page 171). Equations are introduced here and at other places 
throughout the text for two reasons: (1) to show the use of principles just 
learned, and (2) to avoid loss of skill in solving equations. 

Norte 16 (Page 179). Be particularly careful in discussing the examples 
in this section. It is in this kind of work with signed numbers that pupils 
find the greatest difficulty. Careful discussion of the errors made in the 
set of exercises on page 183 will help to remedy misunderstandings. It 
may be advisable to repeat exercises of this type from time to time until 
the ideas are thoroughly mastered. More difficult exercises, many of them 
involving fractions, are found on pages 183 and 184. 

Notes 17 (Page 216). It is easy for pupils to forget that the letters of 
algebra represent numbers after they have spent several days working with 
the fundamental operations with literal numbers. This is, therefore, a good 
time to review the meaning of algebraic symbolism. Note carefully the 
three things pupils are expected to do with each of the exercises. Practice 
in meanings should go hand in hand with practice in skills. 

NoTE 18 (Pages 221, 308). Here are several pages of review exercises. They | 
are placed here for your convenience in keeping up a constant review. It 
may be well to spend two days definitely on this review, but you cannot 

cover the whole set of exercises in that time. After that you can assign a 

few exercises as a part of each day’s home lesson as you continue with new 

work. 

Note 19 (Page 277). You should make at least one graph, working with 

the pupils. While you do the work on the board, the pupils should follow 

you step by step on paper. Unless this is done, pupils may miss some of the 

details. Only three points need be plotted for each equation, two for the 

line and one for the check. 

Note 20 (Page 343). As stated in the text, the aim of the study of frac- 

tions in algebra is twofold: (1) to give increased understanding and skill with 

arithmetic fractions, and (2) to develop understanding and skill with literal 

fractions to be used in future work. The first aim should not be slighted. 
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General concepts should be introduced by means of specific examples in 
arithmetic. Concepts should be established by means of practice not only 
with literal but arithmetic fractions. The more careful analysis of principles 
needed to work with literal fractions will aid in a clearer understanding of 
the processes with arithmetic fractions. 

Most of the work in fractions is dependent upon an understanding of 
equivalent fractions. It is wise to make sure that students see intuitively 
the possibility of a fraction having many forms such as 3, 4, %, , etc., before 
the more abstract rules are given. Simple examples, such as “One half 
pound of butter is the same as two quarter pounds,” will help. Even though 
this idea has been before the pupils since the early grades, it can never be 
made too clear. Once the rules for changing a fraction to an equivalent 
fraction are given and pupils are using them with literal fractions, it is wise 
occasionally to substitute numbers for the letters, thus getting equivalent 
arithmetic fractions. This will help to make the abstract work more under- 
standable. 

The amount of work done in fractions should vary according to the ability 
of the students. For slow pupils, fractions may be restricted to those with 
monomial denominators. Complex fractions may be omitted. A good rule 
to follow with such pupils is this: “‘No more difficult operations with frac- 
tions or fractional equations need be taught than those that are necessary 
for evaluating commonly used formulas.” The better pupils are most likely 
to be the ones who will take further courses in mathematics. They need a 
good foundation in fractions. 

NOotTE 21 (Page 347). Frequent errors in fractions are due to the cancella- 
tion, so called, of like expressions from numerator and denominator. Even 
when pupils are clear on the point that the reduction of a fraction depends 
upon dividing the numerator and denominator by the same number and not 
upon any other operation, they may persist in absurd “cancellations.” 
Often enough the difficulty is that the pupils think they are dividing when- 
ever they draw a line through an expression. If pupils can be led to analyze 
what they are doing instead of crossing off like expressions indiscriminately, 
most of these errors can be obviated. The purpose of this section is to lead 
the pupils to this analysis. 

NOTE 22 (Page 357). A student’s first reaction when given an example in 
the addition or subtraction of fractions should be, “‘I cannot combine them 
unless they have the same denominator.” If this is clear, there are then two 
things he must know in order to continue: (1) how to add or subtract frac- 
tions when the denominators are the same, and (2) how to change them to the 
same denominator when they are different. 

In this section ample practice is given in adding fractions having the same 
denominator. Note that various difficulties which may be met in adding 
numerators are taken care of in this set of exercises, so that they can be 
mastered before the student has the added difficulty of changing to a com- 
mon denominator. 
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Abscissa, 276 
Absolute value, 147-150 
Addition 

algebraic numbers, 148 ff. 
commutative law, 4 
fractions, 361, 363, 365 
horizontal, 164-166 
monomials, 152-154 
number scale for, 146 
polynomials, 155 
signed numbers, 147 

Airplane-designing formula, 94, 131 
Airplane problems, 425-428 
Algebra 

as generalized arithmetic, 123 
historical note, 246 
reasoning aid, xii, 57 
symbols, xi 
terms, 151 ff. 

Algebraic numbers, 143 ff. 
Algebraic statements, 186 ff. 
Altitude 

parallelogram, 76 
triangle, 77 

Angle (angles) 
cosine of, 417-420 
elevation and depression, 416 
sum of, 63-65 
tangent of, 411 ff. 

Area 
circle, 86-87 
parallelogram, 76-77 
surface, 69 
triangle, 77-78 

Arithmetic numbers, 5 
Axioms, equation, 232, 438 

Axis (axes) 
horizontal and vertical, 117, 126 
xX and Y, 275 ff. 

Bar graph, 114, 125 
Base 

exponent, 72 
triangle, 66 

Binomials, 151 
form ax + b, 317-3819 
language used with, 321 
multiplication, 205, 317 ff. 
product of sum and difference of two 

numbers, 325 
square of, 323-324 

Cancellation, 352 

Centigrade thermometer, 28-29, 272 
Circle, cireumference and area, 86-87 
Coefficients 

drag and lift, 2 
numerical, 7, 151 

Combining terms, 9, 167 ff. 
equations, 42 

Common denominator, 360 
Cone, formula for volume, 93 
Constants, 97 
Coérdinate of a point, 276 
Cosine (cosines) 

angle, 417-420 
table of, 412 

using, 419 
Cube root, 74, 105 
Cubic measurement, 88 

Cylinder, volume of, 90-91, 94 

Decagon, 63 

Decimals, ratios expressed as, 398 
Dependence shown 

by formula, 97 

by graphs and tables, 121 
Depression, angles of, 416 
Distribution law, 47-48 
Division 

checking formula, 94 
exponents in, 207 
fractions, 347, 355 
monomials, 209 
polynomial by monomial, 211 
polynomials, 213 
signed numbers, 182 

symbols, 14 

Elevation, angles of, 416 

Equality sign, 37 
Equations, 17, 229 ff. 

axioms, 232 

changing formulas into other forms, 
242-243 

combining terms, 42 
conditional, 229 
first degree in one unknown, 229 
fractions in, 377 ff. 
graphing. See Graphing equations 
identical, 229, 230 
left and right members, 17 
linear. See Linear equations 
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Equations (Cont’d) 
literal, 245, 381-382 
method of solving analyzed, 230-232 
negative numbers, 236 
parentheses with, 171 
percentage, 43 ff. 
quadratic, 481, 440-442, 445 
relationships expressed as, 254 
root of, 36, 230 
satisfying, 36, 229 
simultaneous, fractions in, 392 
solving, 34-36, 230 
two-step, 234 

two variables, 273, 277, 304 
unknown, both sides, 238-239 

Equilateral triangle, 66 
Exponents, 72 

division, 207 
multiplication, 193 ff. 
power raising, 198 

Factor, 49 
Factoring, 317, 327, 338 

language used with, 321 
prime factor, 335 
squares, 332-334 
trinomials, 329 

Fahrenheit thermometer, 28-29, 272 
Formula (formulas) 

area of square, 70-71 

circumference and area of circle, 86-87 
cylinder volume, 90-91 

dependence shown by, 97 

derivation and meaning, 28-29 
derived from tables, 95 
exponents, 72 
falling object, 83 
fractions in, 369 
graph, 119 ff. 

indirect use, 43 
making and using, 68 ff., 244 
miscellaneous, 93 ff. 
perimeter, 66—69 
quadratics solved by, 445 

rectangle area, 69-70 

simple interest, 84—85, 938, 94 
sum of angles, 64—65 

tables and graphs compared with, 
122-123 

temperature, 28 ff. 

time-rate-distance, 82-83 

volume measurement, 88-90 
writing, 91—92 
See also under Equations 

Fractions, 348 ff. 
adding, 360, 363, 365 
cancellation, 352 

clearing, 377 

INDEX 

combining, 357 
complex, 371 
division, 347, 355 
equations containing, 377 ff. 
equivalent, 345 
formulas in, 369 
improper, changing, 356 
literal equations containing, 381 
lowest terms, reducing to, 350 

multiplication, 347, 352 

signs in, 367 
simultaneous equations, 392 
verbal problems, 387-388 
work problems, 389 

Graphing equations, 271 ff. 
centigrade and Fahrenheit readings, 

272 
first degree, with two variables, 277— 

278 
graph paper points, locating, 275-276 
linear. See Linear equations 
map points, locating, 274 
slopes and linear equations, 285 
slopes of straight lines, 282-284 

two variables, 273, 277-278 

Graphs 
bar, 114, 125 

curved, 281-282 

dependence shown by, 121 
formula, 119-120, 125 

horizontal axis, 117, 125 
line, 114, 125 
number-pairs, 117 
origin, 117 

pictograms, 11] ff., 125 
plotting points, 118, 125 
vertical axis, 117, 125 

Grouping, symbols of, 167-168, 169 

Hexagon, 63, 64, 66 
Horsepower formula, 93 
Hypotenuse, 418 

Independent variables, 97 
Index, root, 75 

Interest formulas, simple, 84-85, 93, 94 
Interest problems, 267-268 
Inverse processes, 36 
Isosceles triangle, 66 

Letters, for ‘‘some number,” 16 
use of, in algebra, 3, 5 

Like and unlike terms, 11, 151 
Line, ratio of lengths, 407 
Linear equations, 278 

dependent, 297 
elimination by addition, 298, 300-802 
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Linear equations (Cont'd) 
elimination by substitution, 298-300 
graphing, 279-281, 285, 296 
inconsistent, 297 
pairs of, solving, 295 ff. 
simultaneous, 296 

Literal equations, 245 
fractions in, 381-382 

Literal numbers, 5 
adding, 11 
meaning, 216 
multiplying and dividing, 193 ff. 

Magic squares, 156 
Map, locating points on, 274 
Minuend, 157 
Minus sign, 133 
Monomials, 151 

addition, 152-154 
division, 209 
multiplication, 195 
polynomial divided by, 211 
polynomial multiplied by, 200 
raising to power, 198 
subtraction, 161 

Multiplication 
binomials, 205, 317 ff. 
commutative law, 6 
exponents in, 193 
fractions, 349, 354 
indicated product, 49 
indicated sum, 47-48 
meaning, 8 ff. 
monomials, 195 
polynomial by monomial, 200 
polynomials, 202-203 
signed numbers, 175-179 

symbols, 6 

Negative numbers, 133 
equations involving, 236 

theory of, 142 

Numbers 
graphs representing, 114 ff. 
letters used for, 3 

literal, 5 
signed, 133 ff., 175 ff. 
variable, xii 
See also Algebraic numbers 

Number scale, 145 
adding by, 146 
subtracting by, 157 

Octagon, 63 
Operations, order in algebraic, 32 

Ordinate of a point, 276 
Origin, in plotting points, 275 

Parallelogram, area, 76-77 

INDEX 

Parenthesis (parentheses) 
equations involving, 171 

terms within, 170 
use of, 30, 32, 164 ff. 

Pentagon, 63, 64, 66 

Percentage, base and rate, 48 ff. 
Perimeter of polygon, 66 

formulas, 66—69 
Petroleum production, 110 
a (pi), value of, 86 
Pictograms, 111 ff., 125 
Plus sign, 133 

Point (points) 
abscissa, 276 
locating on map, 274 
ordinate and coérdinates, 276 
plotting, 118, 125, 275 
a-distance and y-distance of, 276 

Polygon 
definition, 63 
perimeter, 66 

regular, 65, 66 
sum of angles, 63-65 

Polynomials, 151 
addition, 155 
division, 213 
division by monomial, 211 
multiplication, 202-203 
multiplication by monomial, 200 
subtraction, 162-163 

Positive numbers, 133 
Problems 

analysis, 102, 256-258 
arithmetic, 21-22 
computation, 338 

dealing with mixtures, 391 
fractions, 387 ff., 392 
general, 385 
interest, 267-268 
per cent, 264-265 
quadratics, 448 
requiring new ratio, 417-418 

solving, 124-125 
time-rate-distance, 261-262 

two variables, 304-305 
verbal, 52 ff., 188-189, 387-388 

Proportion, 399-403 
inverse, 401 
similar triangles, 403-404 

terms of, 399 
Pythagoras, Law of, 443 

Quadratic equations, 431, 440-449 

Quadrilateral, 63, 64, 66 

Radical sign, 75 
Ratio (ratios) 

expressed as decimals, 398 

meaning, 396 
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Ratio (ratios) (Cont'd) 
of lengths of line, 407 
problem requiring new, 417-418 
right triangles, 409-411 
sine, 421, 426 
trigonometric, 428 
using three, 423 

Ratio and proportion, 395 ff., 404 
Rectangle, 66 

area formula, 69-70 
Rectangular solid, volume of, 88-90 
Reviews 

chapter, 24-25, 59-61, 106-109, 126, 
140, 172-174, 190-191, 219-220, 
248-249, 269, 292-293, 306-307, 
839-341, 373-3875, 394, 405, 429, 
452 

cumulative, 127-131, 221-227, 308- 

316, 4538-455 
maintaining skills, 

376 
Roots, 74-75, 431 ff. 

index, 75 
radical sign, 75 

109, 141, 294, 

Scalene triangle, 66 
Signed numbers, 133 ff. 142 

addition rules, 147 
applying knowledge oi, 179 
division rules, 182 
meaning and use, 133-139 
multiplication rules, 175-179 
positive and negative, 133 
subtraction rules, 158-161 

Signs in a fraction, 367 

Sines, 412, 421 
Slide rule, 484 
Slopes, graphing by, 287-290 
Sphere, area and volume of, 93 
Square (squares), 66 

area formula, 70-71 

table of, 437 

Square root (roots), 74, 105, 431 ff. 
.by computation, 433 
computing, of a fraction, 436 

monomials, 432 

positive and negative, 431 

table of, 435, 437 
Squaring a number, 71 
Subtraction 

algebraic numbers, 148 ff. 
horizontal, 164-166 
meaning, 156 
monomials, 161 

number scale for, 157 
polynomials, 162-163 
signed numbers, 158-161 

Subtrahend, 157 

INDEX 

Symbols, xi 
division, 14 
equality, 37 
grouping, 167-168, 169 
multiplication, 6 
nature, 1 ff. 

Tables 
dependence shown by, 121 
formulas and graphs compared with 

122-123 
formulas derived from, 95 
squares and square roots, 437 
tangents, cosines, and sines, 412 

Tangent (tangents) 
angle, 411 ff. 
table of, 412 

use of, 414-415 
Temperature formula, 28 ff. 
Terms, 9 

combining, 9, 42 
like and unlike, 11 

Thermometer reading, 28-29 
graph showing relationship, 272 

Time-rate-distance 
formulas, 82-83 
verbal problems, 261-262 

Triangle (triangles) 
definition, 63 
hypotenuse, 418 

kinds of, 66 
proportions in similar, 403 
right, ratio in, 409-411 

Trigonometry, numerical, 407 ff. 
Trinomial (trinomials), 151 

factoring, 329 
squares, 333 

Unknown number, 16-17 

equations with, on both sides, 238-239 

Variables, 97 
equations with two, 273 

Verbal problems, 52-54, 187, 251 ff. 
analysis and solution, 256-258 
interest, 267-268 

one quantity expressed in terms of 
another, 252-253 

per cent, 264 

relationships expressed as equations, 
254-256 

time-rate-distance, 261-262 
Volume, measuring, 88-90 

X-axis, 275-277 
x-distance of a point, 276-277 

Y-axis, 275-276 
y-distance of a point, 276-277 
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ing -STOP-LOOK and LIVER: 

2. Do not walk between parked cars. 

3, Be alert - dont get hurt” | 

‘4. Do not cross the street against ofa light, 

5 Obex ‘al traffic’ signs and rules. 
ia . 




